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Equality is a key concept in the mathematics curriculum at primary school. 
Conceptions of equality of primary students have been identified by mathematics education 
researchers. The relationships among students’ conceptions of equality and students’ 
achievement in mathematics, however, have not received the same degree of attention. These 
relationships are generally characterised dichotomously as either correct structural 
conceptions or incorrect misconceptions. To explore these relationships further, national 
assessment data were examined from a perspective that emphasised the mathematical 
structure expressed by primary students as they solved three additive arithmetic missing 
number problems. As expected, a greater proportion of older students expressed appropriate 
conceptions of equality than younger students and these conceptions were associated with 
higher levels of achievement. At both year levels, however, students’ conceptions of equality 
were also found to be contingent on a student’s mathematical achievement and the 
mathematical structure of problem. Therefore, the relationships among students’ conceptions 
of equality and student’s mathematical achievement appear to be more diverse and complex 
than previously documented and theorised. In particular, the framework has been expanded to 
include procedural, competing, structural-but-tacit, and structural-and-explicit conceptions of 
equality. The findings of this study can be used by mathematics education researchers to 
expand the theoretical framework that describes the relationships among students’ 
conceptions of equality and achievement. Findings will also be of interest to educators 
because they may wonder why so many students’ appear to struggle with the concept of 
equality. Although it appears that certain conceptions of equality act as barriers for students 
to interpret the mathematical structure of problems appropriately, other conceptions appear to 
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act as gateways for students to appreciate advanced relationships that are possible, given the 
mathematical structure of the problems. Findings suggest that it is not only the quantity of 
mathematical knowledge a student has, but it is the quality of the connections between 
procedural and conceptual knowledge that allows them to solve problems with the concept of 
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Structure of the Thesis 
This thesis documents three investigations that were part of a study with an 
overarching purpose to examine the relationships among student’s conceptions of equality 
and mathematics achievement. The introductory chapter is intended to give the reader a sense 
of the breadth of the central argument of this thesis by addressing key ideas and issues from 
the field of mathematics education research. The second chapter contains the methods used to 
execute the study. Because the study design involves an iterative component, the results of 
preliminary analyses used in the three investigations are reported in the methods chapter. The 
third, fourth, and fifth chapters contain the results of each investigation. Each results chapter 
also contains methods that were particular to each investigation and a brief summary of 
findings to demonstrate how the results were interpreted theoretically. The final chapter is 
intended to give the reader a sense of the depth of the central argument of this thesis by 
discussing this study’s findings in relation to the key ideas and issues framing this study. The 
structure of this thesis is shown in Figure 1.  




Introduction, Context, and Theoretical Approach: 
 Context and rationale of the study including a critical review of the literature 
 Theoretical approach 
 Overview of the study design and overarching research question. 
2 
Study Design, Methods, and Preliminary Analyses: 
 Components of the study design 
 Data source, participants, instruments, specific research questions 
 General procedures and preliminary analyses. 
3 
Results for problem 7 + 3 = □ + 2: 
 Procedures specific to problem 7 + 3 = □ + 2 
 Results and their interpretation as findings. 
4 
Results for problem 5 = 3 + □: 
 Procedures specific to problem 5 = 3 + □ 
 Results and their interpretation as findings. 
5 
Results for problem 2 + □ = □ + 6: 
 Procedures specific to problem 2 + □ = □ + 6 
 Results and their interpretation as findings 
6 
Discussion and Conclusion: 
 Summary of main findings 
 Relation of findings to the theoretical approach, study design and methods, and 
context and rationale for the study including limitations, implications, and future 
directions 
 Concluding remarks. 
Figure 1. The structure of this thesis. 
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Chapter 1: Introduction, Context, and Theoretical Approach 
The concept of equality is a foundational mathematical idea introduced when students 
learn arithmetic at primary school. Students’ conceptions of equality have been studied for 
decades by mathematics education researchers (e.g., Behr, Erlwanger, & Nichols, 1976; 
Booker, 1987; Falkner, Levi, & Carpenter, 1999; Jones, Inglis, Gilmore, & Dowens, 2012; 
Kieran, 1981; Knuth, Stephens, McNeil, & Alibali, 2006). In general, researchers have found 
that classroom groupings of primary students will demonstrate several conceptions of 
equality when solving arithmetic missing number problems. In particular, researchers have 
identified several specific conceptions of equality that are associated with incorrect responses 
but only one general conception of equality for correct responses. What is not well 
understood, is how these conceptions of equality relate to other key mathematical ideas, 
especially for conceptions of equality associated with correct responses.  
1.1 Overview of the Chapter 
This chapter presents the background and central argument for this thesis and includes 
three components: (1) an overview of the context and rationale for this thesis, including a 
critical review of the literature; (2) a discussion of the theoretical approach used; and (3) an 
outline of the study design and the overarching research question. 
1.2 Context and Rationale 
As the warrant for this study is presented, issues will be discussed that emerge from 
our understanding of the nature of mathematical knowledge and how we interpret assessment 
information related to mathematical concepts. My argument will be constructed from 
mathematics education research literature, primarily; and it will be framed by considering 
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cognitive and sociocultural theoretical perspectives, predominantly. In this thesis, the terms 
cognitive and sociocultural are defined within constructivist epistemology where: 
It is the view that all knowledge and therefore all meaningful reality as such, is contingent upon human 
practices, being constructed in and out of interaction between human beings and their world, and 
developed and transmitted within an essentially social context. (Crotty, 1998, p. 42) 
The educational research discussed will include how we conceive of mathematical 
knowledge, how we understand children’s cognitive development of mathematical 
knowledge, and how we use assessment information to understand students’ mathematical 
knowledge. This study sits at the nexus of those three areas of inquiry as shown in Figure 2. 
Research Context 
 
Figure 2. The research context of this study.  
1.2.1 Mathematics knowledge. 
In mathematics education research, the term knowledge is often conflated with 
understanding, thinking, reasoning, and strategy. In general, they are used to discuss different 
manifestations of similar phenomena (e.g. Hiebert & Carpenter, 1992; Schoenfeld, 1992). In 
mathematics education, the relationship between thinking and knowledge has been theorised 
as recursive transitions between mathematical processes and objects (Tall, 2004). This 
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1991), as a thinking process that involves a qualitative change (Dubinsky, 1991), and as a 
transition in mathematical thinking from processes to objects to a further state where 
processes and objects are flexibly interchanged and become inseparable (Gray & Tall, 1994). 
In this study, the term mathematics knowledge refers to the plurality of how the number fact 
7 + 3 = 10 that is written on this page can also be the content in our individual minds, be 
communicated to another person, become the focus of our thinking, or be used as an object in 
our thoughts (Bereiter, 2002).  
One persistent problem, identified by the mathematics education research community, 
is the disjuncture between procedural and conceptual knowledge demonstrated by students 
and teachers (Hiebert & Lefevre, 1986; Rittle-Johnson & Alibali, 1999; Skemp, 1976). This 
is a long standing problem and can be found in theories of knowledge beyond the discipline 
of mathematics (e.g., Dewey, 1916; Bereiter, 2002). Studying this disjuncture has fascinated 
and frustrated mathematics education researchers for decades (Scheiner, 2016; Schoenfeld, 
1992). From a cognitive perspective, procedural knowledge has been defined as isolated 
skills such as being able to execute a sequence of actions, whereas conceptual knowledge has 
been defined as understanding that is represented by a rich network of related facts, 
information, or skills (Hiebert & Carpenter, 1992). Ideally, procedural and conceptual 
knowledge should become well-coordinated. One characterisation of this coordinated 
knowledge has been termed a profound understanding of fundamental mathematics (Ma, 
1999). However, a common issue faced by children learning mathematics is the coordination 
of procedural and conceptual knowledge. This coordination is challenging for children due to 
the abstract nature of mathematical ideas and children’s cognitive development.  
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1.2.2 Children’s cognitive development. 
The coordination of procedural and conceptual knowledge in mathematics has been 
characterised as process of continual reorganisation (Hiebert & Carpenter, 1992). This 
dynamic process can be traced back to the qualitative differences Jean Piaget observed in 
children’s ability to solve problems (Piaget, 1936/1953). Piaget characterised the changes in 
children’s thinking as knowledge structures that become qualitatively different from one 
another over time with experience or education. Piaget characterised children as active 
participants in the process of knowledge construction. Studying the differences between 
knowledge structures has been fruitful for researchers and has become a foundational premise 
from which thinking hierarchies (e.g., Bloom, 1956) and taxonomies for assessing 
demonstrations of understanding (e.g., Biggs & Collis, 1982) were developed in the field of 
education. 
Mathematics knowledge has also been organised into conceptual hierarchies, 
developmental frameworks, and leaning progressions. For example, mathematics knowledge 
has been organised into hierarchies within topics that sequence mathematical ideas in order of 
difficulty (Hart, 1981; Hart, Brown, Küchemann, Kerslake, Ruddock, & McCartney, 1981b; 
Küchemann, 1981) and by levels of cognitive demand in mathematical problems (Porter, 
2002). Developmental frameworks have been constructed for children learning geometry 
(van Hiele, 1959/1985) and measurement (Carpenter, 1976) and they have been translated 
into teaching and learning progressions for those two strands of the curriculum (Clements & 
Battista 1986). 
More recently, researchers have begun to map the relationship between arithmetic and 
algebraic knowledge and how best to help students learn to reorganise and coordinate 
arithmetic and algebraic knowledge structures (Carpenter, Franke, & Levi, 2003; Carreher & 
Shliemann, 2007; Kieran, 1992, 2007). Researchers have documented the challenges faced by 
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teachers as they develop their understanding of how they can help students learn how to 
coordinate procedural and conceptual knowledge in arithmetic and algebraic contexts 
(Baroody & Ginsburg, 1986; Booker, 1987; Brekke, 2001; Filloy & Rojano, 1989;). The 
cognitive difficulty of mathematics knowledge appears to play a role in students’ struggle to 
learn algebra (Herscovics & Linchevski, 1994). It also appears that students’ experiences 
when learning mathematics at school play an important role in the disconnection between 
arithmetic and algebraic knowledge (Baroody & Ginsburg, 1983; Sfard & Linchevski, 1994). 
One reactive mode of remediation has been to teach algebra to primary students with the goal 
of preparing them for the concepts they will encounter in high school. Teaching algebra to 
primary students, however, has been challenged as an inappropriate pedagogical response 
(Kaput, 2008). Mathematics education researchers have responded to the practice of teaching 
algebra early by more clearly articulating the relationship between arithmetic and algebra 
(Carraher, Schliemann, Brizula, & Earnst, 2006), by demonstrating how to integrate algebraic 
reasoning into maths lessons in a primary classroom (Blanton & Kaput, 2005; Radford, 
2010), by engaging primary students productively with algebraic concepts such as 
generalisations and proofs (Carpenter & Franke, 2001), and by showing how very young 
children can reason algebraically in familiar arithmetic contexts (Mulligan & Mitchelmore, 
2009). 
The research concerning young children demonstrating algebraic thinking and older 
students struggling to learn algebra, has been succinctly conceptualised as the development of 
relational thinking (Carpenter, Levi, Franke, & Zeringue, 2005; Stephens & Ribeiro, 2012). 
Relational thinking involves meaningful coordination between procedural and conceptual 
knowledge and its development involves reorganising knowledge to establish productive 
connections between arithmetic and algebra. Students’ development of relational thinking 
appears to be varied and may never be complete because it will always be open to further 
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generalisation (Mason, Stephens, & Watson, 2009; Mulligan & Mitchelmore, 2009; Siegler, 
1994; Warren & Cooper, 2009). For example, students appear to use a range of strategies to 
solve arithmetic problems where the particular strategy chosen has to make logical sense to 
that student’s internalised rules of mathematics (Siegler, 1978; 1987; 1988). Problem solving 
has been theorised as a process of negotiation between problem and solver (Threlfall, 2002; 
2009). Consequently, relational thinking appears to be part of a continuum, open to 
increasing levels of generality through explicit awareness of “dimensions-of-possible-
variation and range-of-permissible-change” (Mason, Stephens, & Watson, 2009, p.12). 
Students may only be partially aware of the relational properties of arithmetic. Helping 
children to develop relational thinking is the motivation behind the considerable effort 
exerted by mathematics education researchers to map the relationships between types of 
mathematical knowledge; and this enterprise is fundamental to this study. Each year as a 
primary or secondary teacher, I noticed there were a few students in my classes who had 
great difficulty learning mathematical concepts successfully. 
1.2.3 Assessing mathematical knowledge in New Zealand. 
The terms achievement and assessment require definitions and they involve the 
definition of knowledge presented earlier. In this study, achievement refers to the 
mathematics knowledge that a student has demonstrated. Assessment refers to a process of 
gathering information, and in this case, the information is about mathematics knowledge 
(Ministry of Education, 2010). Assessment information may be used for summative or 
formative purposes (Black & Wiliam, 1989; Ministry of Education, 2011a; Scriven, 1967). 
Summative assessments are often used to make a judgement about student achievement. 
“Summative assessments of individual students may be used for promotion, certification or 
admission to higher levels of education. Formative assessment, by contrast, draws on 
information gathered in the assessment process to identify learning needs and adjust 
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teaching.” (Looney, 2011, p. 7). Consequently, assessment information can also be 
interpreted formatively as in-progress evaluations of student comprehension, progress, or 
learning needs (Flockton, 2014). 
In New Zealand, there has been a shift in assessment practices in classrooms from an 
emphasis on summative measures of knowledge to include formative observations of learning 
in progress (Ministry of Education, 2010). In the New Zealand Curriculum, “[t]he primary 
purpose of assessment is to improve students’ learning and teachers’ teaching as both student 
and teacher respond to the information that it provides” (Ministry of Education, 2007a, p. 39). 
In mathematics education in particular, this shift was further supported by the Numeracy 
Development Projects (Ministry of Education, 2007b; also see www.nzmaths.co.nz). The 
Number Framework was designed to address most of the achievement objectives in the first 
four levels of the number and algebra strand of the mathematics and statistics learning area of 
the New Zealand Curriculum. Given the central role of the nature of mathematics knowledge 
in this argument, it is important to note:  
In the two main sections of the Framework, the distinction is made between strategy and knowledge. 
The strategy section describes the mental processes students use to estimate answers and solve 
operational problems with numbers. The knowledge section describes the key items of knowledge that 
students need to learn. … [Knowedge and strategy have a reciprocal relationship where] strategy creates 
new knowledge through use [and] knowledge provides the foundation for strategies (Ministry of 
Education, 2007b, p. 1) 
The Numeracy Development Projects include the use of a diagnostic interview for 
teachers to assess students’ knowledge and strategy use (Ministry of Education, 2008). 
Teachers listen to students’ spoken responses to a series of assessment questions. Teachers 
use this assessment information in order to evaluate each students’ mathematics knowledge 
and strategy use in relation to the benchmarks set out in the Number Framework. To better 
understand what students in New Zealand know and can do with their mathematics 
knowledge, the Educational Assessment Research Unit at the University of Otago have been 
monitoring students’ mathematics achievement since 1997. 
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At a national level, students’ mathematics achievement has been assessed by the 
National Education Monitoring Project (NEMP) in 1997, 2001, 2005, 2009, and 2010, and by 
the subsequent National Monitoring Study of Student Achievement (NMSSA) in 2013  
(see http://earu.otago.ac.nz/). NEMP was designed to provide information about student 
performance that could be used for educational purposes, in addition to its accountability 
function for the Ministry of Education (Flockton, 2014). Like international studies such as 
Trends in International Mathematics and Science Study (TIMSS) (Chamberlain & Caygill, 
2012) and the Programme for International Student Assessment (PISA) (May, Cowles, & 
Lamy, 2013), NEMP provided trend information by reusing assessment questions across 
cycles of testing with students re-sampled from the population. Roughly 800 students were 
sampled from Year 4 and Year 8 levels of schooling in each cycle of testing. NEMP differed 
from the international testing formats by including performance-based tasks and a range of 
ways to record responses from students in Year 4 and Year 8 that covered all learning areas 
of the national curriculum. One format used by NEMP was the use of video to record student 
responses. NEMP also differed from the international testing formats by presenting some of 
the same assessment questions to both year groups in the study. The result of NEMP’s study 
design was a detailed pool of information related to learning outcomes that described what 
primary school students knew and could do in New Zealand. To better understand students’ 
mathematical knowledge, the National Education Monitoring Project (NEMP) is a resource 
that has been tapped by mathematics education researchers in New Zealand. 
Factored into the design and administration of NEMP’s assessment questions was the 
potential for them to be investigated further. Over the history of NEMP, more than 50 
additional studies have probed into various aspects of the data collected. Probe study topics 
include assessment design, professional development, trend and subgroup analysis, and 
curriculum studies (see http://nemp.otago.ac.nz/). For example, video recorded tasks from 
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four learning areas were used to examine the type of critical thinking demonstrated by 
students (Knight, 2006). Three video recorded science tasks were examined with an aim to 
improve the teaching of investigation skills in science to students (Hipkins, & Kenneally, 
2003). Among the curriculum studies, there were eight probe studies completed in the 
learning area of mathematics. Topics included the teaching of place value (Bloomfield, 
2003), number strategies used by students (McChesney, 2006), students’ understanding of 
number properties (Anthony & Walshaw, 2002), students’ understanding of fractions 
(Anthony & Walshaw, 2003), and a trend analysis between the first and second assessment 
cycles (Knight, 2003). A topic not addressed by any of the previous probe studies was the 
concept of equality. The use of assessment information from small-scale classroom-based 
studies, rather than national monitoring, has featured prominently in the development of our 
understanding of students’ conceptions of equality. Before examples of these studies are 
presented, the sociocultural aspects of mathematics knowledge are addressed. 
As stated initially, this research is framed by cognitive and sociocultural theoretical 
perspectives. Missing from the discussion thus far has been the sociocultural perspective. 
Vygotsky’s emphasis on the process of how we come to know, as another manifestation of 
knowledge, provides a complement to the cognitive elements previously discussed. In 
addition to the Piagetian tradition of focusing on mental representations of knowledge in 
mathematics education research as isolated entities, Vygotsky’s ideas remind us that 
knowledge can also be examined as deeply embedded sociocultural processes (Lerman, 2000; 
Roth & Radford, 2011). It is no longer enough for students to know mathematics ideas as 
mastered sets of facts and procedures, students must also appreciate mathematics as a 
process-focused “science of patterns” (Schoenfeld, 1992, p. 335). Consequently, mathematics 
education researchers have been challenged to reconcile cognitive and sociocultural 
processes, theoretically. This question continues to be contemplated in mathematics 
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education research (e.g., Scheiner, 2016; Sfard, 1998; Stillman, 2014). For example, an 
alternative theoretical framework has been proposed to study knowledge and understanding 
that “accounts for the scaffolded transformation of each individual’s unique understanding, 
whilst acknowledging the existence of a body of domain knowledge shared amongst 
participants in a scientific community of practice” (Nutchey, 2011, p. iii). It is this approach 
to theorising and studying students’ mathematical knowledge that will be discussed further. 
Of particular relevance to this study are Vygosky’s ideas about knowledge and 
concepts (Vygotsky, 1987); and in particular, their dialectical nature as cultural tools shaped 
by their historical development and ongoing use. Vygotsky’s definition of a concept is as a 
process of development or a change in social practice (Blunden, 2012). In mathematics 
education, this process has been characterised as the appropriation of cultural tools (Radford, 
2006). When a sociocultural aspect is added to a cognitive perspectives; it emphasises the 
active dimensions of knowledge (i.e., understanding, thinking, reasoning, and strategy) that 
were discussed when mathematics knowledge was defined earlier in this chapter. Notable in 
this literature is a participative definition of mathematical thinking, termed commognition, 
where “Thinking is an individualized version of (interpersonal) communication” (Sfard, 
2008, p.81). This definition is compatible with the notion of mathematical thinking involving 
“internal networks of representations” (Hiebert & Carpenter, 1992, p.69); however, those 
networks have been constructed and will be restructured through social means. Additionally, 
a participative definition of mathematical thinking allows acts of communication to be 
analysed to provide information about student knowledge, generally (Presmeg, 2016); and 
how students know concepts, in particular (Caspi & Sfard, 2012). 
To investigate how students know a mathematical concept, mathematics education 
researchers have designed studies that involve modes of communication other than writing 
(e.g., Bautista & Roth, 2012; Radford, 2009; Roth, 2001b; Sfard & Kieran, 2001; Sfard, 
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2008). For example mathematical concepts have been investigated when they are 
communicated though diverse bodily expressions such as sound-word, gesture, position, 
orientation, and prosody (Arzarello, Paola, Robutti, & Sabena, 2009; Roth & Thom, 2009; 
Yoon, Thomas, & Dreyfus, 2011). Mathematics education researchers have recognised the 
significance and potential roles of these modes of communication to increase our 
understanding of the teaching and learning of mathematics (Edwards, 2009; Kaput, 2008; 
Sfard, 2008; Tabach, & Nachlieli, 2016). The role of gesture has been established as a fruitful 
avenue for investigating the content of communicative acts, generally (McNeill, 2005), and to 
study students’ conceptions of equality, in particular (Goldin-Meadow, 2005).  
1.2.4 Students’ conceptions of equality. 
When students and teachers talk about the mathematical concept of equality in 
arithmetic contexts, they may use words such as ‘equals’, ‘makes’, and ‘is the same as’ to 
mean that they are referring to the state of two quantities being the same. Students learn to 
use the symbol ‘=’ to denote the concept of equality in mathematics lessons. Arithmetic 
equality has been described as a binary equivalence realtion that has reflexive, symmetric and 
transitive properties (Nicholson, 2014). In arithmetic, the reflexive property can be define as 
a = a; the symmetric property can be defined as if a = b, then b =a; and the transitive property 
can be defined as if a = b and b = c, then a = c. Students may not be explicitly aware that the 
equals sign signifies a binary relationship between two statements involving the three 
properties of equality (Jones 2009). The problem 7 + 3 = □ + 2 is used to illustrate the three 
properties of equality. If a student recognises that 10 = 10, 10 = 9 + 1, 10 = 8 + 2, and  
10 = 7 + 3, then that student is at least tacitly aware of the reflexive property of equality. If a 
student recognises that 7 + 3 = 10 then 10 = 3 + 7 then that student is at least tacitly aware of 
the symmetric property of equality. If a student recognises that 7 + 3 = 10 and 10 = 8 + 2, and 
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then 7 + 3 = 8 + 2; then that student is at least tacitly aware of the transitive property of 
equality. 
Equality is a fundamental concept upon which further mathematics knowledge is built 
and students’ conceptions of equality appear to play an important role in explaining the 
difficulties they show when they solve problems in arithmetic contexts (Booker, 1987; 
Kieran, 1981). For students to progress in mathematics, they need to gain an appreciation of 
the equal sign as a relational object symbolising equality in arithmetic contexts (Dougherty, 
2010). Students may only be fuzzily aware of the prototypical qualities of equality that they 
experience as embodied and repeated actions while engaging in mathematics lessons at 
school. Students may employ a number of competing mathematical understandings to solve 
mathematics problems involving an equal sign.  
In the Project for the Mathematical Development of Children (PDMC) in the United 
States, assessment tasks involving the concept of equality were administered in one-to-one 
conversational settings using objects with preschool children and missing number sentences, 
such as □ = 3 + 4, with elementary students (Behr, Erlwanger, & Nichols, 1976). PDMC also 
conducted a small-scale experimental teaching study involving the concept of equality 
(Denmark, Barko, & Voran, 1976). The aim of the study was to teach young primary students 
the concept of equality as a relation. Although the study included only seven matched pairs in 
its design, it is important to note how students were perceived to interpret the concept of 
equality in this study: 
One of the startling findings of the PMDC investigation into the mathematical thinking of young children 
was the verification of the fact that students, especially those in the 5-8 year old age range, tend to 
interpret the equals symbol (=) not as a symbol which denotes a relationship between two numbers, but 
as an operator symbol which connects a problem and its answer. Furthermore, most students acquire the 
notion that the operator is one-directional, left-to-right. That is, the problem must precede the answer. 
… In fact, the available evidence suggests that many students, after several years of mathematical 
training, which includes experiences with various forms of equality statements [e.g., a = a, a = b + c, and 
a + b = c + d], still cling to the notion of the equals sign as an operator, and not as a symbol which related 
two names for the same number. (Denmark, Barko, & Voran, 1976, p. 30) 
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An implication suggested by researchers of the experimental study was that “curriculum 
designers and mathematics researchers should give more thoughtful consideration to the 
development of equality as a concept” (p. 36). This challenge continues to face mathematics 
education researchers, despite the decades that have elapsed since this report was published. 
An early effort to build a theoretical framework for understanding students’ 
conceptions of equality was to relate students’ responses to the concept of equivalence 
(Kieran, 1981). In this case, a difference was identified between relational and operational 
demonstrations of knowledge. Correct, relational conceptions were identified when students’ 
responses were interpreted to express “equality sentences as equivalence relations (involving 
the reflexive, symmetric, and transitive properties)” (p. 318). Incorrect, operational 
conceptions were identified when students’ responses were interpreted to represent a variety 
of possible functions for the equals sign that were generally action-oriented in nature. 
Functions of the equals sign included a computational aspect as a “do something signal”  
(p. 319). Also noted was students’ preference for number sentences to be in the form of  
a + b = c. Because the language used in the mathematics education literature varies between 
authors and over time, the terms structural and procedural will be used to refer to students’ 
conceptions of equality instead of the terms relational and operational, respectively, used 
above and in the preceding paragraph. With this initial theoretical framework in place, studies 
to further understand students’ conceptions of equality were conducted. 
Procedural conceptions of equality have been documented in a number of studies. For 
example, procedural conceptions of equality were identified in classroom cohorts of primary 
students when assessment tasks involving the concept of equality were administered to them 
as more complex missing number sentences, such as 8 + 4 = □ + 5, where students gave 12 or 
17 as possible missing numbers (Falkner, Levi, & Carpenter, 1999). Variability in student 
performance has also been noted in relation to the concept of equality where younger students 
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have outperformed slightly older students (McNeil, 2007). Procedural conceptions of equality 
have been identified to persist in students at high school (Linsell, 2010) and at university 
(McNeil, Rittle-Johnson, Hattikudur, & Petersen, 2010) and in teachers (Attrops, 2006) 
because students’ and teachers’ responses to similar missing number problems included the 
same types of errors. In addition to the explanation of cognitive difficulty (Alibali, Knuth, 
Hattikudur, McNeil, & Stephens, 2007), recent studies have examined sociocultural factors 
related to the persistence of procedural conceptions of equality. One socio-cultural factor 
identified is the presentation of the conception of equality in textbooks and teachers’ guides 
where the predominant form, especially in Western materials was a + b = c (Li, Ding, 
Capraro, & Capraro, 2008). Schooling appears to further entrench students’ procedural 
understanding of the equals sign (Carpenter, Franke, & Levi, 2003; Seo & Ginsberg, 2003). 
Another socio-cultural factor involves the learning needs of teachers. Suggested interventions 
range from macro-level policy changes to support more effective models of professional 
development (Nathan & Koellner, 2007) to micro-level delivery of specific teaching points 
related to equality (Darr, 2003; Herscovics & Kieran, 1980). Overall, the main thrust of 
research efforts to further understand students’ conceptions of equality have focused on 
identifying and describing students’ procedural conceptions in an effort to remediate 
students’ errors. 
Two common themes are apparent in these studies about students’ conceptions of 
equality. First, there is the emphasis on documenting and theorising the nature of students’ 
procedural conceptions of equality to a greater extent than structural conceptions. Second, 
students’ conceptions of equality are studied from a perspective that emphasises the role and 
meaning of the equals sign in a problem to a greater extent than how the concept of equality 
functions in relation to the other mathematical ideas in the problem. Given the characteristics 
of students’ conceptions of equality gleaned from the mathematics education literature 
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presented above, students’ conceptions of equality will be discussed as a dichotomous 
framework. This framework groups at least four types of students’ conceptions into two 
general categories: correct structural conceptions or incorrect procedural conceptions (see 
Figure 3). Procedural conceptions include action, operator-separator, and restricted notation 
varieties; whereas, the features structural conceptions tend to be characterised by the 
properties of equality, predominantly. Three missing number problems (i.e., 5 = 3 + □,  
7 + 3 = □ + 2 and 2 + □ = □ + 6) are used below as examples to illustrate common features 
and a typical range of variation for each type of conception. 
Category Specific conceptions 
Structural 
(Correct) 






Figure 3. A dichotomous framework for theorising the relationships among students’ conceptions of equality. 
The specific procedural conceptions are listed in alphabetical order. The difference in achievement among 
specific conceptions of equality is only between structural (correct) and procedural (incorrect) categories. 
1.2.4.1 Action conceptions of equality. 
One procedural conception of equality is when students interpret the equals sign as a 
signal to perform an action (Behr, Erlwanger, & Nichols, 1976) or execute a procedure 
(Kieran, 1981). In the case of 5 = 3 + □ when □ = 8, the numbers on either side the equals 
sign are added to calculate a sum. A student say “yes, because it all adds up to sixteen, five 
plus three plus eight equal sixteen”. In the case of 7 + 3 = □ + 2, the numbers on either side 
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the equals sign are added to calculate a sum. A student may have reasoned the numbers 7, 3, 
and 2 should be added to sum 12. A student might say “it all adds up to twelve, seven plus 
three plus two equals twelve”. In the case of 2 + □ = □ + 6, the numbers on either side the 
equals sign are added to calculate the sum indicated by the number as 6. If a student solved 
the problem with an action conception of equality then the student might write say “two and 
two, because it all adds up to six, two plus two plus two equals six”. 
1.2.4.2 Operator-separator conceptions of equality. 
Yet another procedural conception of equality occurs when students interpret the 
equals sign as an operator-separator (Baroody & Ginsburg, 1983). Typically, with an 
operator-separator conception, students view the equals sign to have several functions; as an 
addition symbol, as a place holder, and as a signifier that the solution to the problem follows 
the equal sign. In the case of 5 = 3 + □ when □ = 8, a student might have difficulty solving 
the problem because the first three elements, 5 = 3, do not make sense. If a student with an 
operator-separator conception of equality were asked if the missing number could be 8, then 
the student might say “I don’t know because how can five equal three?” In the case of  
7 + 3 = □ + 2, a student may reason □ = 10 or □ = 12 because the equals sign in 7 + 3 = □ + 2 
may be interpreted to signal that the solution of 7 + 3 follows it. The equals sign could also 
act as a place holder for the sum 10 in the continuing addition procedure involving the 
number 2. The equals sign in 7 + 3 = □ + 2 may signal that the solution of 7 + 3 + 2 follows 
it. The equals sign could also act as a signifier that the solution to the problem follows the 
equals sign, therefore, the sum 12 could also be given as the missing number or the sum of 
the problem as a whole. A student might say “ten, because seven plus three equals ten plus 
two” or “twelve, because seven plus three equals ten plus two equals twelve”. In the case of  
2 + □ = □ + 6, student might reason that □ + 6 is missing an equals sign; therefore, the student 
might say “two and four, because two plus two equals four plus six equals ten”. 
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1.2.4.3 Restricted notation conceptions of equality. 
A more recently theorised procedural conception of equality occurs when students 
interpret the equals sign as a part of restricted notation (Seo & Ginsberg, 2003). Although not 
discussed specifically as a conception of equality, it was noted earlier that students preferred 
number sentences to be in the form of a + b = c (Denmark, Barko, & Voran, 1976). In the 
case of 5 = 3 + □, when □ = 8, the equals sign to the left of the addition symbol is 
unexpected. The expected sequence is two addends followed by a sum and the sum must 
follow the equals sign. If a student solved the problem with a restricted notation conception 
of equality then the equals sign and addition symbol might be considered ‘out of place’ and in 
need of ‘fixing’ by revising the problem to read 5 + 3 = 8. A student with a restricted notation 
conception might say “yes, but it’s backwards, it should say five plus three equals eight not 
five equals three plus eight”. In the case of 7 + 3 = □ + 2, the addition of two to the right of 
the missing number is unexpected because 7 + 3 = □ is the expected structure. A student 
might view the addition symbol and number 2 as ‘out of place’ and in need of ‘fixing’ by 
revising the problem to read 7 + 3 = □. A student may have reasoned for 7 + 3 = □ + 2,  
□ = 10 because 7 + 3 = □ + 2 is not a familiar or expected problem structure; therefore, the 
problem must be 7 + 3 = □ so 7 + 3 = 10, and a student might say “ten, because seven plus 
three equals ten”. In the case of 2 + □ = □ + 6, the addition of six to the right of the missing 
number is unexpected because 2 + □ = □ is the expected structure. A student might view the 
addition symbol and number 6 as ‘out of place’ and in need of ‘fixing’ by revising the 
problem to read 2 + □ = □. A student might say “two and four, because two plus two equals 
four”. 
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1.2.4.4 Structural conceptions of equality. 
A conception of the equals sign associated with correct responses has been a 
structural understanding (e.g., Behr, Erlwanger, & Nichols, 1976; Brekke, 2001; Falkner, 
Levi, & Carpenter, 1999; Knuth, Stephens, McNeil, & Alibali, 2006). A structural conception 
of equality, however, involves more than the equals sign. A structural conception of equality 
involves the appropriate interpretation of the possible relationships signified by the elements 
in the problem (Mason, Stephens, & Watson, 2009). The properties of equality appear to play 
an important role in students’ structural conceptions of equality (Jones, 2009). 
In the case of 5 = 3 + □ when □ = 8, a student might reason that an equality relation is 
not appropriate for the statement 5 = 3 + 8. More specifically, a student may have reasoned  
5 = 3 + □ when □ = 8 is not possible because if 5 = 3 + 2 and 11 = 3 + 8, then 5 ≠ 3 + 8. If a 
student said “no the missing number cannot be eight because five does not equal three plus 
eight” then that students’ response might be interpreted to emphasise the reflexive property of 
equality (i.e., a = a) and a violation of it (i.e., 5 ≠ 11).  
In the case of 7 + 3 = □ + 2, a student may reason that if 7 + 3 = 10 and 10 = 8 + 2, 
then 7 + 3 = 8 + 2. If a student said “the missing number is eight because seven plus three 
equals ten and ten equals eight plus two so seven plus three is equal to eight plus two” then 
that students’ response might be interpreted to emphasise the transitive property of equality 
(i.e., if a = b and b = c, then a = c).  
In the case of 2 + □ = □ + 6, a student may have reasoned if 2 + 6 = 8 and 8 = 2 + 6, 
then 2 + 6 = 2 + 6. If the student said “the only missing numbers could be six and two 
because two and six is the same as two and six” then the students’ response might be 
interpreted to emphasise the reflexive property of equality (i.e., a = a). However, if the 
student said “the missing numbers could be eight and four and they could be seven and three 
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because two plus eight equals ten and four plus six equals ten and also because two plus 
seven equals ten and three plus six equals ten” then the students’ response might be 
interpreted to emphasise the transitive property of equality (i.e., if a = b and b = c, then  
a = c) even though it was only partially expressed (i.e., a = b and b = c were stated but a = c 
would have to be inferred).  
The features of structural conceptions have largely been unreported because 
descriptions have focused on the numerical solution to the problem rather than specifying the 
underlying mathematical knowledge that students are using to arrive at that solution. In the 
study that examined how young primary students solved the problem 8 + 4 = □ + 5, correct 
solutions of 7 were discussed in terms of quantitative sameness (Falkner, Levi, & Carpenter, 
1999). One student’s explanation was “you have to have the same amount on each side of the 
equals sign” (p.233). A student could successfully solve the problem 7 + 3 = □ + 2 using their 
knowledge about quantitative sameness such that 7 + 3 = 10 and therefore 10 = 8 + 2 or  
10 – 2 = 8. That same student, however, could also solve the problem by using alternate 
arithmetic knowledge that if 3 = (1 + 2) and (3 – 1) = 2 then 7 = (8 – 1) and (7 + 1) = 8. If the 
student gives the answer as 8, the general nature of the structural conception of the equals 
sign does not give specificity about whether the student has calculated a sum or used the 
strategy of compensation. It has been suggested that the difference between those two 
conceptions is crucial for future learning in mathematics (Linsell 2010; Linsell, Allan & 
Anakin, 2011). 
Studies probing into structural conceptions of equality have used the properties of 
equality as an analytic tool. A focus on the properties of equality draws attention to the fact 
that the reflexive and symmetric properties of equality have often been neglected in 
arithmetic teaching contexts (Attorps & Tossavainen, 2007). Likewise, student’s conceptions 
of equality have been documented to lack transitive (Godfrey & Thomas, 2004; Jones, 2009; 
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Jones, Inglis, Gilmore, & Evans, 2013) and symmetrical properties (Jones, Inglis, Gilmore, & 
Dowens, 2012). Despite these efforts, however, there is a paucity of literature that documents 
how students develop formally recognisable mathematical concepts (Caspi & Sfard, 2012). 
One effort, involving a series of longitudinal studies with cohorts of primary students, has 
been to examine the transition in students’ conceptions of equality as they solve problems in 
increasingly algebraic-like contexts (Stephens & Wang, 2008; Stephens & Xu, 2009; Xu, 
Stephens, & Zhang, 2012). These studies contribute empirical evidence and build upon 
contemporary theorising by the formal properties of equality, as an analytic tool. 
Studies probing into students’ conceptions of equality have used gesture as an analytic 
tool. When gesture and speech were analysed, it was found that a proportion of elementary 
school students were able to express appropriate mathematical ideas related to the concept of 
equality in gesture before they could successfully communicate them in speech (Perry, 
Church, & Goldin-Meadow, 1988). 
For example, consider a child explaining how she solved the mathematical problem 4 + 5 + 3 = _ + 3. 
The child says, “I added 4 plus 5 plus 3 plus 3 and got 15,” demonstrating no awareness that this is an 
equation bifurcated by an equal sign. Her gestures, however, offer a different picture: she sweeps her left 
palm under the left side of the equation, pauses, then sweeps her right palm under the right side, clearly 
demonstrating that at some level she knows the equals sign breaks the string into two parts. (Goldin-
Meadow, 2000, p. 231) 
In this case, the student’s spoken and gestural explanations were mismatched even 
though her spoken answer and explanation were consistent. This type of evidence has been 
used to support the hypothesis that children can express mathematical concepts in gesture 
before they can in speech (Goldin-Meadow, 2000). It has been suggested that “the 
relationship between gesture and speech may prove to be useful tool in characterizing the 
stability of knowledge states and in predicting the transitions between them” (Perry, Church, 
& Goldin-Meadow, 1988, p.398). 
Chapter 1: Introduction, Context, and Theoretical Approach 
21 
1.2.4.5 Process-preference. 
Also documented in the literature is students’ preference for expressing addition 
statements as a process rather than a mathematical object (Crowley, Thomas, & Tall, 1994; 
MacGregor, & Stacey, 1993). Although process-preference is not a conception of equality, it 
is a useful concept to help interpret how students express their responses at a theoretical level. 
Process-preference is an instance of students’ struggling to appreciate the process/object 
duality inherent to mathematical concepts that was discussed when mathematical knowledge 
was defined earlier in this chapter (e.g. Dubinsky, 1991; Gray & Tall, 1994; Sfard, 1991). It 
may take many experiences for a student learn how to appreciate the addition/sum nature of 
concept of equality when it is instantiated in an additive missing number sentence. For 
example, in the case of 5 = 3 + □, a student might express the problem in speech or writing as 
3 + □ = 5 or □ + 3 = 5. The reorganised missing number sentences can be interpreted to 
emphasise the process nature of addition (i.e., counting all up to 5, or counting on 2 from 3, 
or joining a group of size 2 to a group of size 3 to make a group of size 5) rather than viewing 
the missing number sentence as an object (i.e., the sum 5 that could also be represented by the 
addition expression 3 + □). Despite the arithmetic equivalence of the three missing number 
sentences, the two reorganised statements do not express precise correspondence to problem 
structure. In the case of 7 + 3 = □ + 2, the problem was structured in favour of emphasising 
the process of addition because the missing number followed an addition expression then an 
equals sign. Students might express the sum of the first addition expression as 7 + 3 = 10, 
however, students might express the second addition expression as 8 + 2 = 10 or 2 + 8 = 10 
rather than 10 = 8 + 2. In the case of 2 + □ = □ + 6, the problem was structured in favour of 
emphasising the process of addition because one of the missing numbers followed an addition 
expression and then an equals sign. (i.e., 2 + □ = □). Students might express the sum of the 
first addition expression as 2 + 6 = 8, however, students might express the second addition 
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expression as 2 + 6 = 8 or 6 + 2 = 8 rather than 8 = 2 + 6. While these subtle differences may 
not impact outcomes for these three problems in this arithmetic context, the consequences are 
different in algebraic contexts.  
Process-preference plays a critical role in algebra where position and sequencing of 
mathematical features are vital to solving algebraic problems successfully (Clement, 
Lochhead, & Monk, 1981). The students-and-professors problem illustrates the difficulties 
that can arise when process-preference persists in students’ algebraic thinking. In the study by 
Clement, Lochhead and Monk, over one-third of university students who were science majors 
responded incorrectly to the problem, “Write an equation for the following statement: ‘There 
are six times as many students as professors at this university.’ Use S for the number of 
students and P for the number of professors” (p. 288). Of the incorrect responses by those 
students, two-thirds of errors were process-preference translations of the mathematical 
features in the question into the algebraic statement 6S = P. The persistence of process-
preference long after students may have reified the concepts of addition and equality has 
vexed mathematical educators in the decades since this seminal article was published (e.g., 
Dubinsky, 1991; Fisher, 1988; Kieran, 1992); therefore, documenting the prevalence of 
process-preference with missing number sentences may contribute to our understanding of 
this challenge faced by students. 
Arcavi (2005) suggests that this learning challenge is best addressed with practice that 
“1. recognizes issues related to symbol sense, 2. respects and encourages partially developed 
ideas, 3. allows and supports the talk about them, and 4. is not necessarily based on rushing 
towards immediate closure” (p. 46). This final point about helping students to develop the 
ability to accept a lack of closure (Biggs & Collis, 1982) is crucial. Students are required to 
develop an appreciation of process/object duality inherent to mathematical concepts. The 
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concepts of acceptance of lack of closure and process/object duality will be discussed in 
detail in the theoretical approach section of this chapter. 
Finally, we return briefly to the context of New Zealand. Whereas the emphasis of the 
Numeracy Development Projects discussed previously is on teaching and the professional 
learning of teachers in New Zealand (e.g., Holton, 2010), the Numeracy Development 
Projects have also provided information about students’ mathematics achievement (e.g., 
Irwin & Britt, 2005) and students’ conceptions of equality. For example, a study found that 
teaching additive thinking to Year 5 and Year 6 students was more problematic than 
anticipated. While teachers had the developmental sequences set out the Number Framework 
to guide their instructional practice, they were challenged by the limits of their own 
mathematics knowledge and tended to teach procedurally rather than conceptually. In 
particular, “teachers’ and students’ understanding of the role of the equals sign was an issue” 
(Young-Loveridge & Mills, 2010, p. 66). This particular finding was echoed in a study where 
a large proportion of secondary students were found to have a poor understanding of the 
equals sign (Linsell, 2010). In particular, students’ advanced strategies for solving equations 
were found to be strongly associated with a structural understanding of the equals sign.  
1.2.5 Statement of the problem. 
The relationships among students’ conceptions of equality and achievement have yet 
to be understood beyond a dichotomous framework that ranks a roughly defined set of correct 
structural conceptions above a set of at least three incorrect procedural conceptions. The 
research contributing to our understanding of students’ conceptions of equality has largely 
been confined to classroom-based studies and has been focused on studying procedural 
understandings of the equals sign. And, as discuss previously, procedural conceptions have 
been reported in students of all ages and teachers as well. Consequently, students’ procedural 
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conceptions of equality have been well documented and theorised; however, students’ 
structural conceptions lack the same level of detailed scrutiny. What has not been attempted 
is the use of data from large-scale assessments to examine the mathematical structure 
expressed in students’ responses to missing number problems; and then, to measure those 
conceptions to a greater degree than categorising them as correct structural conceptions and 
incorrect procedural conceptions.  
1.2.6 Purpose and significance of the study. 
The overarching purpose of this study is to examine the relationships among students’ 
conceptions of equality and mathematics achievement. The focus of this study presents an 
opportunity to address issues that fascinate researchers in the field of mathematics education 
including the apparent disjuncture between conceptual and procedural knowledge, the 
challenging transition from arithmetic to algebra learning contexts, the process/object nature 
of mathematical concepts, and our differential understandings of students’ procedural and 
structural conceptions of equality. 
Findings can be used by teachers to better understand how students understand the 
concept of equality. Without this understanding, teachers may be frustrated by the illogical 
mathematics knowledge students appear to demonstrate. Findings can be used to enhance 
conversations about learning between teachers and their students during mathematics lessons 
that involve the concept of equality. Specifically, the mathematical knowledge expressed in 
students’ responses to problems can be used by teachers to guide their choice of scaffolding 
for students’ next steps of learning. 
This study contributes to the mathematics education research community’s interest in 
building theoretical frameworks to aid in the teaching and learning of mathematics (e.g.  
da Ponte, 2013). The design and findings from this study complement recent doctoral studies 
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involving the teaching of early algebraic thinking (Hunter, 2014) and the concept of equality 
(Attorps, 2006; Halamaghi, 2011; Jones, 2009). This study also contributes to the discussions 
in the mathematics education research community about the assumptions underpinning our 
methods for studying and representing children’s cognitive development in mathematics 
(Schoenfeld, 2000).  
1.3 Theoretical Approach 
To investigate the relationships among students’ conceptions of equality and 
mathematics achievement, the theoretical approach framing this study is shaped by cognitive 
and sociocultural theories. The key concepts of this blended theoretical approach were 
introduced in the research context and rationale section earlier, and involved the nature of 
mathematical knowledge and how we interpret assessment information related to 
mathematical concepts. 
Framing this study with a blended theoretical perspective enables students’ responses 
to mathematics assessment tasks to be theorised as representations of mental activity that can 
involve knowledge, understanding, thinking, or reasoning (e.g. Hiebert & Carpenter, 1992; 
Schoenfeld, 1992). Such an approach is compatible with established psychometric methods 
(e.g., Linn, 1989; Nunnally, 1967; Thorndike, 1971) used to examine quantitative features 
and relationships of mathematics assessment data. Use of these methods will allow students’ 
mathematics achievement to be measured and for comparisons to be made between students’ 
conceptions of equality and achievement. 
This blended theoretical approach also enables students’ responses to assessment 
tasks to be theorised as legitimate attempts to participate in mathematical activity (Dayvdov, 
1990; Roth, 2012; Sfard, 1998; 2008). Students’ communicative acts can be viewed as 
sources of information about their mathematical knowledge in general, and how they express 
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conceptions of equality, in particular. Such an approach is compatible with methods used to 
examine qualitative features of assessment data that allow verbal and non-verbal features in 
students’ communicative acts to be identified and represented as particular expressions of 
knowledge, understanding, thinking, or reasoning (e.g., Drew & Heritage, 1992; Goldin-
Meadow, 2000; McNeill, 1992; Roth 2001a; Siegler, 1995). In this study, verbal refers to the 
elements of speech that are recognisable as words. Non-verbal refers to the speech sounds 
that are paraverbals and gestures that typically accompany speech (Harrigan, Rosenthal, & 
Scherer, 2008).  
To analyse communicative acts, the concept of mathematical structure was used as an 
analytic tool. Mathematical structure is “the identification of general properties which are 
instantiated in particular situations as relationships between elements” (Mason, Stephens, & 
Watson, 2009, p. 10). In this study, the concept of mathematical structure was used to analyse 
different components of students’ responses, such as answers and explanations. To analyse 
answers, mathematical structure was used to examine how the numerical value specified for a 
missing number relates to the overall structure of the problem. To analyse explanations, 
mathematical structure was used to examine how numbers, operations, and relations are 
related to one another, given the overall structure of the problem. The concordance between a 
student’s answer and explanation to a particular problem can yield insights into the depth of a 
student’s knowledge, understanding, thinking, or reasoning (Lampert, 1990). 
In this study, mathematical structure was operationalised by identifying the form and 
functions of the mathematical ideas expressed by students in their answers and explanations 
when they were asked to solve three additive arithmetic missing number problems. The 
definitions of the terms form and function were developed during the course of this study and 
were derived from the parsing terminology used in the field of computational linguistics to 
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analyse speech (Grune & Jacobs, 2008) and from the participative definition of knowledge 
discussed earlier (Sfard, 2008). 
Mathematical form refers to the smallest unit of symbolic representation with 
standard mathematical notation that is possible for each mathematical idea communicated by 
a student in a response. For example, If a student explained “seven plus three equals ten”, 
then in the arithmetic context of this study, mathematical form involves symbols used to 
represent the concepts of whole numbers (i.e., “three” as 3, “seven” as 7, and “ten” as 10), 
operations (i.e., “plus” as +), and relations (i.e., “equals” as =).  
Mathematical function refers to the different units of meaning that can be conveyed 
by the mathematical ideas communicated in a student’s response and how they can be 
represented symbolically with the established semantic and syntactical conventions of 
mathematics. For the example, “seven plus three equals ten”, mathematical function involves 
the configuration of symbols used to represent the concepts of whole numbers (e.g., 3, 7, and 
10), operations (e.g., +), and relations (i.e., =). When the set of symbols is assembled in the 
sequence spoken, 7 + 3 = 10, the individual units, together, convey a different meaning than  
7 = 3 + 10, for example. For 7 + 3 = 10, possible meanings include the sum 10, the addition 
expression 7 + 3, the sum 7 + 3, and overall, the statement is true. For 7 = 3 + 10, possible 
meanings include the sum 7, the addition expression 3 + 10, the sum 3 + 10, and overall, the 
statement is untrue. 
When reporting the results from this study, mathematical form and function are 
referred to collectively, as the mathematical features that characterise a student’s answer or 
explanation. When results were interpreted theoretically, answer results are referred to as 
answer-based conceptions of equality and explanation results are referred to as explanation-
based conceptions of equality. 
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To interpret the mathematical features in students’ responses, the concept of 
acceptance of lack of closure (Lunzer, 1978) and the concept of process/object duality (Sfard, 
1991), were used as theoretical tools in conjunction with the properties of equality. 
Descriptions are given of each concept and how they function together in the context of this 
study. 
1.3.1 Acceptance of lack of closure. 
The concept of acceptance of lack of closure is theorised to contribute to the 
development of relational thinking (Biggs & Collis, 1982; Lunzer, 1978). The concept of 
acceptance of lack of closure is a formal reasoning process that involves making complex 
inferences rather than simple inferences. According to Lunzer,  
Simple inference is said to occur whenever the information that is provided or that the subject obtains 
enables him to make an unambiguous inference with respect to the state of any variable about which he 
is concerned. Complex inference is the complementary case, in which such initial information does not 
permit an unambiguous inference about a relevant variable but instead permits a reduction of alternatives 
so that the final determination can only be made at a subsequent stage, when more information has been 
obtained. (p. 50). 
It is a student’s developing ability to deal with ambiguity when solving missing 
number problems that we will examine here. For example, a student is given the missing 
number sentence, 2 + □ = □ + 6, and asked “What do you think those two missing numbers 
could be?” If a student answers “the missing numbers could be eight and four and seven and 
three” then that students’ response could be interpreted to demonstrate an acceptance of lack 
of closure. The student was able to evaluate the addition expression 2 + □ as 2 + 8 and the 
addition expression □ + 6 as 4 + 6. The student also had no difficulty re-evaluating the 
missing number sentence such that the addition expression 2 + □ could also be 2 + 7 and the 
addition expression □ + 6 could also be 3 + 6. The student might even elaborate his response 
by adding “there could be lots of numbers that could go in there because the first number just 
has to be four more than the second number” and this would provide further evidence that the 
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student has made a complex inference about the missing number sentence by accepting a lack 
of closure. 
If a second student answers “the missing numbers could be eight and four” and when 
prompted with the question “Could you have any other numbers?” the student says “no” then 
students’ response could be interpreted to demonstrate a lower degree of acceptance of lack 
of closure than the previous student. The second student was able to deal with the ambiguity 
of having two unknown numerical values in the missing number sentence to evaluate, 
however, once the student found two numerical values that made the number sentence true, 
the reasoning process was stopped.  
Students’ acceptance of lack of closure appears to be a precursor to the formation 
other mathematical concepts and it has been documented as a foundational knowledge aspect 
in the development of algebraic thinking (Linsell, 2010). 
1.3.2 Process/object duality. 
The concept of process/object duality addresses the “deep ontological gap” (Sfard, 
1991, p.4) observed between procedural and conceptual knowledge at a theoretical level. In 
mathematics, concept formation is hierarchical and recursive so that concepts themselves 
become the building blocks of further concept development. Reasoning from the cognitive 
perspective presented earlier in this chapter, the development of a concept from a process to 
an object is theorised to involve three stages: interiorisation, condensation, and reification. 
In the case of equality, in an additive arithmetic context, the stage of interiorisation 
involves a student becoming proficient in working with numbers and the operation of 
addition in particular; for example, a student might recognise 6 + 4 = 10, 7 + 3 = 10,  
8 + 2 = 10, and 9 + 1 = 10 as basic addition facts. 
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The stage of condensation involves a student recognising the basic facts 6 + 4 = 10,  
7 + 3 = 10, 8 + 2 = 10, and 9 + 1 = 10 all share the sum 10 even though the addition 
expressions differ. At this stage, students can work with the concept of equality. For example, 
a student might recognise that since the basic facts 7 + 3 = 10 and 8 + 2 = 10 both share the 
same sum, then, the addition expressions 7 + 3 and 8 + 2 also equal. Students at the 
condensation stage of concept formation are be able to successfully solve missing number 
problems such as 7 + 3 = □ + 2 by making tacit use of properties of equality (i.e., reflexivity 
10 = 10; symmetry 7 + 3 = 10 and 10 = 7 + 10; and transitivity if 7 + 3 = 10 and 10 = 7 + 3; 
and 10 = 8 + 2, then 7 + 3 = 8 + 2). Students are using their knowledge of numbers and 
operations to make logical inferences about the value of the missing number. 
Typically, the stages of interiorisation and condensation are gradual processes that 
occur over extended periods of time and require many experiences for students to develop 
high proficiency in using particular sets of mathematical ideas. For students in the 
condensation stage of concept formation, the reflexive, symmetric, and transitive properties 
of equality may only be tacitly understood even though students can express correct answers 
to missing number problems. These correct answers may be interpreted as structural 
conceptions of equality.  
The stage of reification involves bridging an ontological gap from process to object 
with a qualitative shift in thinking (Sfard & Linchevski, 1994). The stage of reification 
involves working with the concept of equality as an object with known properties in order to 
solve problems. “[I]t is important, for algebraic thinking to develop effectively, to maintain a 
dual awareness of expressions, as entities or objects, and as statements about how a 
calculation is to be performed” (Mason, 1989, p. 3). At this stage, students now perceive 
equality statements as objects that can be acted on. By acting on an equality statement such as 
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7 + 3 = 10, students can reason that if they add 2 to 7 + 3 then they must also add 2 to 10 so 
their action maintains the reflexive, symmetric, and transitive properties of equality. 
Treating an equality statement as an object in this way corresponds to the 
interiorisation stage of the concept of equivalence. Equivalence is a higher level concept than 
equality. Like equality, equivalence is a binary relation, however, it involves reflexive, 
symmetric, and transitive relations such that arithmetic statements 2 + 7 = 3 + 6,  
2 + 8 = 4 + 6, and 2 + 9 = 5 + 6 are not equal quantitatively but they are equal relationally; 
hence, they are referred to as equivalent statements. Students may recognise the common 
structure of all three problems as 2 + a = b + 6 and may be able to articulate the relationship 
between a and b as “the first number must be four more than the second number”. For the 
problem 7 + 3 = □ + 2, the process/object duality of equality might allow a student to 
recognise the duality of 7 + 3 as an addition expression and a sum. 
The concepts of acceptance of lack of closure and process/object duality function 
together because students must come to accept 7 + 3 as an object that does not require 
immediate evaluation. When evaluation is suspended then 7 + 3 can be acted on. These two 
concepts allow a student to solve the problem by reasoning with other number facts that are 
also understood as dual processes/objects. For example, a student might reason if 3 = (2 + 1) 
and 7 = (8 – 1) then 7 + 3 = (8 – 1) + (2 + 1) = 8 + 2. By operating on the addition expression 
7 + 3 in this way, the student is demonstrating that the concept of addition has been reified as 
a sum. This model of concept formation for equality in an additive arithmetic context is 
shown in Figure 4. 
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Figure 4. The model of concept formation for equality in an additive arithmetic context. Note, this model is 
adapted from the general model of concept formation in Sfard (1991, figure 4, p. 22). 
With this model of concept formation, students’ procedural conceptions of equality 
can be theorised as examples of the concept of equality at the interiorisation stage of 
formation. Students’ experiences with counting objects are vital to the formation of the 
concepts of number and addition. Students may be still in the condensation stage with the 
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concepts of number and addition where they may still be developing their understandings of 
process/object nature of number and addition. 
1.4. Study Design and Overarching Research Question 
The purpose of this study is to better understand how students’ conceptions of 
equality relate to other key mathematical ideas, especially for conceptions of equality 
associated with correct responses. To address this purpose, a mixed methods study design 
was used (Creswell, 2009; Johnson, Onwuegbuzie, & Turner, 2007). Multiple methods are 
commonly used to examine and integrate qualitative and quantitative features of data (Castro, 
Kellison, Boyd, & Kopak, 2010). The study, therefore, was designed with three main 
components. The first component involved establishing achievement as the dependent 
variable. The second component involved identifying a limited number of types of students’ 
conceptions of equality as independent variables. The concept of mathematical structure 
(Mason, Stephens, & Watson, 2009) was used as the primary qualitative analytic tool to 
examine how the concept of equality was related to the concepts of number, addition, 
process-preference (Crowley, Thomas, & Tall, 1994; MacGregor, & Stacey, 1993), 
process/object duality (Sfard, 1991), acceptance of lack of closure (Biggs & Collis, 1982; 
Lunzer, 1978) and the properties of equality. The third component involved exploring the 
relationships between the dependent and independent variables. Each component will be 
explained in detail in Chapter 2.  
This approach enhanced the efforts to address the overarching research question set to 
guide the investigation of three additive arithmetic missing number problems: 
 When mathematical structure is emphasised, what are the relationships among 
students’ conceptions of equality and mathematical achievement? 
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1.5 Chapter Summary 
This chapter presented the background and central argument for this thesis and 
included three components: (1) an overview of the context and rationale for this thesis, 
including a critical review of the literature; (2) a discussion of the theoretical approach used; 
and (3) an outline of the study design and the overarching research question. 
In the next chapter, the study design, methods, and preliminary analyses are 
presented. 
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Chapter 2: Study Design, Methods, and Preliminary Analyses 
This chapter contains information about the methods used to examine the 
relationships among students’ conceptions of equality and mathematics achievement in this 
study. The main focus of the study design was on how a subset of extant data could be 
analysed in greater depth and from a perspective that emphasised the mathematical structure 
expressed in students’ responses. As introduced in the previous chapter, there were three 
main components to the mixed methods design of this study: (1) establishing the dependent 
variable that represented mathematics achievement, (2) establishing independent variables to 
represent students’ conceptions of equality, and (3) comparing students’ conceptions of 
equality to mathematics achievement. The main components of the study design are outlined 
in Figure 5. 
Main Components of the Study Design 
Achievement: Establishing the dependent variable (i.e., total score) 
 Identifying items completed by students at both year levels to calculate a total score for each 
student (excluding the What’s the Number task) 
 Establishing the reliability of total scores 
Conceptions of equality: Establishing the independent variables (i.e., types of responses for each 
problem) 
 Identifying types of responses (i.e., answers and explanations) for each problem with criteria 
established using a general inductive approach 
 Establishing the reliability of answer and explanation coding procedures 
Conceptions of equality and achievement: Examining the relationships among students’ types of 
responses and total scores 
 Examining the effect of different types of responses on total scores for each problem and 
among problems 
Figure 5. The main components in the design of this study. 
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2.1 Overview of the Chapter 
Information about the methods used in this study will be presented by: (1) describing 
the data source, participants, instruments, and specific research questions; (2) describing 
variables used in this study; (3) presenting the specific research questions for this study; and 
(4) explaining procedures used to establish the variables for the study, including reporting the 
results from preliminary analyses that establish the reliability of the variables. 
2.2 Data Source 
The Educational Assessment Research Unit (EARU) at the University of Otago 
collected the mathematics assessment data used in this study as part of a project that was 
conducted from 1995 to 2010. The National Educational Monitoring Project (NEMP) 
assessed students in Year 4 (8 and 9 year-olds) and Year 8 (12 and13 year-olds) and reported 
what students knew and could do at those two levels of schooling (Crooks, Smith, & 
Flockton, 2010). The NEMP team provided records of the NEMP stimulus materials, student 
recording booklets, assessor instructions, and scoring rubrics. The NEMP team provided 
SPSS output files that contained numerical results for all mathematics assessment tasks and 
items administered to students in 2009. The NEMP team also provided access to tasks that 
were video recorded on digital cassette tapes. The terms item and task were given specific 
definitions for the purpose of this study. An item refers to the lowest scorable unit and items 
are nested within tasks. A task refers to an assessment topic. 
2.3 Participants 
In 2009, a nationally representative sample (N = 2638) of Year 4 and Year 8 students 
were asked to respond to 100 number and algebra tasks. Roughly equal proportions of the 
students sampled were in Year 4 and Year 8. Each year group was subdivided into three 
smaller groups of about 400 students each. The smaller groups were labelled A, B, and C, and 
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each group attempted different assessment tasks. Assessment tasks were administered to 
students by assessors who were teachers trained by the NEMP team. The data collected from 
Group A students were used in this study. In Group A, there were 427 Year 4 students and 
there were 435 Year 8 students. Further details of the participants and sampling process are 
available in the Mathematics Assessment Results 2009 report (Crooks, Smith, & Flockton, 
2010). For this study, equal numbers of Year 4 (N = 132) and Year 8 (N = 132) students were 
randomly sampled from Group A.  
2.4 Instruments 
There were 100 number and algebra assessment tasks used in 2009. In Group A, Year 
4 students were given 20 tasks to complete and Year 8 students were given 31 tasks. Only the 
data collected from 17 tasks as shown in Figure 6 were used in this study. 
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items per task 





What’s the number one-to-one number# 
missing number sentences (i.e., 5 = 3 + □, 7 + 3 = □ + 2, and 2 + □ = □ = 
6) 
5 1 6 
Measure me one-to-one measurement estimating and measuring an attribute (i.e., length in mm, cm, or m) 4 3 11 
Tim’s problems one-to-one measurement measuring attributes (i.e., mass in kg and time in h and min) 2 1 3 
Quick way one-to-one number describing arrays  8 4 12 
Factious fractions one-to-one number fractions (i.e., 1/4 of 24, 2/3 of 24) 2 0 2 
Posting parcels station measurement 
measuring an attribute (i.e., mass in g and kg then estimating postage 
costs) 
9 0 9 
Jars and marbles station measurement 
estimating an attribute (i.e., capacity with marbles as non-standard 
units) 
4 0 4 
Jelly station measurement estimating an attribute (i.e., volume in mm) 6 3 9 
Division facts station number division facts (e.g., 15 ÷ 3) 16 0 16 
Write it station number number recognition (e.g., hear ‘ten write ‘10’) 9 0 9 
Houses station number# growing pattern (i.e., matchstick houses) 3 0 3 
Pasifika patterns station geometry identifying lines of symmetry 5 2 11 
Addition independent number addition (i.e., 4 + 2 + 9 + 5 + 3, 21 + 54) 2 2 4 
Missing numbers independent number 
identifying missing numbers in sequences (i.e., 4, 8, [12], 16, N[20], [24]; 
22, 42, 62, [82], [1O02], [122]) 
2 2 6 
Swimming pool independent number word problem addition (e.g., total for one at $3.50 and 3 at $2.00) 4 3 7 
Division independent number division (i.e., 6 ÷ 2, 9 ÷ 3, 12 ÷ 4, 21 ÷ 7, 135 ÷3, 8 ÷ 5) 6 0 6 
More than independent number 
forwards number sequence (i.e., 1 more than 16, 319, 1.7; 10 more than 
184, 1655; 100 more than 327, 923, 1225; 1000 more than 3459) 
9 0 9 
Figure 6. Features of the NEMP 17 tasks used in this study. Note. * = Scored using a three-point scale, a five-point scale, summed answers, or weighted components. 
# = algebra-like items (Unpublished assessment materials provided by EARU). 
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The 17 tasks contained 96 items that were completed by students at both year levels. 
Tasks were placed within the contexts of number, measurement, and geometry content areas. 
There were two number tasks that had algebra-like items. There were no tasks within the 
contexts of statistics or probability in the assessment. 
In order to understand the results in this study, it is important to see how each task 
was administered and scored by the NEMP team. 
Tasks were presented to students in one of three formats: one-to-one interviews, a 
format called stations, and independent work. One-to-one interviews consisted of individual 
students working with an assessor on a series of tasks while they were being video recorded. 
Station tasks consisted of individual students working independently on a series of tasks 
using physical materials that had been set up in advance by an assessor. Assessors in the 
study were teachers who were trained how to administer the assessment tasks. During station 
tasks, students recorded their own responses in answer booklets. Independent tasks consisted 
of individual students working on their own by reading and writing their responses in a 
question and answer booklet. Figure 6 shows the 17 tasks that were given to both the Year 4 
and Year 8 students in Group A. 
An example is given to illustrate how items completed by students at both year levels 
were identified. Figure 7 shows the protocol for the Factious Fractions task. There were two 
items completed by Year 4 and Year 8 students the Factious Fractions task. Question 2 given 
to Year 4 students was the same as question 1 given to Year 8 students. Likewise, question 4 
given to Year 4 students was the same as question 2 given to Year 8 students. 
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Factious Fractions 
Year 4 Year 4 
Hand students 24 multilink blocks and card 1. Hand students 24 multilink blocks and card 1. 
Here are 24 blocks. 
1. What is  
1
2
 of 24? Tell me how you worked this 
out. You can use the blocks if you want to. 
Here are 24 blocks. 
1. What is  
1
4
 of 24? Tell me how you worked this 
out. You can use the blocks if you want to. 
Hand student card 2. Hand student card 2. 
2. What is  
1
4
 of 24? Tell me how you worked this 
out. You can use the blocks if you want to. 
2. What is  
2
3
 of 24? Tell me how you worked this 
out. You can use the blocks if you want to. 
Hand student card 3. Hand student card 3. 
3. What is  
1
3
 of 24? Tell me how you worked this 
out. You can use the blocks if you want to 
3. What is  
5
6
 of 24? Tell me how you worked this 
out. You can use the blocks if you want to 
Hand student card 4. Hand student card 4. 
4. What is  
2
3
 of 24? Tell me how you worked this 
out. You can use the blocks if you want to. 
4. If you had to find 1 
1
2
 lots of these blocks, how 
many would you need? Tell me how you worked this 
out. You can use the blocks if you want to. 
Figure 7. Protocol for the Factious Fractions task (Unpublished assessment task provided by EARU). 
The majority of items (78%) were scored dichotomously. Dichotomous scoring was 
used to differentiate between appropriate and inappropriate answers where an item was 
scored 1 for the presence of an appropriate answer or scored 0 for the absence of an 
appropriate answer. The remaining 22% of items were scored using four slightly different 
scoring rubrics. 
For the different scoring rubrics, the NEMP team had either used a three-point scale 
(i.e., 2, 1, or 0), a five-point scale (i.e., 4, 3, 2, 1, or 0), summed answers, or weighted 
components. A three-point scale was used to differentiate answers that were appropriate, by 
ranking them as advanced or basic. A five-point scale was similar in nature to a three-point 
scale except that it was used to differentiate among four different degrees of precision in 
appropriate answers for an item. Summed answers were used when an item had more than 
one expected answer. Weighted components were used when an item had greater conceptual 
importance than another item in a task. Five examples will not be described to illustrate how 
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items were scored while also giving more detail about the nature of the tasks of which they 
were part.  




 of 24?”, the NEMP team gave a score of 1 to answers interpreted as 6 and a score 
of 0 answers interpreted as other than 6. Answers to the question “What is 
2
3
 of 24?” were 
scored in a similar fashion, with answers interpreted as 8 scored 1 and answers interpreted as 
other than 8 scored 0. Only students’ answers were scored in Fractious Fractions, therefore, 
there were only two items that each contributed 1 to an overall possible score of 2. 
Dichotomous scoring was used for at least one item in each of the 16 tasks used to calculate a 
student’s total score with the except for the tasks titled Addition and Missing Numbers. 
A three-point scale was used for 11 items in five tasks. For example, the Quick Way 
task involved presenting students with arrays of animals or fruit to assess the strategy they 
used to determine the number of objects in each array. One of the four arrays presented to 
students showed one row of five snails, 3 rows of four snails, then one row of five snails. The 
protocol instructed teachers to ask students to “Use a quick way for working out the number 
of snails” followed by the prompt “How did you work out your answer?” For the number of 
snails, the NEMP team scored that item dichotomously, however, for students’ explanations 
of their answers, the NEMP team used a three point scale. Explanations were given a score of 
2 if they were interpreted as a “solution involving multiplication (e.g., 5 × 2 + 3 × 4 or  
5 × 5 + 3)” or a “solution involving equivalent groupings (e.g., 9 + 9 + 4)”. A score of 1 was 
given to explanations interpreted as a “solution just involving addition (e.g.,  
5 + 4 + 4 + 4 + 5)” or an “other sound approach not involving counting one by one”. A score 
of 0 was given to answers than were interpreted as “any other response, including counting 
one by one/counting in twos”. The three-point scale was used to emphasise the difference 
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between advanced and basic answers that were appropriate and this scale was used to score 
the three other similar items in the Quick Way task. There were seven other items that were 
scored with a three-point scale. There was one item in Measure Me, one item in Tim’s 
Problems, two items in Addition, and three items in Swimming Pool. 
A five-point scale was used for 2 items in one task only. Measure Me involved 
students’ comparing an estimated measurement with an actual measurement. If students’ 
actual measurements were interpreted to differ ± 5 cm from their estimations then those 
answers were scored 4. If differences were interpreted as  ± 6 to 10 cm then answers were 
scored 3. Differences were interpreted as  ± 11 to 20 cm or ± 20 to 40 cm, then they were 
scored 2 and 1, respectively. ‘Any other response’ was scored ‘0’. The five-point scale was 
similar in nature to the three-point scale except that it was used to differentiate between four 
different degrees of the answer, and in the case of Measure Me, the criterion was answer 
accuracy. A five-point scale was used to determine the accuracy of one other item in the 
Measure Me task. 
Summed answers were used to score 4 items in two tasks. For example, Missing 
Numbers involved giving students a number sequence to complete. One of two items was the 
sequence “4, 8, _, 16, _, _”. The NEMP team gave a score of 1 to answers where the first 
missing number was interpreted as 12 and a score of 0 where answers were interpreted as 
other than 12. The second and third missing numbers were scored in a similar fashion, where 
answers interpreted as 20 and 24, respectively, were scored 1 and, answers interpreted as 
other than 20 and 24, respectively, were scored 0. In this case, summed answers were used 
because there were three answers possible for each item. Students could score a total of 6 
points for the two number sequence items in Missing Numbers. There were only two other 
items that were scored by summed answers and they were in Pasifika Patterns. 
Weighted components were used to score six items in one task. Jelly involved 
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measuring the dimensions of a rectangular prism. The protocol asked students to “Measure 
the length, height, and width of the real jelly packet” and “Write your measurements on the 
picture of the jelly packet”. Students were expected to write a numerical value and the units 
of their three measurements. For the dimension of length, the NEMP team gave a score of 2 
for values interpreted to be within the range of 86 to 90 mm and a score 1 for appropriate 
units given. A score of 0 was given for values interpreted as outside the range of 86 to 90 
mm, for any other response or if no appropriate units were written. Weighted components 
were used when an item had greater conceptual importance than another item in a task. In the 
case of Jelly, accurately measured values had more conceptual weight than correctly writing 
the accompanying unit of measurement; therefore, measured values were given twice the 
score of units. The three pairs of items in Jelly were the only items contributing to the total 
score that were scored using a weighted components approach. 
2.5 What’s the Number 
The What’s the Number assessment task was investigated in depth and it provided the 
primary outcome measures for this study. What’s the Number was given to students in  
Group A in a one-to-one interview format (Crooks, Smith, & Flockton, 2010). The task 
contained three additive arithmetic missing number problems (Unpublished assessment task 
provided by EARU). The three problems were presented visually to each student in written 
form on a laminated A4 card. Figure 8 depicts how the three problems were displayed to 
students during the interview. 
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5 = 3 + □ 
7 + 3 = □ + 2 
2 + □ = □ + 6 
Figure 8. Visual layout of the problems in the What’s the Number task (Unpublished assessment task provided 
by EARU). 
The protocol given to each assessor contained eight cues for students as shown in 
Figure 9.  
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1. I’m going to show you some problems with numbers that are missing. 
(Hand student card and point to problem 1. 5 = 3 + □) 
2. Could the missing number be 8? 
(Record student’s answer.) 
3. Explain why you say that.  
4. (Point to problem 2. 7 + 3 = □+ 2) 
What is the missing number? 
(Record student’s answer.) 
5. Explain why you say that.  
6. (Point to problem 3. 2 + □ = □+ 6) 
What do you think the two missing numbers could be? 
(Record student’s answer.) 
7. Could you have any other numbers? 
(If student answers yes ask “what numbers?”)  
8. Explain why you say that. (Record student’s answer.) 
 
Figure 9. Teacher protocol for the What’s the Number task with spoken prompts in italics and non-verbal 
prompts in parentheses (Unpublished assessment protocol provided by EARU). 
The first cue involved the assessor handing the student the laminated card that 
displayed the three missing number problems. The purpose of the first cue was to inform 
students about the nature of the task and direct their attention to the first problem. For the 
second cue, students were expected to answer yes or no. For the third cue, students were 
expected to explain how they solved Problem 1 when prompted. For the fourth cue, students 
were expected to give a missing number as their answer. For the fifth cue, students were 
expected to explain how they solved Problem 2 when prompted. For the sixth cue, students 
were expected to give a pair of missing numbers as their answer. For the seventh cue, 
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students were expected to give at least one more pair of missing numbers as their answer. For 
the eighth cue, students were expected to explain how they solved Problem 3. 
The overall purpose of the task was for students to engage in mathematical problem 
solving as they communicated their responses to the assessor. Ideally, the outcome was for 
students to offer a spoken response to each of the eight cues from the assessor. When the 
video recordings were examined, students were found to give spoken responses, but they also 
accompanied or replaced their speech with non-verbal modes of communication. Students 
responded non-verbally with gestures such as pointing or tapping, and with other body 
movements such as shrugging or nodding their heads. Both spoken and non-verbal aspects of 
students’ responses in the video recordings provided information that was analysed in this 
study. Even though the task was video recorded, assessors were expected to record students’ 
responses to the eight verbal cues. The written records created by the assessors were not 
available for analysis in this study, however, the final scoring rubric for the in What’s the 
Number task was available and it is shown in Figure 10.  
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5 = 3 + □ 





any other response 0 
Explain why you say that. 
Three-point 
scale 
8 + 3 does not equal 5, 
the missing number 
should be 2 
2 
8 + 3 does not equal 5 1 
any other response 0 
7 + 3 = □ + 2 





any other response 0 
Explain why you say that. 
Dichotomous 
scoring 
8 + 2 equals the same 
as 7 + 3 
1 
any other response 0 
2 + □ = □ = 6 
What do you think the two 
missing numbers could be? 
Dichotomous 
scoring 
second number is 4 less 
than first number 
1 
any other response 0 
Figure 10. NEMP Rubric for scoring five items for the What’s the Number task (Unpublished assessment rubric 
provided by EARU). 
Please note that the NEMP score for the What the Number task and its scoring rubric 
was not used in this study. Instead, the original video recording were re-analysed using the 
concept of mathematical structural as an analytic tool. 
2.6 Achievement: The Dependent Variable 
Students’ mathematics achievement was operationalised as how sampled students 
performed on a set of assessment tasks. Specifically, performance was measured by a 
student’s total score for 91 mathematics assessment items completed by Year 4 and Year 8 
students. The mathematics assessment items were administered to students in 16 tasks and 
scored by the NEMP team. A total score for each student was established as the dependent 
variable in this study according to the principles of classical test theory (Haertel, 1993). A 
total score was calculated for each student from summing the scores of the 91 items 
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completed by Year 4 and Year 8 students. Factor analysis was used to examine the pattern of 
eigenvalues to determine if the 16 tasks that addressed the topics of geometry, measurement, 
and number could be characterised as describing students’ mathematics achievement. 
Cronbach’s alpha was used to examine the reliability of the total score values. Details about 
the procedures used to establish totals scores as the dependent variable are provided when the 
preliminary analyses are reported later in this chapter. SPSS was used for the calculations 
(IBM, 2013). 
2.7 Conceptions of Equality: The Independent Variables 
Students’ conceptions of equality were operationalised as the mathematical features 
students expressed in their responses when they were asked to solve three additive arithmetic 
missing number problems. Two types of responses were established as the independent 
variables for this study. The two types of responses were answers and explanations. The 
independent variables were established using qualitative data analysis procedures (Drew & 
Heritage, 1992; Goldin-Meadow, 2000; McNeill, 1992; Roth 2001a; Siegler, 2007; Siegler & 
Crowley, 1991; Thomas, 2006) and procedures developed specifically for this study. The 
procedures developed specifically for this study included: (1) a parsing technique developed 
to identify mathematical features expressed verbally and non-verbally in students’ answers 
and explanations, (2) a mapping technique developed to represent the mathematical features 
identified in students explanations and represent them visually, as explanation maps, and  
(3) a matching procedure developed to categorise students’ explanation maps visually, as 
particular types of explanations. The procedures used to identify and categorise the 
mathematical features in students’ answers and explanations are explained in detail later in 
this chapter.  
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2.8 Specific Research Questions 
The overarching research question and operational definitions of the key variables are 
re-stated before the specific research questions are presented. The overarching research 
question for this study was: 
 When mathematical structure is emphasised, what are the relationships among 
students’ conceptions of equality and mathematical achievement? 
Students’ mathematics achievement was operationalised as a student’s total score for 
a set of mathematics assessment items completed by students at both year levels. Students’ 
conceptions of equality were operationalised as the mathematical features students expressed 
in their answers and explanations when they were asked to solve three additive arithmetic 
missing number problems. 
To execute this study, the overarching research question was broken down into six 
specific research questions. To facilitate reading, the overarching and specific research 
questions are shown in Figure 11 and they are referred to by number in the two following 
paragraphs. 
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Overarching Research Question 
When mathematical structure is emphasised, what are the relationships among students’ conceptions of 
equality and mathematical achievement? 
Specific Research Question (RQ) 
At Year 4 and Year 8, and for each problem in the What’s the Number task (i.e. 7 + 3 = □ + 2, 5 = 3 + □, and 2 
+ □ = □ + 6): 
RQ1a. What are the mathematical features expressed in students’ answers? 
RQ2a. What are the relationships among students’ answers and total scores? 
RQ1b. What are the mathematical features expressed in students’ explanations? 
RQ2b. What are the relationships among students’ explanations and total scores? 
RQ1c. What are students’ frequent answer/explanation combinations? 
RQ2c. What are the relationships among students’ frequent answer/explanation combinations and total 
scores? 
Figure 11. Overarching and specific research questions for this study. 
The overarching research question was addressed by three investigations. Specific 
research questions were used to investigate each of problems 7 + 3 = □ + 2, 5 = 3 + □, and 2 
+ □ = □ + 6 and results are reported in Chapters 3, 4, and 5, respectively. Specific research 
questions 1a and 2a were addressed by examining the answers in students’ responses. 
Answers were used to examine how the numerical value specified for a missing number 
related to the overall structure of the problem. A limited number of answers were identified 
and compared to total scores, and then results were interpreted theoretically as the 
relationships among students’ answer-based conceptions of equality and achievement. 
Specific research questions 1b and 2b were addressed by examining the explanations in 
students’ responses. Explanations were used to examine how numbers, operations, and 
relations were related to one another given overall structure of the problem. A limited number 
of explanations were identified and compared to total scores, and then results were 
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interpreted theoretically as relationships among students’ explanation-based conceptions of 
equality and achievement. Specific research questions 1c and 2c were addressed by 
examining the answers and explanations given by each student to identify a limited number 
of answer and explanations combinations. Answers/explanation combinations were compared 
to total scores, and then results were interpreted theoretically as relationships among 
students’ answer/explanation-based conceptions of equality and achievement. At each year 
level and for each problem, frameworks were assembled to represent the relationships among 
students’ conceptions of equality and achievement. Results are summarised and discussed as 
findings at the end of each investigation in Chapters 3, 4, and 5. 
2.9 Procedures Used to Establish the Dependent Variable 
The methods used to establish the dependent variable followed the principles of 
classical test theory (Haertel, 1993; Linn 1989; Nunnally, 1967) and included descriptive and 
inferential statistical procedures (IBM, 2013; Smith, Gratz, & Bousquet, 2009). There were 
two steps used to establish the dependent variable used in this study and they were: (1) 
identifying items completed by students at both year levels to calculate a total score for each 
student, and (2) establishing the reliability of total scores. 
Student achievement was operationalised as a total score for each student that was 
calculated from mathematics assessment items completed by students at both year levels. The 
calculation of a total score for each student was a foundational procedure in this study. 
Ninety-one items from 16 tasks shown in Figure 7 were used to calculate a total score for 
each student. If there was no score recorded for an item for a particular student, then that 
students’ total score was not calculated. There were 26 Year 8 students and 15 Year 4 
students with missing task scores for one or more of the 16 tasks. The remaining 106 Year 8 
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students and 117 Year 4 students formed the samples for the deductive phase of the study. 
The maximum total score possible was 127 for students at both year levels.  
The items from What’s the Number task were omitted from the total score calculation 
because it was used to develop the independent variables for this study. Table 1 shows the 
descriptive statistics for the 16 tasks used to calculate total scores for Year 4 and Year 8 
students. Most students were able to answer some of the items in each task correctly (see 
Table 64 in Appendix 4 for the descriptive statistics for each task score by year level). 
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Table 1 
Descriptive Statistics for the 16 Tasks Used to Calculate Total Scores for Year 4 and Year 8 
Students 
Task N Min Max M SD 
Measure me 223 0 11 4.98 3.60 
Tim’s problems 223 0 3 1.57 1.12 
Quick way 223 0 12 7.10 3.00 
Factious fractions 223 0 2 1.05 0.83 
Posting parcels 223 0 9 4.78 2.34 
Jars and marbles 223 0 4 1.83 0.96 
Jelly 223 0 9 3.32 2.64 
Division facts 223 0 16 7.06 5.80 
Write it 223 0 9 6.99 2.45 
Houses 223 0 11 7.94 3.17 
Pasifika patterns 223 0 3 1.78 1.04 
Addition 223 0 4 3.43 1.07 
Missing numbers 223 0 6 4.70 1.90 
Swimming pool 223 0 7 4.71 2.38 
Division 223 0 6 3.25 2.01 
More than 223 0 9 7.03 2.72 
Note. Min = minimum student score. Max = maximum student score. Means and standard deviations are 
rounded to the nearest hundredth. The descriptive statistics for the 16 tasks used to calculate total scores for 
Year 4 and Year 8 students are shown for each year group in Table A4.1 of Appendix 4. 
To better understand the relationships among the tasks in this study, a factor analysis 
was performed (principal component, varimax rotation) without the What’s the Number task 
included. One, two, and three factor solutions were examined and results indicated that a one 
factor solution would be the best. For two and three factor solutions, there were no 
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meaningful results to report. This means that the contributions from the number, 
measurement, and geometry tasks could be characterised as describing students’ mathematics 
achievement. Figure 12 shows the scree plot from the principal component analysis with the 
What’s the Number task excluded. From the scree plot, it can be seen that while the first 
factor is very strong, there is little to differentiate the remaining factors, hence the decision to 
use a one factor solution. 
 
Figure 12. Scree plot for the principal component analysis of the 16 tasks with the What’s the Number task 
excluded. (See Table 4.2 of Appendix 4 for the results of the principal component analysis in tabular form.) 
The items selected to form the total score for each student were found to be highly 
reliable. Cronbach’s alpha was .87 for the 16 tasks. Totals scores for each student can be 
found in Tables A2.1 to A2.6 of Appendix 2. 
Results of an independent samples t-test show a statistically significant mean 
difference in achievement as measured by total scores between Year 4 and Year 8 students 
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(see Table 2). An alpha level of .05 was used for all statistical tests except where noted. Year 
8 students demonstrated greater average levels of achievement when compared to Year 4 
students. Further, Cohen’s d effect size value (d = 1.83) suggested a very strong relationship 
between total score and year level. This effect size is consistent with the average effect size 
value (d = 0.4) for one year of schooling (Hattie, 2008). The 33 point difference in average 
total scores between year levels is consistent with 30% overall average difference in 
achievement between Year 4 and Year 8 students reported by NEMP for the 2009 
mathematics assessment results (Crooks, Smith, & Flockton, 2010). 
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Table 2 
Results of t-test and Descriptive Statistics for Achievement (Total Score) by Year Level 




 8   4  
95% CI  
for Mean Difference 
  
n M SD n M SD t df d 
Total Score 106 88.91 15.96 117 55.75 20.09 28.39, 37.92 13.704* 217.347 1.83 
Note. Satterthwaite approximation employed due to unequal group variances.* p < .001. 
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2.10 Procedures Used to Establish the Independent Variables 
The methods used to establish the independent variables in this study involved the 
principles of qualitative data analysis using a general inductive approach (Thomas, 2006). 
The five principles involved were: (1) using the research questions to guide the process of 
analysis; (2) developing categories from raw data to form a framework; (3) establishing 
criteria to describe categories; (4) accepting that another researcher would produce findings 
that would generally agree with the results of this study but vary due to the emergent nature 
the data interpretation; and (5) judging findings in relation to the criteria, procedures, and 
reliability measures provided in the methods and results chapters.  
There were six steps used to establish the independent variables used in this study and 
are outlined in Figure 13. Each step will be discussed in detail below. 
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Establishing independent variables 
Step Procedure Output 
1 Microanalysis of video recordings Transcripts of verbal and non-verbal responses 
2 
Transcript analysis using the principals of 
conversation analysis and institutional talk 
Answers and explanations for each problem are 
identified 
3 
Summarising procedure applied to answers and 
explanations including parsing and mapping 
techniques applied to explanations 
Mathematical features are summarised as 
written descriptors for answers and as 
explanation maps that may include written 
descriptors for explanations 
4 
Analysis of answer and explanation summaries 
with a general inductive approach 
(i.e., criteria are applied to categorise answer 
and explanation summaries including a 
matching procedure developed for categorising 
explanation maps) 
A limited number of answer and explanation 
types for each problem are established as 
independent variables 
5 Inter-rater reliability test performed 
Reliability of summarising procedures and 
criteria application established 
6 
Integration procedure applied to answers and 
explanations 
A limited number of answer/explanation 
combinations established are established as 
independent variables 
Figure 13. Procedures and outputs related to how independent variables were established. 
2.10.1 Step 1: Microanalysis of video recordings. 
Microanalysis (Roth, 2001b; Siegler, 2007) was used to interpret the video recorded 
data to produce transcripts of students’ verbal and non-verbal responses. The microanalytic 
technique involved applying and modifying transcription conventions established for 
conversation and gesture analysis studies to address the affordances and limitations of the 
video recorded data (Goldin-Meadow, 2000; McNeill, 1992; Roth, 2003). The notation and 
conventions used are documented in Appendix 1. 
Transcripts were produced from the microanalysis of the video recorded data. First, 
the original digital cassette tapes were played to identify What’s the Number from the other 
tasks that were also video recorded during the assessment. Second, the segments of the 
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recordings containing the task were played into a personal computer running Microsoft Office 
Movie Maker. Task segments were extracted as Windows Movie Maker files that ranged 
from about 1 to 5 minutes in length. Third, the extracted segments were converted to MP4 
file format and saved for playback during the transcription procedure. Converting the 
recordings to a digital format enabled them to be viewed repeatedly without risking damage 
to the original recordings. Fourth, the video extracts were viewed to determine if the protocol 
was followed. If an assessor did not follow the protocol to give a student the first six cues, 
then that student was excluded from this study and replaced by another randomly selected 
student. Only three Year 4 students were excluded from this study because the assessor did 
not give them the second cue. Fifth, the video extracts were viewed repeatedly to create 
written transcripts of students’ responses to What’s the Number. Spoken and non-verbal 
aspects were identified in the video extracts and used to create a written record of those 
aspects. The inclusion and exclusion criteria used to identify the spoken and non-verbal 
aspects in students’ responses are described in Appendix 1. The abbreviations and symbols 
used during transcription process are also described in Appendix 1. 
Overall, the quality of the video recordings was sufficient to produce a transcript for 
each randomly selected student. For example, the student being assessed was always seated at 
a table so the student remained in focus and framed centrally. The microphone also captured 
each student’s utterances adequately. The lens of the recorder was not always angled so that 
the table surface or the space below was visible. This meant that if a student gestured to the 
written problem or gestured below the table’s surface, the precise location and element of the 
problem being discussed or the nature of the gesture could not be identified, respectively. 
Unintentional sounds were part of the recordings. In some cases, outside noises such as a 
lawn mower operating was added to the audio recording and made discerning a students’ 
verbalisations less than optimal. In other cases, two students were assessed in the same room 
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at the same time so that two sets of responses had to be differentiated during the transcription 
process.  
Spoken aspects of students’ responses were transcribed verbatim and typed into a 
Microsoft Word document. Non-verbal aspects of students’ responses were hand-written 
directly on printed versions of the spoken transcripts. The transcription process for spoken 
and non-verbal aspects from the video recordings for the 264 extracts averaged 3 hours per 
extract. Appendix 1 contains a completed transcript for a Year 8 student (Figure A1.5) and 
one for a Year 4 student (Figure A1.6). 
2. 10.2 Step 2: Transcript analysis. 
Once transcripts were produced, students’ responses to each of the three problems 
were identified by using the principles of conversation analysis and the characteristics of 
institutional talk (Drew & Heritage, 1992). In general, assessors and students produced the 
expected sequence of interaction outlined in the protocol for the What’s the Number task. The 
transcript of a Year 4 student, 4075 shows a typical interaction pattern with the student’s 
responses to each problem identified in the right margin as shown in Figure A1.6 of 
Appendix 1. For assessors and students who varied from expectations, it was possible to 
identify the problem and cues to which the students were responding. The problem and cues 
were identified by using concept of turn-taking and general characteristics of institutional 
talk. Institutional talk characterises turn-taking to be asymmetrical. The assessor directs the 
focus of the conversation with questions while the student performs a subordinate role and is 
expected to offer descriptive statements. The transcript of a Year 8 student, 8009 shows an 
atypical interaction pattern where the turn-taking of institutional talk was used to identify 
each problem (see Figure A1.5 of Appendix 1). Note that after the problem 2 + □ = □ + 6, the 
student returned to the problem 7 + 3 = □ + 2 to change his answer and explanation. 
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Once all transcripts were examined to identify the start and ending of students’ 
responses to each of the three problems, they were analysed in separate investigations 
reported in Chapters 3, 4, and 5, respectively. 
2.10.3 Step 3: Summarising procedure. 
The summarising procedure was applied to answers and explanations identified from 
the transcripts. The summarising procedure produced answer and explanation summaries. In 
general, answer summaries consisted of written descriptors, and explanation summaries 
consisted of explanation maps. Explanation maps were constructed with parsing and mapping 
techniques that were applied to explanations only. 
Answer summaries consisted of written descriptors that were short verbatim extracts 
from transcripts. Written descriptors were used to represent one distinctive mathematical 
feature that was expressed verbally or non-verbally in a student’s answer. For example, the 
written descriptor 10 was used to represent the answer “ten” from student 4065 when he was 
shown the problem 7 + 3 = □ + 2 and asked “What is the missing number?”. Another type of 
written descriptor was the word no. It was used to represent the answer “no” from student 
4065 when he was shown the problem 5 = 3 + □ and asked “Could the missing number be 
8?”. Students’ answer summaries were recorded in an Excel spreadsheet for the next step of 
analysis. 
Explanation summaries consisted of explanation maps that were visual 
representations of extracts from transcripts. Explanation maps represented major 
mathematical features that were identified from the ideas expressed verbally or non-verbally 
in a student’s explanation. Explanation maps allowed the relationships among the 
mathematical ideas expressed by students to be identified and interpreted theoretically in 
terms of mathematical structure expressed by each student. Students’ explanations were more 
Chapter 2: Study Design, Methods, and Preliminary Analyses 
62 
challenging to represent than answers because students repeated descriptions, re-phrased their 
explanations, and communicated with idiosyncratic combinations of verbal and non-verbal 
features. For example, when student 4065 was prompted with the cue “explain why you say 
that” for problem 5 = 3 + □, he explained “those [right index finger touches below = and right 
middle finger touches +] two are around the wrong way…because five plus three equals 
eight”.  
2.10.3.1 Parsing technique. 
The term parsing has been borrowed and adapted from the field of computational 
linguistics; and in this study, it is used to refer to the analysis of students’ explanations to 
identify the mathematical features expressed by students. The parsing technique developed 
for this study was based on the parsing methods that computational linguists use to analyse 
text (Grune & Jacobs, 2008). For example, when a sentence is parsed, words can be classified 
by their form, function, and syntax in that particular sentence. In this study, students’ 
explanations were parsed to identify the form and function of the mathematical ideas 
expressed in each student’s explanation. As introduced in the theoretical approach, section 
1.3 of Chapter 1, mathematical form refers to the smallest unit of symbolic representation for 
a mathematical idea, ideally, with standard mathematical notation. In the arithmetic context 
of this study, mathematical form involved symbols used to represent the concepts of whole 
numbers, the operation of addition, and equality relations, predominantly. Mathematical 
function refers to how the mathematical ideas expressed in a student’s explanation relate to 
one another, ideally, with the established semantic and syntactical conventions of 
mathematics. In this way, mathematical function conveys larger units of mathematical 
meaning than by ideas represented in mathematical form only.  
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For explanation “those [right index finger touches below = and right middle finger 
touches +] two are around the wrong way…because five plus three equals eight” (S4065), the 
mathematical form identified in the first part of the explanation, “those [right index finger 
touches below = and right middle finger touches +] two are around the wrong way”, included 
the two mathematical symbols “=” and “+”. To represent the “around the wrong way”, a non-
standard mathematical symbol was used; specifically, it was a bent double-headed arrows and 
an explanation map of the problem without the numerical elements. The mathematical 
function conveyed by those three mathematical ideas together was that the missing number 
statement should be read with the syntactical structure of □ + □ = □ instead of □ = □ + □. The 
mathematical form identified in remainder of the explanation, “five plus three equals eight”, 
included the mathematical symbols, “5”, “+”, “3”, “=”, and “8”, respectively. The 
mathematical function conveyed by those five mathematical features together was that when 
the missing number was 8 then the number sentence could be the equality statement 5 + 3 = 
8. The parsed ideas could include the functions: the sum 8, the addition expression 5 + 3, and 
the sum 5 + 3. 
2.10.3.2 Mapping technique. 
As stated in the study design section of this chapter, a mapping technique was 
developed to produce explanation maps (Anakin, 2013). The mapping technique provided 
guidelines for assembling the products from the parsing technique into explanation maps. The 
method of constructing parsing trees from parsed text was used to develop the mapping 
technique (Grune & Jacobs, 2008). In particular, computational linguists use parsing trees to 
visualise how a particular sentence can be produced from its given components. 
Mathematical versions of parsing trees were constructed to represent students’ explanations. 
This visualisation technique has been used by other mathematics education researchers to 
explain the mathematical structure of problems (e.g., Caspi & Sfard, 2012) but not as an 
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analytic technique. Instead of the term parsing trees, this study refers to the mathematical 
illustrations as explanation maps, to avoid confusion with their counterparts of computational 
linguistic origin and to emphasise their use as an analytical tool. 
Explanation maps consisted of one or more separate visual components. In general, 
components were constructed from two elements; nodes and branches. Generally, nodes were 
composed of mathematical symbols located in circles. The mathematical ideas identified 
from parsing mathematical form were used to construct nodes in explanation maps. When 
mathematical symbols did not adequately represent the mathematical features of students’ 
explanations then other symbols were chosen or constructed. In certain cases, non-
mathematical symbols were located outside of nodes, such as the double headed arrow in the 
first component of the explanation map for student 4065 (see Figure 14). Branches were short 
line segments used to show connections between nodes. The mathematical ideas identified 
from parsing mathematical functions were used to place nodes relative to one another and 
construct branches between nodes. 
First component Second component 
  
those [right index finger touches below = 
and right middle finger touches +] two are 
around the wrong way (S4065) 
five plus three equals eight (S4065) 
Figure 14. A two-component explanation map with a transcript extract showing speech aspect in italics and non-
verbal aspect in non-italicised font in brackets. 
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Different types of line and shading were used to depict the nodes and branches of a 
mapped component to indicate how each student expressed their ideas. 
When the nodes and branches of the component were drawn with solid black lines, 
this indicated that mathematical ideas were expressed explicitly by a student and generally 
corresponded to standard mathematical notation and conventions. Student 4065’s verbal 
response “five plus three equals eight” was drawn with solid black lines because the response 
was interpreted to correspond to the conventional mathematical statement 5 + 3 = 8 as shown 
in Figure 14.  
When the nodes and branches of the component were drawn with dashed black lines, 
this indicated that mathematical ideas were expressed explicitly by a student and generally 
corresponded to non-standard mathematical notation and conventions. Student 4065’s verbal 
and non-verbal response “those [right index finger touches below = and right middle finger 
touches +] two are around the wrong way” was drawn with dashed black lines because the 
response was interpreted to correspond to the unconventional mathematical statement that the 
missing number statement should be read with the syntactical structure of □ + □ = □ instead 
of □ = □ + □ as shown in Figure 14. 
When the nodes and branches of the component were drawn with dashed grey lines, 
this indicated that mathematical ideas were implied by a student. Student 8076’s verbal 
response “eight and four” was drawn with solid black lines for the nodes containing the 
numerical values 8 and 4 for the pair of missing numbers in the problem 2 + □ = □ + 6 as 
shown in Figure 15. The remainder to the component was drawn with dashed grey lines to 
indicate that the position of each number was implied by the order spoken or the gesture of 
the assessor prior to the student’s response.  
Chapter 2: Study Design, Methods, and Preliminary Analyses 
66 
  
eight and four (S8076) 
three plus eight equals five #UM no 
(S8039) 
Figure 15. Mapping examples to show mathematical ideas that were implied (S8076’s component drawn with 
dashed grey lines) and negated (S8039’s component drawn with dotted grey lines). 
When the nodes and branches of the component were drawn with dotted grey lines, 
this indicated that mathematical ideas were explicitly expressed by a student and they were 
negated. Student 8039’s verbal response “three plus eight equals five #UM no” was drawn 
with dotted grey lines as shown in Figure 15 because the response was interpreted to 
correspond to the mathematical statement 3 + 8 = 5 and it was negated with the word “no”.  
2.10.3.3 Explanation map construction. 
Explanation maps provide visual representations of the relationships between 
mathematical ideas in two dimensions: horizontally and vertically. For the horizontal 
dimension, explanation maps were constructed in the order students communicated their 
ideas temporally; therefore, mathematical ideas were placed in the order in each map from 
left to right, within components and between components. For the vertical dimension, 
explanation maps were constructed to emphasise the hierarchical and nested nature of 
mathematical concepts; therefore, mathematical ideas were placed in order of increasing 
complexity from bottom to top, within and between components. Two examples of 
explanation map construction are given. The first example is for the problem 5 = 3 + □  
(see Figure 16) and the second example is for the explanation of student 4065 that has been 
discussed in detail (see Figure 14). 
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The mathematical ideas in the problem 5 = 3 + □, involved the concepts of number, 
addition, and equality where number properties were nested within the properties of addition, 
and then the properties of addition were nested within the properties of equality. The nested 
nature of the concepts in the problem 5 = 3 + □ was used to guide the assembly of the parsed 
ideas into a map. The parsed ideas included the forms: “5”, “=”, “3”, “+”, and “□”. The 
parsed ideas also included the functions: a sum 5, addition expression 3 + □, and an addition 
relation involving the number properties of 5. The map for the problem 5 = 3 + □ is shown in 
Figure 16 and the three steps involved in its construction are explained below. 
 
5 = 3 + □ 
Figure 16. Map for problem 5 = 3 + □.  
First, the parsed ideas that corresponded to the concept of equality were identified and 
used to form the starting point of the map. In this case, the relation between number 5 and the 
expression 3 + □ was equality; therefore, the equals sign became the first node of the top 
layer of the map. A circle with the equals sign in it was written as the originating node with 
two branches descending from it. 
Second, the parsed ideas corresponding to the concept of addition were identified and 
used to form a node in the middle layer of the map. In this case, the relation between the 
number 3 and the missing number was additive; therefore, the addition symbol became a 
node in the middle layer. An addition symbol was written inside a circle with two branches 
descending from it. Since the written notation of the problem showed the expression  
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3 + □ following the equals sign then the addition node was attached to the lower right branch 
of the equals sign node. 
Third, the parsed ideas corresponding to the concepts of number were identified and 
used to form the nodes in the appropriate layers of the map. In this case, the relations between 
numbers 5, 3, and the missing number formed nodes in the middle and bottom layers of the 
map. The relation between the number 3 and the missing number was placed in the bottom 
layer of the map because the numbers were related by the concept of addition. The addition 
expression 3 + □ was drawn with no further downward branches because further properties of 
those two numbers were hidden within the numeral, 3, and the missing number symbol, □. 
The number 5 formed a node in the middle level of the map because it was directly related to 
the concept of equality. Like the number 3 and the missing number □, 5 was drawn with no 
further downward branches because there were no other qualities expressed about it. In this 
way, the mathematical structure for the missing number problem, 5 = 3 + □ was accounted 
for as a hierarchical set of nested concepts represented as a map with three vertical layers, 
four branches, and five nodes containing symbols. 
There were two components constructed for the map of student 4065’s explanation 
“those [right index finger touches below = and right middle finger touches +] two are around 
the wrong way…because five plus three equals eight” as shown in Figure 14. The parsed 
ideas were described in the section that described the parsing technique. 
To construct the first component, the map for the problem 5 = 3 + □ was used as the 
starting point. The component was drawn in implicit notation with three vertical layers, four 
branches, and five empty nodes. Implicit notation was used to emphasise the students’ 
reference to the equals sign, addition symbol, and, the suggestion that the symbols exchange 
position. Since the mathematical symbols + and = were the only ideas expressed that could be 
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represented by conventional mathematics symbols, they are the only mathematical symbols 
appear in the first component. The non-standard symbol, a bent double-headed arrow, was 
used to represent “around the wrong way” (S4065) and completed the construction of the first 
component. 
To construct the second component, similar steps were used as for the map of the 
problem 5 = 3 + □, since the equality statement expressed was “five plus three equals eight” 
(S4065). First, an equals sign node with two branches descending from it was drawn as the 
top layer of the component. Second, a node containing the number 8 was attached to the right 
branch of equals sign node and an addition symbol node was attached to the left branch of the 
equals sign node to form the middle layer of the component. The addition symbol node was 
drawn with two branches drawn descending from it to the bottom layer. Third, a node 
containing the number 5 was attached to the left branch of the addition symbol node and a 
node containing the number 3 was attached to the right branch of the addition symbol node to 
form the bottom layer of the component. 
In all, 792 explanation maps were constructed. Students’ explanation summaries were 
recorded in a Microsoft Word document for further analysis. Answer and explanation 
summaries for each problem are shown in Tables A2.1 to A2.6of Appendix 2. 
2.10.4 Step 4: Analysis of answer and explanation summaries. 
The mathematical features expressed in students’ answers and explanations were 
categorised using a general inductive approach (Thomas, 2006). The general inductive 
approach allowed for a limited number of answer and explanation types to be identified as 
independent variables. 
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2.10.4.1 Categorising answers. 
In general, answers were identified from analysing the brief descriptors in students’ 
response summaries that had been entered into an Excel spreadsheet. The descriptors were 
repeatedly coded and sorted until general categories were established. The criterion for 
producing an answer category was if a descriptor occurred with a frequency of 5 or more. For 
example, for the problem 5 = 3 + □, descriptors representing “no” (S4065) occurred with a 
frequency of 58 in the response summaries of Year 4 students and therefore they were 
immediately labelled as a no type answer. For the problem 7 + 3 = □ + 2, descriptors 
representing “one” (S8027) occurred with a frequency of less than 5 in the response 
summaries of Year 8 students, therefore it was grouped with other low frequency descriptors, 
such as “five” (S8115), and they were labelled other number. 
2.10.4.2 Categorising explanations using a matching procedure. 
In general, explanations were identified from analysing the explanation maps 
contained in students’ explanation summaries via visual inspection using a matching 
procedure. The matching procedure focused on identifying components in students’ 
explanation maps that expressed a conception of equality. 
There were three steps in the matching procedure. First, explanation maps were 
examined to identify archetypes. Archetypes were the components in students’ explanation 
maps that were frequent (i.e., n ≥ 5), had unique meanings, and expressed a conception of 
equality. Three sets of archetypes were established; one set for each problem. Second, 
archetypes were described in terms of their salient mathematical features and in terms of their 
interpretation as a conception of equality. Third, students’ explanation maps were matched to 
one of the archetypes. One additional category was established to account for explanation 
maps that did not correspond to one of the explanation archetypes for each problem and it 
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was labelled other. This procedure will be described in more detail in each of Chapters 3, 4, 
and 5 because it was tailored to the structure of each problem and the types of explanations 
expressed by students. 
2.10.5 Step 5: Inter-rater reliability. 
An inter-rater reliability test was performed to provide a measure of quality assurance 
for the independent variables. Quality-assurance was carried out by randomly selecting 20% 
of answers and explanations to be rated by another person. A rater was trained to categorise 
students’ answer and explanations from the transcripts using the criteria established for each 
answer and explanation type. Inter-rater reliability was assessed using a two-way mixed 
effects model, absolute agreement, average measures intra-class correlation (Hallgren, 2012). 
The intra-class correlation coefficients for each problem were calculated using SPSS. The 
intra-class correlation coefficients ranged from .87 to 1.00 and were interpreted to be highly 
reliable. The inter-rater reliability statistics are shown in Table 3. 
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Table 3 












Answers for 7 + 3 = □ + 2 1-5 8 132 27 .99 
Explanations for 7 + 3 = □ + 2 1-5 8 132 27 .99 
Answers for 5 = 3 + □ 1-3 8 132 27 1.00 
Explanations for 5 = 3 + □ 1-7 8 132 27 .96 
Answers for 2 + □ = □ + 6 1-4 8 132 27 .99 
Explanations for 2 + □ = □ + 6 1-5 8 132 27 .93 
Answers for 7 + 3 = □ + 2 1-5 4 132 27 .97 
Explanations for 7 + 3 = □ + 2 1-5 4 132 27 .90 
Answers for 5 = 3 + □ 1-3 4 132 27 .99 
Explanations for 5 = 3 + □ 1-7 4 132 27 .87 
Answers for 2 + □ = □ + 6 1-4 4 132 27 1.00 
Explanations for 2 + □ = □ + 6 1-5 4 132 27 .90 
Note. Intra-class correlation coefficients were rounded to the nearest hundredth.  
2.10.6 Step 6: Integration procedure. 
There were three steps used to integrate answers and explanations, and then identify 
them as independent variables and they were: (1) cross tabulating answers and explanations 
of each problem at each year level; (2) identifying cross tabulated answer/explanation 
combinations that met the frequency criterion (i.e., n ≥ 5); (3) identifying cross tabulated 
answer/explanation combinations that did not meet the frequency criterion, aggregating them, 
and labelling them as low frequency answer/explanation combinations. 
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2.11 Comparing Students’ Types of Responses to Total Scores 
Once the variables were identified and their reliability was established, students’ types 
of responses and total scores were compared. Descriptive and inferential statistics were 
calculated using SPSS (IBM, 2013). First, distributions and means were examined and they 
were determined to be normal. Next, a series of analyses of variance were performed. When a 
significant result was obtained, Tukey’s honest significant difference (HSD) test was 
performed to further explain the differences observed. Finally, the results of the statistical 
analyses were visualised as problem-specific frameworks at each year level. Specific details 
about framework construction and the statistical tests performed will be provided as results 
are reported in Chapters 3, 4, and 5. 
2.12 Chapter Summary 
Information about the methods used in this study was presented by: (1) describing the 
data source, participants, instruments, and specific research questions; (2) describing 
variables used in this study; (3) presenting the specific research questions for this study; and 
(4) explaining procedures used to establish the variables for the study, including reporting the 
results from preliminary analyses that establish the reliability of the variables. 
2.13 Structure of the Next Three Chapters 
The focus of next three chapters is on reporting the results from the analyses of 
students’ responses to the problems 7 + 3 = □ + 2, 5 = 3 + □, and 2 + □ = □ + 6. Descriptions 
are given of the specific criteria and procedures used to categorise responses as answers and 
explanations for each problem. Results are interpreted in terms of the theoretical perspective 
framing this study that was presented in section 1.3 of Chapter 1. The contents of the next 
three chapters are shown in Figure 17.  
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Contents of Chapter 3, 4, and 5 
Results related to answers: 
 Mathematical features of answers (including the criteria for categorising answers) 
 Answers and total scores. 
Interpretation of results related to answers: 
 Interpreting answers as conceptions of equality 
 Relationships among answer-based conceptions of equality and achievement. 
Results related to explanations: 
 Mathematical features of explanations (including the criteria for categorising explanations) 
 Explanations and total scores. 
Interpretation of results related to explanations: 
 Interpreting explanations as conceptions of equality 
 Relationships among explanation-based conceptions of equality and achievement. 
Results related to explanation subtypes. 
Results related to answers and explanations: 
 Frequent answer/explanation combinations 
 Frequent answer/explanation combinations and total scores. 
Interpretation of results related to answers and explanations: 
 Interpreting answers and explanations as conceptions of equality 
 Relationships among answer/explanation-based conceptions of equality and achievement. 
Chapter summary and findings. 
Figure 17. Contents of Chapters 3, 4, and 5. 
In the next chapter, the problem 7 + 3 = □ + 2 provides the focal point for an 
investigation of students’ conceptions of equality and mathematics achievement. 
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Chapter 3: Results for Problem 7 + 3 = □ + 2 
This chapter contains the results of an investigation of students’ conceptions of 
equality for the problem 7 + 3 = □ + 2 and achievement. Students’ conceptions of equality 
were investigated in terms of the mathematical features Year 4 and Year 8 students expressed 
in their responses when they solved the problem 7 + 3 = □ + 2. Student achievement was 
represented by students’ total score for items completed by students at both year levels. 
3.1 Overview of the Chapter 
The focus of this chapter is on reporting the results from the analyses of students’ 
responses to the problem 7 + 3 = □ + 2 and total scores. Descriptions are given of the specific 
criteria and procedures used to categorise responses as answers and explanations for problem 
7 + 3 = □ + 2. Results are interpreted in terms of the theoretical perspective framing this 
study. The contents of this chapter were outlined in Figure 17 in section 2.13 of Chapter 2. 
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3.2 Mathematical Features of Answers 
The specific research question addressed in this section is: 
 RQ1a. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ answers for problem 7 + 3 = □ + 2? (See Figure 11 in section 2.8 of 
Chapter 2.) 
The mathematical features in students’ response summaries were examined in relation to the 
question “What is the missing number?” for the problem 7 + 3 = □ + 2 and they were 
categorised as one of five answer types: 8, 10, 12, other, or ambivalent. The correct answer 
for the problem was 8. While 8, 10, 12, and other answer types were expected, ambivalent 
was a new answer type that resulted from the categorising procedure described in Chapter 2. 
The criteria established for categorising answers for problem 7 + 3 = □ + 2 are described 
below. 
A student’s response was identified as an 8, 10, or 12 answer when it was interpreted 
to express that the missing number could be 8, 10, or 12, respectively.  
A student’s response was identified as an ambivalent answer when a student 
expressed that more than one value was possible for the missing number. Ambivalent answers 
were identified in two cases were: (1) no preference for a particular number and (2) a change 
in number for the answer.  
When a student expressed a more than one number and no preference for one of those 
numbers then that response was interpreted as an ambivalent answer.  
The following is an example of an ambivalent answer. The verbal and non-verbal 
response “I don’t know… it’s hard [right index finger touches the number 2] because [right 
index finger points to the number 2] the [right index finger touches the number 2] two’s there 
I know what [right index finger placed on the number 3] that equals [right index finger lifted] 
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but [right index finger placed on the number 2] do you have to add [right index finger travels 
to the number 7] that in [right index finger travel stops and points to the number 7] with [right 
index finger travels to and points at  the number 3] them [right index finger travels to and 
placed on the number 2] or does it have to equal that [right index finger removed from the 
number 2 and shakes her head then raises then lowers shoulders]” (S4050) was identified as 
an ambivalent answer. The phrase “I know what that equals” along with the coincident 
motions were interpreted to express the sum 10. The phrase “but do you have to add that in 
with them” along with the coincident motions were interpreted to express the addition of 2 to 
the sum 10. The phrase “or does it have to equal that” was interpreted to express the previous 
sum of 10 suggested. Student S4050 expressed at least two possible missing numbers 10 and 
12. The shaking of her head accompanied by the raising and lowering of her shoulders 
expressed that she had no preference for either of them. The response of student 4050, 
therefore, was interpreted as an ambivalent answer. 
When a student changed the number during a response then that response was 
interpreted as an ambivalent answer. The verbal response “#HM I think it’s #UM 
ten…because it’s seven plus three but it’s also plus two wait make that twelve” (S4107) was 
identified as an ambivalent answer because first the number “ten”, then the later phrases, “but 
it’s also” and “wait make that twelve” were interpreted to express a change in number for her 
answer.  
A student’s response was identified as an other answer when it was interpreted to 
express that the missing number could be a number with a frequency less than 5. In this 
study, 1, 2, 3, 4, 5, 6, 9, and 13 were each expressed with a frequency of less than 5. 
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3.3 Frequencies of Answer Types 
Table 4 shows that the majority of answers were categorised as 10 or 8 at Year 8, 
whereas, the majority of answers were 10 at Year 4. Roughly the same proportion of students 
at each year level gave answers categorised as ambivalent. It is important to note that at both 
year levels, the majority of ambivalent answers contained two incorrect values for the 
missing number (n = 5 at Year 8 and n = 10 at Year 4). The remainder of ambivalent answers 
contained one incorrect and one correct value for the missing number [e.g., 10 and 8 
(S8045)]. 
Table 4 




(N = 132) 
  
Year 4 
(N = 132) 
 
n % n % 
10 55 42 72 55 
8 53 40 16 12 
12 9 7 18 14 
Ambivalent 8 6 11 8 
Other 7 5 15 11 
Note. Percentages were rounded to the nearest whole number. 
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3.4 Answer Types and Total Scores 
The specific research question addressed in this section is: 
 RQ2a. At Year 4 and Year 8, what are the relationships among students’ 
answers and total scores for problem 7 + 3 = □ + 2? (See Figure 11 in section 
2.8 of Chapter 2.) 
3.4.1 Between year level results. 
As expected from the preliminary results reported in section 2.8 of Chapter 2, on 
average, Year 8 students scored higher than Year 4 students for each answer type as shown in 
Table 5. Further, Cohen’s d effect size values for four of the five answer types suggested a 
very strong relationship between total score and year level. For other answers, the 
relationship was non-significant. Note that this and subsequent tables are presented according 
to decreasing frequency of answer type for Year 8 students. 
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Table 5 
Results of t-Test and Descriptive Statistics for Answer Type and Total Score for Problem 7 + 3 = □ + 2 by Year Level 
  
Year 8 
(N = 106) 
  
Year 4 
(N = 117) 
 
95% CI  




Answer Type n M SD n M SD t df d 
8 45 97.31 10.86 15 76.93 14.19 13.37, 27.39 5.818 58 1.61 
10 43 84.70 15.98 62 54.08 17.46 23.98, 37.26 9.143 103 1.83 
Ambivalent 6 89.67 6.56 10 56.00 18.34 16.81, 50.52 4.283 14 2.30 
12 6 73.17 14.69 16 49.81 15.81 7.84, 38.87 3.140 20 1.53 
Other 6 71.00 20.81 14 47.07 27.90 -2.86, 50.71 1.877 18 ns 
Note. Means and standard deviations were rounded to the nearest hundredth. Cohen’s d was used to calculate effect size. For this analysis, the sample size was reduced from 
N = 264 to N = 233 due to missing data. 
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It is particularly interesting to see that students with 8 (correct) answers at Year 4 had 
about the same score as students with 10 (incorrect) answers at Year 8. It is notable that there 
was no significant difference between students with 10 answers at Year 8 and students with 8 
answers at Year 4, t(56) = 1.665, ns. This result is perhaps surprising because, typically, we 
would expect students with correct answers to score more highly than students with incorrect 
answers. 
3.4.2 Within year level results. 
A significant difference, but with a medium effect size was seen for type of answers at 
Year 8 F(4, 101) = 9.583, p < .001, η2 = .275. And, a significant difference, but with a small 
effect size was seen for type of answers at Year 4, F(1, 112) = 6.229, p < .001, η2 = .182. 
Post hoc tests were conducted among the five answer types and average total scores 
using Bonferroni adjusted alpha levels of .01 per test (.05/5). At both year levels, results 
indicated that the average total score was significantly higher for 8 (correct) answers than for 
incorrect answers (i.e., 10, 12, and other). The other pairwise comparisons were non-
significant. 
A post hoc Tukey’s HSD test showed that at p < .05 there were significant differences 
between answers at both year levels. At Year 8, students showed progressively greater mean 
total scores across five types of answers. The answer ranked lowest was other. The answer 
ranked fourth highest was 12. The answer ranked third highest was 10. The answer ranked 
second highest was ambivalent. The answer ranked highest was 8. At Year 4, students 
showed a difference in mean total scores between two groups of answers. The answers 
ranked lowest were incorrect (i.e., other, 12, and 10) and ambivalent answers. The answer 
ranked highest was 8.  
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3.5 Interpreting Answers as Conceptions of Equality 
Inferences about the relationships among students’ conceptions of equality and 
achievement were made from answer and total score results in relation to theoretical 
perspective framing this study presented in Chapter 1. Answer results were interpreted as 
answer-based conceptions of equality. 
Answers that were 8 were correct, therefore, they were interpreted as structural 
conceptions of equality. Further description of students’ conceptions of equality associated 
with 8 (correct) answers was not attempted at this stage of analysis because students’ correct 
answers provided no mathematical features other than the value for the missing number.  
Answers that were 10 were incorrect and they were interpreted as procedural 
conceptions of equality. The value 10 for the missing number could be interpreted to 
correspond to a restricted notation conception of equality where two addends followed by a 
sum and where the sum must follow the equals sign (Denmark, Barko, & Voran, 1976; Seo & 
Ginsberg, 2003). The number 10 is the sum of the first two addends in the problem  
7 + 3 = □ + 2 (i.e., 7 + 3 = 10); therefore, 10 answers were interpreted as procedural 
conceptions of equality that were restricted notation types. 
Answers that were 12 were incorrect and they were interpreted as procedural 
conceptions of equality. The value 12 for the missing number could be interpreted to 
correspond to an action conception of equality where the equals sign may be a signal to 
perform an action (Behr, Erlwanger, & Nichols, 1976) or execute a procedure (Kieran, 1981). 
The number 12 is the sum of the three numbers in the problem 7 + 3 = □ + 2  
(i.e., 7 + 3 + 2 = 12); therefore, 12 answers therefore, they were interpreted as procedural 
conceptions of equality that were action types. 
Answers that were categorised as other were incorrect did not correspond to the 
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features of structural or procedural conceptions of equality described above for this problem. 
Other answers did not meet the frequency criterion (n > 5) for further analysis, therefore, they 
were interpreted as unspecified conceptions of equality.  
Ambivalent answers included different pairs of values that were specified for the 
missing number. At both year levels, the majority of ambivalent answers consisted of two 
values for the missing number that were incorrect; therefore, they were interpreted as 
procedural conceptions of equality. For example, student 4107 answered that the numbers 10 
and 12 could be the missing number. The numbers 10 and 12 were interpreted to express an 
operator-separator conception of equality. The operator-separator conception of equality 
includes several mathematical ideas about the functions of the equals sign. It has been argued 
that students may communicate mathematical ideas that are mismatched (Perry, Church, & 
Goldin-Meadow, 1988). In this case, the equals sign may be an addition symbol, a place 
holder, and a signifier that the solution to the problem follows the equals sign (Baroody & 
Ginsburg, 1983). Not all ambivalent answers, however, were interpreted as operator-separator 
conceptions of equality. A minority ambivalent answers were correct and incorrect. For 
example, student 8012 answered that 10 and 8 could be the missing number. If each number 
were categorised separately, then the numbers 10 and 8 would be identified as a 10 answer 
and an 8 answer, respectively, and they would be interpreted as restricted notation and 
structural conceptions of equality, respectively. In sum, because two values were specified 
for the missing number and the pairs of values varied, ambivalent answers were interpreted to 
express competing ideas about the concept of equality. The term competing was coined to 
describe conceptions of equality associated with ambivalent answers. 
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3.6 Relationships Among Answer-based Conceptions of Equality and Achievement 
The relationships among students’ answer-based conceptions of equality for problem 
7 + 3 = □ + 2 and achievement were visualised in a framework shown in Figure 18. 
Students’ answer-based conceptions of equality and achievement for problem 7 + 3 = □ + 2 





10, 12 (Incorrect) 










10, 12 (Incorrect) 






Figure 18. Students’ answer-based conceptions of equality and achievement for problem 7 + 3 = □ + 2 with 
representative examples of students’ answers. 
Each answer-based conception of equality is described in three ways: (a) by name of 
the conception of equality, (b) with a representative numerical answer in bold font for the 
missing number in problem 7 + 3 = □ + 2, and (c) whether the answer was correct or 
incorrect. For example, at Year 8, the conception associated with the highest achievement 
was (a) structural, (b) 8, and (c) (Correct); and the conception associated with the lowest 
achievement was (a) unspecified, (b) 1, and (c) (Incorrect). Note that conceptions are 
presented in descending order of achievement for each year level. When differences in 
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achievement among conceptions are statistically significant (p < .05) then they are separated 
by black lines. For example, at Year 8, there were significant differences in achievement 
among each conception; whereas, at Year 4, only the significant difference was between 
structural and all other conceptions. When differences in achievement between conceptions 
are not statistically significant then they are not separated by black lines. For example, there 
was no significant difference among the competing and the group of two procedural and one 
unspecified conceptions at Year 4; and notably, there was no significant difference between 
structural conceptions at Year 4 and the group of two procedural and one unspecified 
conceptions at Year 8. 
It is important to note that there were significant differences in achievement among 
each answer-based conception at Year 8; whereas, the significant difference were between 
structural and all other conceptions at Year 4. There was no significant difference among 
competing, procedural (restricted notation), procedural (action) and unspecified conceptions 
at Year 4. Notably, there was no significant difference between the structural conception at 
Year 4 and procedural (restricted notation), procedural (action) and unspecified conceptions 
at Year 8.  
To further explore the relationships among students’ conceptions of equality and 
achievement, the mathematical features of students’ explanations for problem 7 + 3 = □ + 2 
were examined next.  
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3.7 Mathematical Features of Explanations 
The specific research question addressed in this section is: 
 RQ1b. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ explanations for problem 7 + 3 = □ + 2? (See Figure 11 in section 
2.8 of Chapter 2.) 
The mathematical features in students’ response summaries were examined in relation to the 
prompt “Explain why you say that” for the problem 7 + 3 = □ + 2 and they were categorised 
using the procedure described below. 
The categorising procedure for explanations had three steps. The first step was to 
identify a limited number of archetypes from the explanation maps using the selection criteria 
of frequency and comprehensiveness. The second step was to order the set of archetypes in 
relation to their complexity and correspondence to the concept of equality. The third step was 
to match components in students’ explanation maps to the ordered set of archetypes. 
3.7.1 Selecting archetypes. 
Components from students’ explanation maps were selected to act as archetypes for 
the procedure categorise explanations. Two criteria were used to determine if a component 
was selected as an archetype. The criteria were frequency and comprehensiveness.  
When the frequency criterion was considered, an initial set of possible archetypes was 
established. First, the frequencies of identical components were identified in Year 4 and Year 
8 students’ explanation maps. If a component appeared more than once in a student’s 
explanation map, it was only counted once. The frequencies for each component identified at 
the Year 4 and Year 8 for problem 7 + 3 = □ + 2 are shown in Table A3.1 of Appendix 2. 
Only the components with a frequency of at least 5 in both of year groups were considered to 
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meet the frequency criterion. Figure 19 shows the 8 components that met the frequency 
criterion for problem 7 + 3 = □ + 2. 
Transcript excerpt 
(Student identity) 





seven plus three is ten 
(S8031) 
addition expression 7 + 3, 
equality relation, the sum 10 
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eight plus two would be 
ten (S8055) 
addition expression 8 + 2, 
equality relation, the sum 10 
 
35 8 





so it could be eight 
(S8038) 
the number 8  12 7 
then you add another 
two more and that 
makes twelve (S4018) 
partial addition expression + 2, 
equality relation, the sum 10 
 
10 13 
seven plus three equals 
ten and plus two that’s 
twelve (S4013) 
two equality relations within 
one statement, addition 
expressions 7 + 3 and 10 + 2, 
the sums 10 and 12  
8 11 
the plus two (S4057) partial addition expression + 2 
 
6 9 
ten plus two equals 
twelve (S4056) 
addition expression 10 + 2, 
equality relation, the sum 12 
 
5 7 
Figure 19. Frequent components for problem 7 + 3 = □ + 2. Note. n = number of students’ explanation maps 
containing that type of component. For further details see Tables 54 and 55 in Appendix 2 and Table 60 in 
Appendix 3. 
When the comprehensiveness criterion was considered, the set of frequent 
components was reduced in number. Comprehensiveness was determined by comparing the 
mathematical features represented by frequent components to one another. If a component 
could not be subsumed by or more precisely specified by another component, or if it was 
arithmetically equivalent than another frequent component but more frequent, then that 
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component met the comprehensiveness criterion. Three examples are used to illustrate how 
the comprehensives criterion was applied to select archetypes for the problem 7 + 3 = □ + 2. 
In the sixth row of Figure 19, the frequent component “seven plus three equals ten and 
plus two that’s twelve” (S4013) represented a unique set of mathematical features that could 
not be subsumed by or more precisely specified by any of the other four frequent components 
shown in Table 20. In particular, the component “seven plus three equals ten and plus two 
that’s twelve” represented two equality relations within one statement, the addition 
expressions 7 + 3 and 10 + 2, and the sums 10 and 12. Since the “seven plus three equals ten 
and plus two that’s twelve” component met the comprehensiveness criterion, it was selected 
as an archetype for the problem 7 + 3 = □ + 2. 
In the first row of Figure 19, the frequent component “seven plus three is ten” (S8031) 
represented a unique set of mathematical features that could not be subsumed by or more 
precisely specified by any of the other four frequent components shown in Table 20. In 
particular, the component “seven plus three is ten” represented addition expression 7 + 3, 
equality relation, the sum 10. Even though the “seven plus three is ten” component had 
mathematical features in common with the “seven plus three equals ten and plus two that’s 
twelve” component, the mathematical features in the former component could not be 
subsumed by the latter component because the number 10 did not function as both a sum and 
addend. Therefore, the “seven plus three is ten” component met the comprehensiveness 
criterion, it was selected as an archetype for the problem 7 + 3 = □ + 2. 
In the seventh row of Figure 19, the frequent component “the plus two” (S4057) 
represented partial addition expression + 2, however, that mathematical feature was also 
represented by another frequent component “seven plus three equals ten and plus two that’s 
twelve” (S4013). In the component “seven plus three equals ten and plus two that’s twelve”, 
the number 2 played a role in the addition expression 10 + 2; whereas, in the component “the 
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plus two” its syntactical function was incomplete. Therefore, the “the plus two” component 
could be subsumed by the “seven plus three equals ten and plus two that’s twelve” 
component. Thus, the “the plus two” component did not met the comprehensiveness criterion 
so it was not selected as an archetype for the problem 7 + 3 = □ + 2. Instead, the “the plus 
two” components was interpreted in conjunction with other components in a student’s 
explanation map. 
The selection procedure continued following in this pattern of logic until all of the 
frequent components were compared and a final set of archetypes was established. The 
selection procedure reduced the initial set of 120 components to a final set of 4 frequent and 
comprehensive components shown in Figure 20. 
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Name Archetype Mathematical features 
Interpretation 
as a conception 
of equality  
Equals 10 
 
 addition expression 7 + 3 
 equality relation 





 addition expression 8 + 2 
 equality relation 
 sum 10 
Known fact 
Equals 10 and 12 
 
 one statement with two 
equality relations 
 addition expressions 7 + 3 
and 10 + 2 
 the number 10 as a sum 
and addend 





 addition expression 10 + 2 
 equality relation 
 sum 12 
Action 
Figure 20. Archetypes for problem 7 + 3 = □ + 2. 
3.7.2 Interpreting archetypes as conceptions of equality.  
The equivalent 10 archetype represented explicit expression of a known fact  
[e.g., 8 + 2 = 10 (S4063)] that corresponded to part of the structure of the problem  
7 + 3 = □ + 2 (i.e. □ + 2) and required at least a tacit understanding of the properties of 
equality (i.e., reflexivity: 10 = 10; symmetry: if 7 + 3 = 10 then 10 = 7 + 3 and/or if  
8 + 2 = 10 then 10 = 8 + 2; and transitivity: if 7 + 3 = 10 and 10 = 7 + 3, and 10 = 8 + 2, then 
7 + 3 = 8 + 2). Features of explanations that include the correct numerical value for the 
missing number have not been extensively discussed previously in the literature. Students’ 
explanation maps matched to the equivalent 10 archetype were interpreted as known fact 
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conceptions of equality. 
The equals 10 archetype represented explicit expression of a known fact  
[e.g., 7 + 3 = 10 (S4036)] that corresponded to part of the structure of the problem  
7 + 3 = □ + 2 (i.e., 7 + 3 = □). This type of explanation corresponds to a restricted notation 
conception of equality. Restricted notation involves a particular problem structure, 
specifically the expected sequence of two addends followed by a sum where the sum must 
follow the equals sign (Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003). To 
acknowledge the previous recognition of this type of conception of equality, students’ 
explanation maps matched to the equals 10 archetype were interpreted as restricted notation 
conceptions of equality. 
The equals 10 and 12 archetype represented explicit expression of two known facts 
(i.e, 7 + 3 = 10 and 10 + 2 = 12) as one number sentence [e.g., 7 + 3 = 10 + 2 = 12 (S4051)]. 
This type of explanation corresponds to an operator-separator conception of equality. 
Operator-separator involves the functions of the equals sign as an addition symbol, as a place 
holder, and as a signifier that the solution to the problem follows the equals sign (Baroody & 
Ginsburg, 1983). To acknowledge the previous recognition of this type of conception of 
equality, students’ explanation maps matched to the equals 10 and 12 archetype were 
interpreted as operator-separator conceptions of equality. 
Equals 12 archetype represented explicit expression an addition sequence  
[e.g., 7 + 3 + 2 = 12 (S4039)]. This type of explanation corresponds to an action conception 
of equality. Action involves emphasis on the process of addition where the numbers on either 
side the equals sign are added to calculate the missing number (Behr, Erlwanger, & Nichols, 
1976; Kieran, 1981). To acknowledge the previous recognition of this type of conception of 
equality, students’ explanation maps matched to the equals 12 archetype were interpreted as 
action conceptions of equality. 
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Explanations that were categorised as other did not correspond to the features of 
structural or procedural conceptions of equality described above for this problem and did not 
meet the frequency criterion (n > 5) for further analysis. Other answers, therefore, were 
interpreted as unspecified conceptions of equality.  
3.7.3 Matching components to archetypes. 
The procedure of matching components to archetypes involved comparing the 
components in each student’s explanation map to the archetypes for the problem. A students’ 
explanation map was matched to the archetype to which it had greatest correspondence.  
For the matching procedure, correspondence was defined broadly to include the 
representations of similar and partially complete explanations to be matched to an archetype. 
Similar explanations meant that one component in a students’ explanation map was 
interpreted to be identical or arithmetically equivalent to an archetype. Partial complete 
explanations meant that the salient mathematical features of an archetype had to be inferred 
from one or more components in a students’ explanation map.  
For example, a student explained “it’s seven plus three and then equals and then plus 
two…twelve… seven plus three equals ten and ten plus two equals twelve” (S4004). The 
mathematical features identified in the student’s explanation included: the addition 
expression 7 + 3; an equality relation; the partial addition expression + 2; the number 12; and 
two equality statements, 7 + 3 + 10 and 10 + 2 = 12. Six components used to represent the 
mathematical features in the student’s explanation are shown in Figure 21. The explanation 
map of student 4004 had the greatest correspondence to the equals 10 and 12 archetype (see 
Figure 20). 
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 (S4004) 
Figure 21. Example of an equals 10 and 12 explanation. 
Students’ explanation maps were matched to one of the four archetypes. If a student’s 
explanation map did not match one of the four archetypes, it was designated an other type of 
explanation. Other explanations were interpreted as unspecified conceptions of equality. 
  
Chapter 3: Results for problem 7 + 3 = □ + 2 
94 
3.8 Frequencies of Explanation Types 
Table 6 shows frequencies of the five types of explanations identified at both year 
levels. The five explanation types were equivalent 10, equals 10, equals 10 and 12, equals 
12, and other as defined in the previous section. Almost three-quarters of Year 8 students and 
just over one-half of Year 4 students gave equivalent 10 or equals 10 explanations, however, 
a greater proportion those two explanations were identified as equivalent 10 at the Year 8 
level than at Year 4 level. 
Table 6 




(N = 132) 
  
Year 4 
(N = 132) 
 
n % n % 
Equivalent 10 57 43 19 14 
Equals 10 38 29 54 41 
Equals 10 and 12 25 19 34 26 
Other 7 5 21 16 
Equals 12 5 4 4 3 
Note. Percentages were rounded to the nearest whole number.  
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3.9 Explanation types and total scores 
The specific research question addressed in this section is: 
 RQ2b. At Year 4 and Year 8, what are the relationships among students’ 
explanations and total scores for problem 7 + 3 = □ + 2? (See Figure 11 in 
section 2.8 of Chapter 2.) 
3.9.1 Between year level results. 
As expected from the preliminary results reported in Chapter 2, on average, Year 8 
students scored higher than Year 4 students for each answer type as shown in Table 7. 
Further, Cohen’s d effect size values for the three of the five explanation types suggested a 
very strong relationship between achievement and year level. For other and equals 12 
explanations, the relationships were non-significant.  
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Table 7 
Results of t-Test and Descriptive Statistics for Explanation Type and Total Score for Problem 7 + 3 = □ + 2 by Year Level 
  
Year 8 
(N = 106) 
  
Year 4 
(N = 117) 
 
95% CI  




Explanation Type n M SD n M SD t df d 
Equivalent 10  46 96.98 10.85 18 70.83 14.66 19.47, 32.82 7.828 62 2.03 
Equals 10  32 88.66 12.71 46 52.57 18.40 28.61, 43.58 9.605 76 2.28 
Equals 10 and 12 19 80.32 18.42 32 54.66 17.66 15.84, 36.79 5.052 48 1.42 
Equals 12 3 72.33 3.51 4 51.50 16.86 -10.37, 42.63 1.490 6 ns 
Other 6 63.83 16.12 17 51.47 27.09 -12.90, 37.62 1.018 21 ns 
Note. Means and standard deviations were rounded to the nearest hundredth. Cohen’s d was used to calculate effect size. For this analysis, the sample size was reduced from 
N = 264 to N = 233 due to missing data. 
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For this problem, we see that students with equivalent 10 explanations at Year 4 had 
about the same score as students with equals 10 and 12 explanations at Year 8. Specifically, 
there was no significant difference in scores between Year 8 students with equals 10 and 12 
explanations and Year 4 students with equivalent 10 explanations, t(35) = 1.727, ns. 
Even more noteworthy was the significant difference between Year 8 students with 
equals 10 explanations and Year 4 students with equivalent 10 explanations, t(48) = 4.503,  
p < .001, d = 1.30. For this problem, we also see that students with equivalent 10 at Year 4 
had a significantly lower score than students with equals 10 explanations interpreted at Year 
8. 
These two observations echo a similar phenomenon noted when the between year 
level results for answers for this problem were reported earlier in this chapter. Like the 
relationship between correct answers at Year 4 and incorrect answers at Year 8, typically, we 
would expect students with equivalent 10 explanations to score more highly than students 
with equals 10 explanations. 
3.9.2 Within year level results. 
There was a significant difference, but with a medium effect size seen for type of 
explanation at Year 8 F(4, 101) = 12.811, p < .001, η2 = .337. And, a significant difference, 
but with a small effect size was seen for type of explanation at Year 4 F(4, 112) = 3.334,  
p = .013, η2 = .106. 
Post hoc tests were conducted among the five answer types and average total scores 
using Bonferroni adjusted alpha levels of .01 per test (.05/5). At Year 8, results indicated that 
the average total score was significantly higher for equivalent 10 explanations than for equals 
10 and 12 explanations, for equivalent 10 explanations than for other explanations, and 
equals 10 explanations than for other explanations. The other pairwise comparisons were 
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non-significant. At Year 4, results indicated that the average total score was significantly 
higher for equivalent 10 explanations than for equals 10 explanations.  
A post hoc Tukey’s HSD test showed that at p < .05 there were significant differences 
between explanations at the Year 8 level only. Year 8 students showed progressively greater 
mean total scores across five types of explanations. The explanation ranked from lowest to 
highest were: other, equals 12, equals 10 and 12, equals 10, and equivalent 10. 
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3.10 Interpreting Explanations as Conceptions of Equality 
Inferences about the relationships among students’ conceptions of equality and 
achievement were made from explanations and total score results in relation to theoretical 
perspective framing this study presented in section 1.3 of Chapter 1. Explanation results were 
interpreted as explanation-based conceptions of equality. The rationale for how explanations 
were interpreted as explanation-based conceptions was presented when the archetypes were 
described following their presentation in Figure 20 in section 3.7.2 of this chapter. 
3.11 Relationships Among Explanation-based Conceptions of Equality and Achievement 
Because students’ total scores were interpreted as achievement, the relationships 
among students’ explanation-based conceptions of equality for problem 7 + 3 = □ + 2 and 
achievement were visualised in a framework. Each explanation-based conception of equality 
is described in two ways: (a) by name of the conception of equality, and (b) with a 
representative explanation in mathematics notation for the missing number in problem  
7 + 3 = □ + 2. For example, at Year 8, the conception associated with the highest 
achievement was (a) known fact, and (b) 7 + 3 = 10, 8 + 2 = 10; and the conception 
associated with the lowest achievement was (a) unspecified, and (b) 2 + 1 = 3. Similar to the 
answer-based conceptions presented in Figure 18, conceptions are presented in descending 
order of achievement for each year level and conceptions with statistically significant 
differences in achievement (p < .05) are separated by black lines. The framework 
representing the relationships among students’ explanation-based conceptions of equality and 
achievement for problem 7 + 3 = □ + 2 is shown in Figure 22. 
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Students’ explanation-based conceptions of equality and achievement for problem 7 + 3 = □ + 2 
Year 8 Year 4 
Known Fact 
7 + 3 = 10, 8 + 2 = 10 
 
Restricted Notation 
7 + 3 = 10 
Operator-Separator 
7 + 3 = 10 + 2 = 12 
Known Fact 
7 + 3 = 10, 8 + 2 = 10 
Action 
7 + 3 + 2 = 12 
Unspecified 
2 + 1 = 3 
Restricted Notation 
7 + 3 = 10 
Operator-Separator 
7 + 3 = 10 + 2 = 12  
Action 
7 + 3 + 2 = 12 
Unspecified 
2 + 1 = 3  
Figure 22. Students’ explanation-based conceptions of equality and achievement for problem 7 + 3 = □ + 2 with 
representative examples of students’ explanations. 
It is important to note that similar to answer-based conceptions, there were significant 
differences in achievement among each explanation-based conception at Year 8; whereas, the 
only significant difference was between known fact and all other conceptions at Year 4. There 
was no significant difference among restricted notation, operator-separator, action and 
unspecified conceptions at Year 4. Notably, there was no significant difference between the 
known fact conception at Year 4 and operator-separator, action and unspecified conceptions 
at Year 8. There was also no significant difference between the group of operator-separator, 
action and unspecified conceptions at Year 8 and the group of restricted notation, operator-
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separator, action and unspecified conceptions at Year 4. This last comparison may not be 
obvious in Figure 22 due to the limitations of this graphical form of representation.  
3.12 Results Related to Explanation Subtypes 
The specific research questions addressed in further detail in Appendix 5 are: 
 RQ1b. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ explanations for problem 7 + 3 = □ + 2? 
 RQ2b. At Year 4 and Year 8, what are the relationships among students’ 
explanations and total scores for problem 7 + 3 = □ + 2? (See Figure 11 in 
section 2.7 of Chapter 2.) 
The detail is provided to support the interpretation of the results presented in the previous 
section. The detail contained in Appendix 5 could also be used by teachers to develop 
specific teaching points or researchers to identify further areas of inquiry. 
To further explore the relationship between students’ conceptions of equality and 
achievement, answer and explanation combinations for problem 7 + 3 = □ + 2 were examined 
next. 
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3.13 Frequent Answers/Explanations Combinations 
Answer/explanation combinations represented an integration of two sets of 
information about how students expressed mathematical structure of the problem. The 
specific research question addressed in this section is: 
 RQ1c. At Year 4 and Year 8, what are students’ frequent answer/explanation 
combinations for problem 7 + 3 = □ + 2? (See Figure 11 in section 2.8 of 
Chapter 2.) 
The answer and explanation results were integrated then frequent combinations were 
identified. Results for students’ answers to the question “What is the missing number?” were 
cross tabulated with their explanations to the prompt “Explain why you say that”. The cross 
tabulation results are shown in Table 8. Year 8 results have been shaded grey differentiate 
them visually from Year 4 results. 
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Table 8 
Frequencies of Answer and Explanation Types for Problem 7 + 3 = □ + 2 by Year Level 
Answer Type 
 Explanation Type 
 Equivalent 10   Equals 10   
Equals 10 
and 12 
  Equals 12   Other  
Year 8 
(N = 57) 
Year 4  
(N = 19) 
Year 8  
(N = 38) 
Year 4  
(N = 54) 
Year 8  
(N = 25) 
Year 4  
(N = 34) 
Year 8  
(N = 5) 
Year 4  
(N = 4) 
Year 8  
(N = 7) 
Year 4  
(N = 21) 
8 
(Year 8, N = 53) 
(Year 4, N = 16) 
52 15 1 0 0 0 0 0 0 1 
Ambivalent 
(Year 8, N =8) 
(Year 4, N =11) 
3 1 0 2 5 5 0 0 0 3 
10 
(Year 8, N =55) 
(Year 4, N =72) 
2 3 36 50 16 15 0 0 1 4 
12 
(Year 8, N =9) 
(Year 4, N =18) 
0 0 0 0 4 13 5 4 0 1 
Other number 
(Year 8, N = 7) 
(Year 4, N = 15) 
0 0 1 2 0 1 0 0 6 12 
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The cross tabulation of 5 answer types and 5 explanation types resulted in 25 possible 
answer combinations. Year 8 student gave 12 of 25 possible answer/explanation 
combinations, and at Year 4, students gave 16 of 25. There were 5 answer/explanation 
combinations with frequencies of less than 5 that were aggregated into a low frequency 
category at Year 8, and at Year 4, it was 10 combinations. At Year 8, 9% of students gave 
low frequency answer/explanation combinations, and at Year 4, it was 17% of students. The 
answer/explanation combinations that met the frequency criterion (n ≥ 5) are shown in Table 
9. 
Consequently, there were 6 answer/explanation combinations that met the frequency 
criterion at both year levels. 
The frequency criterion was met by 5 answer/explanation combinations common to 
both year levels. A greater proportion of Year 8 students gave the combination of (1) 
8/equivalent than Year 4 students. Smaller proportions of Year 8 students gave the 
combinations of (2) 10/equals 10 and (4) other number/other than Year 4 students. About the 
same proportions of Year 8 students as Year 4 students gave the combinations of (3) 
10/equals 10 and 12, and (5) ambivalent/equals 10 and 12.  
At Year 8 but not at Year 4, a small minority of students gave the combination of (6) 
12/equals 12.  
At Year 4 but not at Year 8, a minority of students gave the combination of (7) 
12/equals 10 and 12.  
The frequencies of frequent answer/explanation combinations are shown in Table 9. 
The (8) low frequency category was included to account for all answer/explanation 
combinations. 
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Table 9 
Frequencies of Answer/Explanations Combinations for Problem 7 + 3 = □ + 2 by Year Level 
Answer/Explanation 
combination 
 Year 8 
(N = 132) 
  
Year 4 
(N = 132) 
 
n % n % 
(1) 8/Equivalent 10 52 39 15 11 
(2) 10/Equals 10 36 27 50 38 
(3) 10/Equals 10 and 
12 
16 12 15 11 
(4) Other 
number/Other 
6 5 12 9 
(5) Ambivalent/Equals 
10 and 12 
5 4 5 4 
(6) 12/Equals 12 5 4 # - 
(7) 12/Equals 10 and 
12 
# - 13 10 
(8) Low frequency  12 9 22 17 
Note. Frequent means (n ≥ 5). # indicates n < 5. Frequencies for answer/explanation combinations n < 5 were 
added to the low frequency category. Percentages were rounded to the nearest whole number.  
3.14 Frequent Answers/Explanations Combinations and Total Scores 
The specific research question addressed in this section is: 
 RQ2c. At Year 4 and Year 8, what are the relationships among students’ 
frequent answer/explanation combinations and total scores for problem 7 + 3 = 
□ + 2? (See Figure 11 in section 2.8 of Chapter 2.) 
Chapter 3: Results for problem 7 + 3 = □ + 2 
106 
3.14.1 Between year level results. 
As expected from the preliminary results reported in section 2.8 of Chapter 2, on 
average, Year 8 students scored higher than Year 4 students for four answer/explanation 
types with one exception (see Table 10). Further, Cohen’s d effect size values for four 
answer/explanation types suggested a very strong relationship between achievement and year 
level.  
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Table 10 
Results of t-Test and Descriptive Statistics for Answer/Explanations Type and Total Score for Problem 7 + 3 = □ + 2 by Year Level 
  
Year 8 
(N = 106) 
  
Year 4 
(N = 117) 
 
95% CI  






n M SD n M SD t df d 
(1) 8/Equivalent 10 44 97.27 10.98 14 75.21 13.00 15.00, 29.12 6.262 56 1.83 
(2) 10/Equals 10 30 87.97 12.84 42 54.36 17.55 26.09, 41.13 8.915 70 2.19 
(3) 10/Equals 10 and 
12 
12 78.92 20.01 15 55.27 18.16 8.50, 38.80 3.214 25 1.24 
(4) Other 
number/Other 
5 65.40 17.50 11 48.00 28.92 -12.87, 47.67 1.233 14 ns 
(5) Ambivalent/Equals 
10 and 12 
4 89.25 7.93 5 62.20 16.68 5.42, 48.68 2.957 7 2.07 
(6) 12/Equals 12 3 72.33 3.51 # - - - - - - 
(7) 12/Equals 10 and 
12 
# - - 11 48.55 16.78 - - - - 
(8) Low frequency  8 82.13 19.51 19 51.84 21.05 - - - - 
Note. # indicates n < 5. Frequencies for answer/explanation combinations n < 5 were added to the low frequency category. Means and standard deviations were rounded to 
the nearest hundredth. Cohen’s d was used to calculate effect size. For this analysis, the sample size was reduced from N = 264 to N = 233 due to missing data. 
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It is particularly interesting to see that students with 8 (correct) answers and 
equivalent 10 (known fact) explanations at Year 4 had a significantly lower score than 
students with 10 (incorrect) answers and equals 10 (restricted notation) explanations at Year 
8. It is notable that there was a significant difference between Year 8 students with (2) 
10/equals 10 answer/explanations and Year 4 students with (1) 8/equivalent 10 
answer/explanations, t(42) = 3.056, p = .004. This observation is similar to the relationships 
noted when the between year levels results for answers and explanations were reported 
separately, earlier in this chapter. This answer/explanation result is noteworthy because for 
the problem 7 + 3 = □ + 2, typically, we would expect students with correct answers and 
structural explanations to score more highly than students with incorrect answers and 
procedural explanations. 
3.14.2 Within year level results. 
There was a significant difference, but with a medium effect size seen for type of 
answer/explanation at Year 8 F(6, 99) = 7.377, p < .001, η2 = .309. And, a significant 
difference, but with a small effect size was seen for type of answer/explanation at Year 4  
F(6, 110) = 3.286, p = .005, η2 = .152. Post hoc tests were conducted among the 
answer/explanation types and average total scores using Bonferroni adjusted alpha levels of 
.0071 per test (.05/7) at both year levels. At Year 8, results indicated that the average total 
score was significantly higher for (1) 8/equivalent 10 answer/explanations than for (3) 
10/equals 10 and 12 and (4) other number/other answer/explanations. The other pairwise 
comparisons were non-significant at both year levels.  
A post hoc Tukey’s HSD test showed that at p < .05 there were significant differences 
between answer/explanation combinations at both year levels. 
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At Year 8, students showed progressively greater mean total scores across five groups 
of answer/explanation combinations. The combination ranked lowest was (4) other 
number/other. The combination ranked fourth highest was (6) 12/equals 12. The two 
combinations ranked third highest were: (3) 10/equals 10 and 12 and (8) low frequency 
answer/explanation combinations. The two combinations ranked second highest were: (2) 
10/equals 10 and (5) ambivalent/equals 10 and 12. The combination ranked highest was (1) 
8/equivalent 10. 
At Year 4, students showed a difference in mean total scores between three groups of 
answer/explanation combinations. The two combinations ranked lowest were: (4) other 
number/other and (7) 12/equals 10 and 12. The four combinations ranked second highest 
were: (8) low frequency, (2) 10/equals 10, (3) 10/equals 10 and 12, and (5) ambivalent/equals 
10 and 12. The combination ranked highest was (1) 8/equivalent 10.  
3.15 Interpreting Answer/Explanation Combinations as Conceptions of Equality 
Earlier in section 3.5 of this chapter, inferences were made from answer results that 
characterised students’ conceptions of equality as three main types: structural, competing, 
and procedural. Inferences were also made from explanation results presented in section 3.10 
that the characterised students’ specific conceptions of equality as at least two structural 
conceptions that were known fact (i.e., references to known facts that were interpreted to 
represent students’ tacit understandings of the properties of equality) and properties (i.e., 
attempts to explain how they were coordinating the properties of equality) in nature and at 
least three types of procedural conceptions that corresponded to the descriptions of restricted 
notation, operator-separator, and action types. A minority of students’ answers and 
explanations were characterised as unspecified conceptions of equality. 
When the same reasoning process was applied to answer/explanation results, there 
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were 7 answer/explanation-based conceptions of equality identified for problem 7 + 3 = □ + 2 
at both year levels. 
Six conceptions were common to both year levels and they were: (1) known fact, (2) 
competing operator-separator, (3) restricted notation, (4) restricted operator-separator, (5) 
procedural-other, and (6) uncommon. 
(1) 8/equivalent 10 answer/explanation combinations represented that the missing 
number could be 8 and the equality statement 7 + 3 = 8 + 2 was possible [e.g., “eight” 
(S8028)] and that two known facts were stated [e.g., “seven plus three equals ten and eight 
plus two equals ten” (S8028)]; therefore, students’ 8/equivalent 10 answer/explanation 
combinations were labelled (1) known fact conceptions of equality.  
(5) Ambivalent/equals 10 and 12 answer/explanation combinations represented that 
more than one value was possible for the missing number, for example the missing number 
could be 10 or 12 and the equality statement 7 + 3 = 10 + 2 or 7 + 3 = 10 + 2, respectively, 
was possible [e.g., “twelve … ten” (S4056)] and the equals sign as an addition symbol, as a 
place holder, and as a signifier that the solution to the problem follows the equals sign. The 
equals sign could also act as a place holder for the sum 10 in the continuing addition 
procedure involving the number 2. The equals sign could also act as a signifier that the 
solution to the problem follows the equals sign, therefore, the sum 12 could also be given as 
the missing number or the sum of the problem as a whole [e.g., “seven plus three is #T #UM 
ten plus two is twelve so if they would do an equals there and twelve there the ending one so 
this [missing number box] is ten” (S4056)]; therefore, students’ conceptions of equality for 
ambivalent/equals10 and 12 answer/explanation combinations were labelled (2) competing 
operator-separator conceptions of equality.  
(2) 10/equals 10 answer/explanation combinations represented that the missing 
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number could be 10 and the equality statement 7 + 3 = 10 + 2 was possible [e.g., “ten” 
(S4060)] and a particular problem structure was emphasised, specifically, the expected 
sequence of two addends followed by a sum where the sum must follow the equals sign [e.g., 
“seven plus three equals ten” (S4060)]; therefore, students’ 10/equals 10 answer/explanation 
combinations were labelled (3) restricted notation conceptions of equality. 
(3) 10/equals 10 and 12 answer/explanation combinations represented that the 
missing number could be 10 and the equality statement 7 + 3 = 10 + 2 was possible [e.g., 
“ten” (S8075)] and the equals sign as an addition symbol, as a place holder, and as a signifier 
that the solution to the problem follows the equals sign. The equals sign could also act as a 
place holder for the sum 10 in the continuing addition procedure involving the number 2. The 
equals sign could also act as a signifier that the solution to the problem follows the equals 
sign, therefore, the sum 12 could also be given as the missing number or the sum of the 
problem as a whole [e.g., “it says seven plus three which is ten and plus two is twelve” 
(S8075)]; therefore, students’ 10/equals 10 and 12 answer/explanation combinations were 
labelled (4) restricted operator-separator conceptions of equality. 
The (4) other number/other category represented answer/explanation combinations 
with numerical values that occurred with a frequency of less than five and they were not 
analysed further, [e.g., “one” (S4088)] and a diverse set of explanations with no common 
mathematical features, however, it was noted during subtype analysis that the majority of 
other explanations at both year levels expressed process-preference [e.g., “two plus one 
equals three” (S4088)]; therefore, students’ conceptions of equality for other number/other 
answer/explanation combinations were labelled (5) procedural-other conceptions of equality. 
(8) Low frequency answer/explanations represented combinations with frequencies 
that did not meet the frequency criterion (i.e., n ≥ 5) at each year level and were aggregated 
for analysis; therefore, low frequency answer/explanations were interpreted as (6) uncommon 
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conceptions of equality. (6) Uncommon conceptions of equality at Year 8 were not 
necessarily the same as those at Year 4.  
One conception was identified at Year 8 only and it was (7) action. 
(6) 12/equals 12 answer/explanation combinations represented that the missing 
number could be 12 and the equality statement 7 + 3 = 12 + 2 was possible [e.g., “twelve” 
(S8097)] and the numbers on either side the equals sign are added to calculate a sum. In this 
case, the numbers 7, 3, and 2 should be added to sum 12 [e.g., “I added seven plus three plus 
two and then I came up with the answer twelve” (S8097)]; therefore, students’ 12/equals 12 
answer/explanation combinations were labelled (7) action conceptions of equality. 
One conception was identified at Year 4 only and it was (8) action-operator-
separator. 
(7) 12/equals 10 and 12 answer/explanation combinations represented that the 
missing number could be 12 and the equality statement 7 + 3 = 12 + 2 was possible [e.g., 
“twelve” (S4018)] and the equals sign as an addition symbol, as a place holder, and as a 
signifier that the solution to the problem follows the equals sign. The equals sign could also 
act as a place holder for the sum 10 in the continuing addition procedure involving the 
number 2. The equals sign could also act as a signifier that the solution to the problem 
follows the equals sign, therefore, the sum 12 could also be given as the missing number or 
the sum of the problem as a whole [e.g., “seven plus three equal ten then you add another two 
more and that makes twelve” (S4018)]; therefore, students’ 12/equals 10 and 12 
answer/explanation combinations were labelled (8) action-operator-separator conceptions of 
equality. 
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3.16 Relationships Among Answer/Explanation-based Conceptions of Equality and 
Achievement 
The relationships among students’ answer/explanation-based conceptions of equality 
and achievement were visualised in a framework (see Figure. Each answer/explanation-based 
conception of equality is described in two ways: (a) by name of the conception of equality 
and (b) with a representative answer/explanation for problem 7 + 3 = □ + 2 with the 
explanation written in mathematics notation and the answer shown in bold font. For example, 
at Year 8, the conception associated with the highest achievement was (a) known fact and (b) 
7 + 3 = 10,  
8 + 2 = 10; and the conception associated with the lowest achievement was (a) procedural-
other and (b) 2 + 1 = 3. Similar to the answer-based and explanation-based conceptions 
presented in Figures 18 and 22, respectively; conceptions are presented in descending order 
of achievement for each year level and conceptions with statistically significant differences in 
achievement (p < .05) are separated by black lines. The framework representing the 
relationships among students’ answer/explanation-based conceptions of equality and 
achievement for problem 7 + 3 = □ + 2 is shown in Figure 23. 
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Students’ answer/explanation-based conceptions of equality and achievement for problem 7 + 3 = □ + 2 
Year 8 Year 4 
(1) Known Fact 
7 + 3 = 10, 8 + 2 = 10 
 
(2) Competing Operator-Separator 
7 + 3 = 10 + 2 = 12 
(3) Restricted Notation 
7 + 3 = 10 
(1) Known Fact 
7 + 3 = 10, 8 + 2 = 10 
(4) Restricted Operator-Separator 
7 + 3 = 10, + 2 = 12 
(2)Competing Operator-Separator 
7 + 3 = 10 + 2 = 12 
 
(4) Restricted Operator-Separator 
7 + 3 = 10, 10 + 2 = 12 
(6) Uncommon 
= 10 
(3) Restricted Notation 
7 + 3 = 10 
(7) Action 
7 + 3 + 2 = 12 
(6)Uncommon 
7 + 3 + 2 = 12 
  
(5) Procedural-Other 
2 + 1 = 3 
(8) Action-Operator-Separator 
7 + 3 = 10, + 2 = 12 
(5) Procedural-Other 
2 + 1 = 3 
Figure 23. Students’ answer/explanation-based conceptions of equality and achievement for problem 7 + 3 = □ 
+ 2 with representative examples of students’ answer/explanation combinations.  
There were significant differences in achievement among five groups of 
answer/explanation-based conception at Year 8; whereas, there were significant differences 
among three groups at Year 4. (1) Known fact conceptions of equality were associated with 
the highest achievement at both year levels. Notably, there was no significant difference in 
achievement between (1) known fact conceptions at Year 4 and (3) restricted notation 
conceptions at Year 8. At Year 8, there was a significant difference in achievement between 
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the group of (2) competing operator-separator and (3) restricted notation conceptions, and 
(4) restricted operator-separator conceptions; whereas, there was no significant difference 
among any of those three conceptions at Year 4. Because of the small number of students 
expressing (7) action conceptions at Year 8, it is not possible to make precise statistical 
comparisons between them and the (8) action-operator-separator conceptions at Year 4. 
3.9 Chapter Summary and Findings 
Results from the investigation of problem 7 + 3 = □ + 2 were interpreted as one 
primary finding and two major findings. The correspondence between research questions and 
findings for problem 7 + 3 = □ + 2 are shown in Figure 24. 
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Overarching Aim Primary Finding  
To better understand how students’ conceptions of equality relate to other key 
mathematical ideas, especially for conceptions of equality associated with correct 
responses. The relationships among students’ conceptions of equality and achievement 
appear to be more diverse and complex than previously documented and 
theorised. 
Main Research Question 
When mathematical structure is emphasised, what are the relationships among 
students’ conceptions of equality and mathematical achievement? 
Specific Research Questions for Problem 7 + 3 = □ + 2 Major Findings for Problem 7 + 3 = □ + 2 
RQ1. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ responses (i.e., answers, explanations, and answer/explanation 
combinations) for problem 7 + 3 = □ + 2? 
In general, similar conceptions of equality were expressed by students at both 
year levels. A greater proportion of Year 8 students expressed structural 
conceptions of equality than Year 4 students. At both year levels, one type of 
structural conception of equality was predominant and it was expressed with 
process-preference. At both year levels, at least three previously described types 
of procedural conceptions of equality were identified. Additionally, competing 
conceptions of equality were identified at both year levels and they represent 
conceptions of equality not previously reported in the mathematics education 
literature. 
RQ2. At Year 4 and Year 8, what are the relationships among students’ responses 
(i.e., answers, explanations, and answer/explanation combinations) and total 
scores for problem 7 + 3 = □ + 2? 
Structural conceptions of equality were found to be associated with the highest 
levels of achievement at each year level. Structural conceptions of equality were 
found to be associated with higher levels of achievement at Year 8 than Year 4. In 
general, there was no difference between procedural conceptions of equality at 
Year 8 and structural conceptions of equality at Year 4. Notably, competing 
operator-separator conceptions of equality were associated with lower levels of 
achievement at Year 4 than at Year 8. 
Figure 24. The correspondence between research questions and findings for problem 7 + 3 = □ + 2. 
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The primary finding from the investigation of problem 7 + 3 = □ + 2 was that the 
relationships among students’ conceptions of equality and achievement appear to be more 
diverse and complex than previously documented and theorised. The concepts of 
mathematical structure (Mason, Stephens, & Watson, 2009), process-preference (Crowley, 
Thomas, & Tall, 1994; MacGregor, & Stacey, 1993), process/object duality (Sfard, 1991), 
and the properties of equality were used as analytic tools. Structural, competing, and 
procedural conceptions of equality were identified at both year levels and they were found to 
be associated with achievement. In general, the same conceptions of equality were expressed 
by students at both year levels; however, a greater proportion of Year 8 students expressed 
structural conceptions of equality than Year 4 students. 
Qualitative differences in students’ conceptions of equality between year levels were 
minor. The same types of answer-based, explanation-based, and answer/explanation-based 
conceptions were identified at both year levels, with an exception of one answer/explanation-
based conception. A conception unique to Year 4, was action-operator-separator [e.g., 
“twelve … seven plus three equal ten then you add another two more and that makes twelve” 
(S4018)], and it accounted for 10% of all answer/explanation-based conceptions at that year 
level. 
At both year levels, conceptions of equality were identified that corresponded to those 
previously documented in the literature. Procedural conceptions identified included restricted 
notation (Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003) [e.g., 7 + 3 = 10 
(S8130)], operator-separator (Baroody & Ginsburg, 1983) [e.g., 7 + 3 = 10 + 2 = 12 
(S4051)], and action (Behr, Erlwanger, & Nichols, 1976; Kieran, 1981) [e.g., 7 + 3 + 2 = 12 
(S8097)]. There were also one variant of a procedural conception identified that was labelled 
as restricted operator-separator [e.g., “ten … it says seven plus three which is ten and plus 
two is twelve” (S8075)]. 
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Additionally, there was one competing conception and two structural conceptions 
identified. The competing conception was labelled competing operator-separator  
[e.g., “twelve … ten … seven plus three is #T #UM ten plus two is twelve so if they would 
do an equals there and twelve there the ending one so this [missing number box] is ten” 
(S4056)]. The two structural conceptions were labelled known fact and properties. Known 
fact conceptions of equality represent students’ tacit understandings of the properties of 
equality because only known facts were expressed [e.g., 7 + 3 = 10 and 8 + 2 = 10 (S4063)]. 
Properties conceptions of equality represent students’ attempts to explain how they were 
coordinating the properties of equality because more than known facts were expressed  
[e.g., 7 + 3 = 10 = 8 + 2 (S8036)]. Of the two structural conceptions of equality were 
identified, about two-thirds of structural conceptions were known-fact types and the 
remainder were properties types. 
Predominantly, students’ conceptions of equality demonstrated process-preference. In 
general, procedural conceptions of equality represented inappropriate expressions of the 
mathematical structure of the problem that demonstrated process-preference. Process-
preference was also detected in the majority of structural conceptions expressed for problem 
7 + 3 = □ + 2. Most known fact conceptions were expressed as 7 + 3 = 10 and 8 + 2 = 10 
rather than 7 + 3 = 10 and 10 = 8 + 2. Process-preference in known fact conceptions may 
indicate that students find the symmetric property of equality challenging to express.  
When the relationships among students’ conceptions of equality and achievement 
were examined in detail, structural conceptions of equality were found to be associated with 
higher levels of achievement at Year 8 than Year 4. In general, there was no difference in 
achievement between three procedural conceptions of equality at Year 8 and structural 
conceptions of equality at Year 4. Those three procedural conceptions at Year 8 were 
restricted notation answer-based conceptions, operator-separator explanation-based 
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conceptions, and restricted notation answer/explanation-based conceptions. Notably, 
competing operator-separator answer/explanation-based conceptions of equality were 
associated with lower levels of achievement at Year 4 than at Year 8. 
In general, conceptions of equality identified as procedural were ranked lowest in 
terms of achievement, and structural conceptions were ranked highest. At Year 8, the 
competing answer/explanation-based conception (i.e., competing operator-separator) was 
ranked roughly in-between procedural and structural conceptions; whereas, it was clearly 
ranked among the procedural conceptions at Year 4. For Year 8 students especially, the 
proportion and ranking of students expressing restricted notation conceptions of equality is 
noteworthy and may indicate that the concept of equality for those students is becoming 
limited rather than expansive. 
In the next chapter, the problem 5 = 3 + □ provides the focal point for a second 
investigation of students’ conceptions of equality and achievement. 
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Chapter 4: Results for Problem 5 = 3 + □ 
This chapter contains the results of an investigation of students’ conceptions of 
equality for the problem 5 = 3 + □ and achievement. Students’ conceptions of equality were 
investigated in terms of the mathematical features Year 4 and Year 8 students expressed in 
their responses when they solved the problem 5 = 3 + □. Student achievement was 
represented by students’ total score for items completed by students at both year levels.  
4.1 Overview of the Chapter 
The focus of this chapter is on reporting the results from the analyses of students’ 
responses to the problem 5 = 3 + □ and total scores. Descriptions are given of the specific 
criteria and procedures used to categorise responses as answers and explanations for problem 
5 = 3 + □. Results are interpreted in terms of the theoretical perspective framing this study 
(see section 1.3 of Chapter 1). The contents of this chapter were outlined in Figure 17 in 
section 2.13 of Chapter 2. 
4.2 Anticipated Results 
In the previous chapter, structural, competing, and procedural conceptions of equality 
were identified at both year levels and they were found to be associated with achievement. 
Structural conceptions were found to be associated with the highest levels of achievement at 
both year levels. Procedural conceptions were found to be associated with the lowest levels of 
achievement at both year levels. Generally, competing conceptions were found to be 
associated with the levels of achievement in-between structural and procedural conceptions 
of equality at both year levels. It is anticipated that these three main types of conceptions of 
Chapter 4: Results for Problem 5 = 3 + □ 
122 
equality will be identified for problem 5 = 3 + □ and similar associations with achievement 
will be demonstrated. 
Notably, structural conceptions of equality for problem 7 + 3 = □ + 2 were found to 
be associated with higher levels of achievement at Year 8 than Year 4. For example, there 
was no difference in achievement between restricted notation conceptions at Year 8 and 
structural conceptions at Year 4. This finding was surprising because, typically, we would 
expect students with correct answers and structural explanations to score more highly than 
students with incorrect answers and procedural explanations. This finding has not been 
reported for missing number problems before, therefore it was not anticipated. It will be 
fascinating to see if the relationships among students’ conceptions of equality and 
achievement for problem 5 = 3 + □ show similar a pattern. 
The procedural conceptions of equality identified for problem 7 + 3 = □ + 2 
corresponded to documented previously types and included restricted notation 
 (i.e.,7 + 3 = 10) (Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003), operator-
separator (i.e., 7 + 3 = 10 + 2 = 12) (Baroody & Ginsburg, 1983) [e.g., 7 + 3 = 10 + 2 = 12 
(S4051)], and action (i.e., 7 + 3 + 2 = 12) (Behr, Erlwanger, & Nichols, 1976; Kieran, 1981). 
It is anticipated that the students may reveal novel variants of procedural conceptions of 
equality. Students responses to missing number problems with a sum equal to an addition 
expression (e.g., 5 = 3 + □) have not been analysed in detail previously, even though this type 
of missing number problem has been studied (e.g., Behr, Erlwanger, & Nichols, 1976). 
Completing conceptions of equality for problem 7 + 3 = □ + 2 accounted 
mathematical ideas that were mismatched (i.e., the value of the missing number could be 10 
or 12) (Perry, Church, & Goldin-Meadow, 1988). It is anticipated that students may reveal 
competing conceptions of equality because the structure of problem 5 = 3 + □ is not 
presented with the syntax typically expected by students where two addends followed by a 
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sum and where the sum must follow the equals sign (Denmark, Barko, & Voran, 1976; Seo & 
Ginsberg, 2003). 
Two types of structural conceptions were identified for problem 7 + 3 = □ + 2 that 
have not been documented previously. Known fact conceptions of equality represent 
students’ tacit understandings of the properties of equality because only known facts were 
expressed (i.e., 7 + 3 = 10 and 8 + 2 = 10). Properties conceptions of equality represent 
students’ attempts to explain how they were coordinating the properties of equality because 
more than known facts were expressed (i.e., 7 + 3 = 10 = 8 + 2). It is anticipated that the 
students may reveal known fact conceptions of equality for problem 5 = 3 + □ if they are 
familiar with the symmetric property of equality (i.e., if 5 = 3 + 2 then 2 + 3 = 5). However, 
because students are asked “Could the missing number be 8?”, students may focus on the 
addition expression (i.e., 3 + 8) and reveal another known fact (i.e., 3 + 8 = 11).  
It is important to note that the concept of not equal may be elicited by the problem 
 5 = 3 + □ if students choose to explain why the missing number cannot be 8. There is a 
paucity of mathematics education research literature documenting students’ conceptions of 
not equal. In the scant literature available, studies conducted about students conceptions of 
not equal are found in secondary and tertiary contexts and deal with solving inequalities in 
algebraic problems (Almog, & Ilany, 2012; Bagni, 2005; Boero, Bazzini, & Garuti, 2001; 
Halmaghi, 2011). In primary teaching contexts, not equals has been taught as true/false 
statements (Carpenter, Franke, & Levi, 2003). In the absence of guiding literature, not equal 
statements will be interpreted as conceptions of equality using the same analytic tools as for 
problem 7 + 3 = □ + 2. The analytic tools include the concepts of mathematical structure 
(Mason, Stephens, & Watson, 2009), process-preference (Crowley, Thomas, & Tall, 1994; 
MacGregor, & Stacey, 1993), process/object duality (Sfard, 1991), and the properties of 
equality. For example, the not equal statement 5 ≠ 3 +8 can be interpreted as demonstrating a 
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tacit understanding of the properties of equality. Specifically, a lack of reflexivity is being 
expressed by 5 ≠ 3 +8 because the sum 5 does not have the same value as the addition 
expression 3 + 8. 
4.3 Mathematical Features of Answers 
The specific research question addressed in this section is: 
 RQ1a. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ answers for problem 5 = 3 + □? (See Figure 11 in section 2.8 of 
Chapter 2.) 
The mathematical features in students’ answer summaries were examined in relation 
to the question “Could the missing number be 8?” for the problem 5 = 3 + □ and they were 
categorised as one of three answer types: no, yes, or ambivalent. The correct answer for the 
problem was no. Ambivalent was a new answer type identified in this study and first reported 
in section 3.2 of Chapter 3. The categorising procedure was described in section 2.10 of 
Chapter 2. The criteria established for categorising answers for problem 5 = 3 + □ are 
described below. 
A no answer was identified when a student’s answer was interpreted to express 
disagreement with the question “Could the missing number be 8?” for the problem 5 = 3 + □. 
The verbal response “no #UM no I don’t think it could” (S8045) was identified as a no 
answer because the spoken word “no” was interpreted to express disagreement that the 
missing number could be 8. The non-verbal response “[student shakes head]” (S4061) was 
identified as a no answer because the motion of the student shaking her head was interpreted 
to express disagreement that the missing number could be 8. 
A yes answer was identified when a student’s answer was interpreted to express 
agreement with the question “Could the missing number be 8?” for the problem 5 = 3 + □. 
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The verbal response “#UM yes it will be” (S4057) was identified as an yes answer because 
the spoken word “yes” was interpreted to express agreement that the missing number could 
be 8. Also, the non-verbal response, “[student nods head]” (S4084) was identified as a yes 
answer because the motion of the student nodding his head was interpreted to express 
agreement that the missing number could be 8. 
An ambivalent answer was identified when a student’s answer was interpreted to 
express doubt, no preference, or change in answer polarity for the question “Could the 
missing number be 8?” for the problem 5 = 3 + □. 
When a student expressed an answer with doubt then it was interpreted as an 
ambivalent answer. The verbal response “#UM #HM probably not … ‘cause if eight and 
three doesn’t equal five” (S8044) was identified as an ambivalent answer because the words 
“probably not” and “if” were interpreted to express doubt that her answer was no. 
When a student expressed a no and a yes answer with no preference expressed for 
either answer then that response was interpreted as an ambivalent answer. The verbal 
response “#UM yeah…#UM well there’s quite a confusion ‘cause there’s equals in front… 
but #AH what no this could be equals maybe two or eight” (S8022) was identified as an 
ambivalent answer because the phrase “maybe two or eight” was interpreted to express two 
possible missing numbers and no preference for either explanation.  
When a student changed an answer from yes to no or from no to yes then that 
response was interpreted as an ambivalent answer. The verbal response “#UM no…can you 
minus or plus it…five minus two equals three…#HM…I think it is eight because five plus 
three is eight” (S4080) was identified as an ambivalent answer because first the word “no”, 
then the later phrase “I think it is eight” were interpreted to express a change in polarity in her 
answer from no to yes.  
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4.4 Frequencies of Answer Types 
Table 11 shows that the majority of answers were categorised as no at Year 8, 
whereas, less than one-half of them were no at Year 4. Roughly the same proportion of 
students at each year level gave answers categorised as ambivalent. 
Table 11 




(N = 132) 
  
Year 4 
(N = 132) 
 
n % n % 
No (correct) 96 73 58 44 
Ambivalent 22 17 26 20 
Yes (incorrect) 14 11 48 36 
Note. Percentages were rounded to the nearest whole number.  
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4.5 Answer Types and Total Scores 
The specific research question addressed in this section is: 
 RQ2a. At Year 4 and Year 8, what are the relationships among students’ 
answers and total scores for problem 5 = 3 + □? (See Figure 11 in section 2.8 
of Chapter 2.) 
4.5.1 Between year level results. 
As expected from the preliminary results reported in section 2.9 of Chapter 2, on 
average, Year 8 students scored higher than Year 4 students for each answer type as shown in 
Table 12. Further, Cohen’s d effect size values for the three answer types suggested a very 
strong relationship between total score and year level. The effect size decreased progressively 
across answer types from no to ambivalent to yes.  
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Table 12 
Results of t-Test and Descriptive Statistics for Answer Type and Total Score for Problem 5 = 3 + □ by Year Level 
  
Year 8 
(N = 106) 
  
Year 4 
(N = 117) 
 
95% CI  




Answer Type n M SD n M SD t df d 
No 78 92.33 13.77 52 57.77 20.96 28.00, 41.13 10.480* 80.168 1.94 
Ambivalent 16 83.50 14.91 24 55.00 19.28 16.95, 40.05 4.993 38 1.65 
Yes 12 73.83 20.65 41 53.63 19.67 7.10, 33.30 3.095 51 1.00 
Note. Means and standard deviations were rounded to the nearest hundredth. Cohen’s d was used to calculate effect size. Satterthwaite approximation was employed due to 
unequal group variances for no answers,* p = .004. For this analysis, the sample size was reduced from N = 264 to N = 233 due to missing data. 
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For this problem, we see that students with correct answers at Year 4 had about the 
same score as students with incorrect answers at Year 8. It is notable that there was no 
significant difference between students with yes (incorrect) answers at Year 8 and students 
with no (correct) answers at Year 4, t(62) = 2.399, ns. This result is similar to the relationship 
seen between correct answers at Year 4 and incorrect answers at Year 8 for problem 
 7 + 3 = □ + 2. Again, this type of result may be surprising because for the problem 5 = 3 + □, 
typically, we would expect students with correct answers to score more highly than students 
with incorrect answers. 
4.5.2 Within year level results. 
A significant difference, but with a small effect size was seen for type of answers at 
Year 8 F(2, 103) = 9.357, p < .001, η2 = .154. The difference was not significant at Year 4, 
F(2, 114) = .502, ns. 
Post hoc tests were conducted among the three answer types and average total scores 
using Bonferroni adjusted alpha levels of .0167 per test (.05/3). At Year 8, results indicated 
that the average total score was significantly higher for no (correct) answers than for yes 
(incorrect) answers. The other pairwise comparisons were non-significant. 
A post hoc Tukey’s honestly significant difference (HSD) test showed that at p < .05, 
yes and no answers differed significantly. Ambivalent answers were not significantly 
different from the other two types of answers, lying somewhere in the middle. Year 8 
students showed progressively greater mean total scores across the three answer types. The 
answer ranked lowest was yes (incorrect). The answer ranked second highest was ambivalent. 
The answer ranked highest was no (correct). 
4.6 Interpreting Answers as Conceptions of Equality 
Inferences about the relationships among students’ conceptions of equality and 
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achievement were made from answer and total score results in relation to theoretical 
perspective framing this study presented in section 1.3 of Chapter 1. Answer results were 
interpreted as answer-based conceptions of equality.  
Answers that were no were correct, therefore, they were interpreted as structural 
conceptions of equality. Further description of students’ conceptions of equality associated 
with no (correct) answers was not attempted at this stage of analysis for the same reasons 
given for the problem 7 + 3 = □ + 2 in Chapter 3. Students’ correct answers provided no 
mathematical features other than an indication that the value for the missing number was not 
8.  
Answers that were yes were incorrect and they were interpreted as procedural 
conceptions of equality. Students’ incorrect answers provided an indication that the value for 
the missing number was 8. The value 8 for the missing number could be interpreted to 
correspond to the known fact 5 + 3 = 8 if the position and function of the equals sign and 
addition symbol in the problem 5 = 3 + □ are viewed as interchangeable (i.e., 5 = 3 + □ is the 
same as 5 + 3 = □). The value 8 for the missing number could be interpreted to correspond to 
a restricted notation conception of equality where two addends followed by a sum and where 
the sum must follow the equals sign (Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 
2003). In this case, the number 8 is the sum of the first two numbers in the problem 5 = 3 + □ 
(i.e., 5 + 3 = 8); therefore, 8 answers were interpreted as procedural conceptions of equality 
that were restricted notation types. 
In the previous chapter, ambivalent answers for problem 7 + 3 = □ + 2 were 
interpreted as competing conceptions of equality. Additionally, the majority of ambivalent 
answers for problem 7 + 3 = □ + 2 consisted of two pairs of values for the missing number 
that were both incorrect. As was noted when interpreting ambivalent answers for problem  
7 + 3 = □ + 2, it has been argued that students may communicate mathematical ideas that are 
Chapter 4: Results for Problem 5 = 3 + □ 
131 
mismatched (Perry, Church, & Goldin-Meadow, 1988). The term competing conceptions of 
equality was coined to describe when more than one conception of equality was expressed in 
an answer. For problem 5 = 3 + □, ambivalent answers were also interpreted as competing 
conceptions of equality. All ambivalent answers for problem 5 = 3 + □ were correct and 
incorrect because students’ expressed that the value for the missing number could be and 
could not be 8. 
4.7 Relationships Among Answer-based Conceptions of Equality and Achievement 
The relationships among students’ answer-based conceptions of equality and 
achievement were visualised in a framework (see Figure 25). Using conventions similar to 
those presented in section 3.6 of Chapter 3, each answer-based conception of equality is 
described in three ways: (a) by name of the conception of equality, (b) with a representative 
answer in bold font for the question “Could the missing number be 8?” for the problem 5 = 3 
+□, and (c) whether the answer was correct or incorrect. For example, at Year 8, the 
conception associated with the highest achievement was (a) structural, (b) no, and (c) 
(Correct); and the conception associated with the lowest achievement was (a) procedural 
(restricted notation), (b) yes, and (c) (Incorrect). Note that conceptions are presented in 
descending order of achievement for each year level. When differences in achievement 
among conceptions are statistically significant (p < .05) then they are separated by black 
lines. For example, there were significant differences in achievement among the three 
conceptions at Year 8 only. When differences in achievement between conceptions are not 
statistically significant then they are not separated by black lines. For example, there were no 
significant differences in achievement among the three conceptions at Year 4. Notably, there 
was no significant difference between procedural conceptions at Year 8 and all conceptions at 
Year 4. The framework representing the relationships among students’ answer-based 
conceptions of equality and achievement for problem 5 = 3 + □ is shown in Figure 25. 
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Students’ answer-based conceptions of equality and achievement for problem 5 = 3 + □ 





No, Yes (Ambivalent) 





No, Yes (Ambivalent) 
Procedural (Restricted Notation) 
Yes (Incorrect) 
Figure 25. Students’ answer-based conceptions of equality and achievement for problem 5 = 3 + □ with 
representative examples of students’ answers. 
It is important to note that there were significant differences in achievement among 
answer-based conception at Year 8; whereas, there were no significant differences at Year 4. 
Notably, there was no significant difference between the structural, competing, and 
procedural (restricted notation) conceptions at Year 4 and procedural (restricted notation), 
conception at Year 8. It appears that for problems 7 + 3 = □ + 2 and 5 = 3 + □, Year 4 
students with structural conceptions of equality do not score more highly than Year 8 students 
with procedural conceptions of equality.  
To further explore the relationships among students’ conceptions of equality and 
achievement, the mathematical features of students’ explanations for problem 5 = 3 + □ were 
examined next.  
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4.8 Mathematical Features of Explanations 
The specific research question addressed in this section is: 
 RQ1b. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ explanations for problem 5 = 3 + □? (See Figure 11 in section 2.8 of 
Chapter 2.)  
The mathematical features in students’ response summaries were examined in relation to the 
prompt “Explain why you say that” for the problem 5 = 3 + □ and they were categorised 
using the procedure described in section 3.7 of Chapter 3. 
The archetypes selected from the initial set of 135 components (shown in Table A3.2 
of Appendix 2) were reduced to a final set of 6 frequent and comprehensive components 
shown in Figure 26. 
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Name Archetype Mathematical features 
Interpretation 




 addition expression 3 + 8 
 not equal relation 





 addition expression 3 + 8 
 equality relation 





 addition expression 2 + 3 
 equality relation 





 equality relation 
 operation of addition 
 the function of the equals 





 addition expression of 5 + 3 
 equality relation 





 unspecified mathemataical 
features 
Unspecified 
Figure 26. Archetypes for problem 5 = 3 + □. 
4.8.1 Interpreting archetypes as conceptions of equality.  
The not equal archetype represented explicit expression that the addition expression 3 
+ 8 does not have the same value as the sum 5. The not equal archetype required familiarly 
with known facts with the sums 5 and 11 and at least a tacit understanding of the properties of 
equality (i.e., reflexivity: 5 = 5; symmetry: if 5 = 3 + 2 then 3 + 2 = 5, and if 3 + 8 = 11 then 
11 = 3 + 8; and transitivity: if 5 = 3 + 2 and 3 + 2 = 5, and 11 = 3 + 8 and 3 + 8 = 11, then 11 
= 5 or 3 + 8 = 5 violates the reflexive property). The not equal archetype represented 
recognition that the reflexive property was violated if the missing number was 8. 
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Explanations that address the concept of not equal have not been analysed and reported 
previously in the literature. Consequently, students’ explanation maps matched to the not 
equal archetype were interpreted as lack of reflexivity conceptions of equality. 
The equals 11 archetype represented implicit expression that the addition expression 3 
+ 8 does not have the same value as the sum 5. Like the not equal archetype, the equals 11 
archetype represented familiarly with known facts with the sums 5 and 11 and at least a tacit 
understanding of the properties of equality. Unlike the not equal archetype, the equals 11 
archetype did not represent explicit reference to a violation of the reflexive property if the 
missing number was 8. Instead, the known fact 3 + 8 = 11 was represented. The known fact 
corresponded to the addition expression of problem 5 = 3 + □ when the missing number was 
8 (i.e., 3 + 8). Students’ explanation maps matched to the equals 11 archetype were 
interpreted as known fact (addends) conceptions of equality. 
The equals 5 archetype represented implicit expression that the addition expression 3 
+ 8 does not have the same value as the sum 5. Like the not equal and equals 11 archetypes, 
the equals 5 archetype represented familiarly with known facts with the sums 5 and 11 and at 
least a tacit understanding of the properties of equality. Like the equals 11 archetype, the 
equals 5 archetype did not represent explicit reference to a violation of the reflexive property 
if the missing number was 8. Instead, the known fact 2 + 3 = 5 was represented. The known 
fact corresponded to the sum of problem 5 = 3 + □. Students’ explanation maps matched to 
the equals 5 archetype were interpreted as known fact (sum) conceptions of equality. 
The syntax archetype represented ambiguous comments about the position and 
function of the equals sign and addition symbol in the problem 5 = 3 + □. For example, 
student 4076 explained “they’re not in the same order…[right middle finger placed on + and 
right index finger placed on =] them two [right fingers removed] they should swap”. In this 
case, the student may have expressed that if the position of the equals sign and addition 
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symbol were interchanged then the missing number could be 8. The syntax archetype could 
be interpreted as explicit awareness of structure of the problem in relation to the expected 
sequence of two addends followed by a sum where the sum must follow the equals sign 
(Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003). Additionally, students may be 
attempting to express the importance of the symmetric property in order to solve the problem 
(i.e., if 5 = 3 + □ then □ + 3 = 5) or they could be attempting to express that if the missing 
number is 8 then the structure of the problem is incorrect (i.e., 5 = 3 + □ must be 5 + 3 = □). 
Because of the ambiguity involved with the syntax archetype, students’ explanation maps 
matched to this archetype were interpreted as awareness of restricted notation conceptions of 
equality. 
The equals 8 archetype represented explicit expression that the addition expression 5 
+ 3 has the same value as the sum 8. The equals 8 archetype required familiarly with known 
fact 5 + 3 = 8 and the expectation that two addends should be followed by a sum where the 
sum must follow the equals sign (Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003). 
The equals 8 archetype can be viewed as an imposition of the known fact 5 + 3 = 8 on the 
problem 5 = 3 + □ rather than an expression of their understanding of the properties of 
equality. Students’ explanation maps matched to the syntax archetype were interpreted as 
imposed restricted notation conceptions of equality. 
The uncertain archetype represented explanations where no mathematical features 
were specified. For example, student 4018 explained “I don’t know”. Students’ explanation 
maps matched to the uncertain archetype were interpreted as unrevealed conceptions of 
equality. 
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4.8.2 Matching components to archetypes. 
Students’ explanation maps were matched to one of the six archetypes using the 
general matching procedure described in Chapter 2 and the specific matching procedures 
described in Chapter 3 with one modification. If a students’ explanation map could matched 
equally be to the equals 11 and equals 5 archetype, the equals 11 archetype was selected. The 
equals 11 archetype was interpreted to demonstrate greater complexity and correspondence to 
the concept of equality than the equals 5 archetype. Solving the problem 5 = 3 + □ as 5 = 3 + 
2 allows a student to deal with less ambiguity than 11 = 3 + 8. Only the unknown in the 
problem had to be evaluated for the explanation 3 + 2 = 5, whereas, the unknown and the sum 
in the problem had to be evaluated for the explanation 3 + 8 = 11. If a student’s explanation 
map did not match one of the six archetypes, it was designated an other type of explanation. 
Other explanations were interpreted as unspecified conceptions of equality. 
4.9 Frequencies of Explanation Types 
Table 13 shows the frequencies of the seven types of explanations identified at both 
year levels. The seven explanation types were not equal, equals 11, equals 5, other, equals 8, 
syntax, and uncertain. Not Equal explanations accounted for almost one-half of students’ 
explanations at Year 8 but just over one-quarter of explanations at Year 4. Equals 8 
explanations accounted for minority of students’ explanations at Year 8 but just over one-
third of explanations at Year 4.  
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Table 13 





(N = 132) 
  
Year 4 
(N = 132) 
 
n % n % 
Not equal 63 48 35 27 
Equals 5 30 23 13 10 
Equals 11 13 10 10 8 
Equals 8 7 5 47 36 
Syntax 5 4 11 8 
Uncertain 4 3 6 5 
Other 10 8 10 8 
Note. Percentages were rounded to the nearest whole number.  
4.10 Explanation Types and Total Scores 
The specific research question addressed in this section is: 
 RQ2b. At Year 4 and Year 8, what are the relationships among students’ 
explanations and total scores for problem 5 = 3 + □? (See Figure 11 in section 
2.8 of Chapter 2.) 
4.10.1 Between year level results. 
As expected from the preliminary results reported in section 2.9 of Chapter 2, on 
average, Year 8 students scored higher than Year 4 students for each answer type as shown in 
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Table 14. Further, Cohen’s d effect size values for the seven explanation types suggested a 
very strong relationship between achievement and year level, with one notable exception. The 
effect size of equals 8 explanations suggested only a small to medium relationship between 
achievement and year level. 
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Table 14 
Results of t-Test and Descriptive Statistics for Explanation Type and Total Score for Problem 5 = 3 + □ by Year Level 
  
Year 8 
(N = 106) 
  
Year 4 
(N = 117) 
 
95% CI  




Explanation Type n M SD n M SD t df d 
Equals 5 26 92.19 12.66 11 62.55 18.92 17.68, 58.10 3.975 16 1.84 
Not Equal 47 91.00 14.85 31 57.35 17.59 15.06, 63.94 3.955 6 2.07 
Equals 11 11 90.91 18.07 10 68.50 21.98 7.95, 27.09 1.100 46 1.11 
Syntax 3 87.00 8.72 10 46.20 21.36 12.29, 69.31 3.150 11 2.50 
Other 9 84.89 16.53 9 47.00 23.34 18.90, 40.40 5.600 35 1.87 
Uncertain 4 84.50 10.63 4 45.00 16.91 4.11, 40.71 2.562 19 2.80 
Equals 8 6 64.50 21.46 42 54.93 19.75 26.28, 41.01 9.095 76 0.46 
Note. Means and standard deviations were rounded to the nearest hundredth. Cohen’s d was used to calculate effect size. For this analysis, the sample size was reduced from 
N = 264 to N = 233 due to missing data. 
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For this problem, we see that students with equal 5, not equal, and equal 11 
explanations at Year 4 had about the same score as students with equals 8 explanations at 
Year 8. Specifically, there was no significant difference in scores between Year 8 students 
with equals 8 explanations and Year 4 students with equals 11 explanations, t(14) = -0.355, 
ns, equals 5 explanations, t(15) = .195, ns, or not equal explanations t(35) = .881, ns. This 
result is similar to the relationship seen between structural explanations at Year 4 and 
procedural explanations at Year 8 for problem 7 + 3 = □ + 2.  
These observations echo a similar phenomenon noted when the between year level 
results for answers for this problem were reported earlier in this chapter and the previous 
chapter. Like the relationship between correct answers at Year 4 and incorrect answers at 
Year 8, typically, we would expect students with with equal 5, not equal, and equal 11 
explanations to score more highly than students with equals 8 explanations. 
4.10.2 Within year level results. 
There was a significant difference, but with a small effect size seen for type of 
explanation at Year 8 F(6, 99) = 3.197, p = .007, η2 = .162. The differences were not 
significant at Year 4, F(6, 110) = 1.856, ns. 
Post hoc tests were conducted among the seven explanation types and average total 
scores using Bonferroni adjusted alpha levels of .0071 per test (.05/7). At Year 8, results 
indicated that the average total score was significantly higher for equals 5 and equals 11 
explanations than for equals 8 explanations. The other pairwise comparisons were non-
significant. 
A post hoc Tukey’s honestly significant difference (HSD) test showed that at p < .05, 
there were significant differences across three groups of explanations. Year 8 students 
showed progressively greater average total scores where the explanation ranked lowest was 
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equal 8. The explanations ranked second highest were syntax, other, and uncertain. The 
explanations ranked highest were not equal, equals 5, and equals 11. 
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4.11 Interpreting Explanations as Conceptions of Equality 
Inferences about the relationships among students’ conceptions of equality and 
achievement were made from explanations and total score results in relation to theoretical 
perspective framing this study presented in section 1.3 of Chapter 1. Explanation results were 
interpreted as explanation-based conceptions of equality. The rationale for how explanations 
were interpreted as explanation-based conceptions was presented when the archetypes were 
described following their presentation in Figure 26 of section 4.8.1 of this chapter. 
4.12 Relationships Among Explanation-based Conceptions of Equality and Achievement 
Because students’ total scores were interpreted as achievement, the relationships 
among students’ explanation-based conceptions of equality and achievement for problem 5 = 
3 +□ were visualised in a framework. Using the conventions presented in section 3.11 of 
Chapter 3, each explanation-based conception of equality is described in two ways: (a) by 
name of the conception of equality, and (b) with a representative explanation in mathematics 
notation for the missing number in problem 5 = 3 + □. For example, at Year 8, the one of the 
three conceptions associated with the highest achievement was (a) known fact (addends) and 
(b) 3 + 8 = 11; and the conception associated with the lowest achievement was (a) imposed 
restricted notation, and (b) 5 + 3 = 8. Similar to the answer-based conceptions presented in 
Figure 30, conceptions are presented in descending order of achievement for each year level 
and conceptions with statistically significant differences in achievement (p < .05) are 
separated by black lines. The framework representing the relationships among students’ 
explanation-based conceptions of equality and achievement for problem 5 = 3 + □ is shown 
in Figure 27. 
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Students’ explanation-based conceptions of equality and achievement for problem 5 = 3 + □ 
Year 8 Year 4 
Known Facts (Addends) 
8 + 3 = 11 
 
Known Facts (Sum) 
3 + 2 = 5 
Lack of reflexivity 
3 + 8 ≠ 5 
Awareness of Restricted Notation 
“if you reversed it” 
Unspecified 
Unrevealed 
“I don’t’ know” 
Imposed Restricted Notation 
5 + 3 = 8 
Known Facts (Addends) 
8 + 3 = 11 
Known Facts (Sum) 
3 + 2 = 5 
Known Facts (Addends) 
8 + 3 = 11 
Awareness of Restricted Notation 
“if you reversed it” 
Unspecified 
Unrevealed 
“I don’t’ know” 
Imposed Restricted Notation 
5 + 3 = 8 
Figure 27. Students’ explanation-based conceptions of equality and achievement for problem 5 = 3 + □ with 
representative examples of students’ explanations. 
It is important to note that similar to answer-based conceptions, there were significant 
differences in achievement among explanation-based conception at Year 8; whereas, there 
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were no significant differences at Year 4. Notably, and unlike the conceptions associated with 
problem 7 + 3 = □ + 2, three types of structural conceptions of equality [i.e., known fact 
(addends), known fact (sum), and lack of reflexivity] were associated with highest 
achievement at Year 8 only. It appears that for problems 7 + 3 = □ + 2 and 5 = 3 + □, Year 4 
students with structural conceptions of equality do not score more highly than Year 8 students 
with procedural conceptions of equality. However, there is an important difference in the 
findings between problems. For problem 5 = 3 + □, there was no significant difference 
between the imposed restricted notation conception at Year 8 and any of the conceptions 
expressed at Year 4. For problem 7 + 3 = □ + 2, the imposed restricted notation conception at 
Year 8 was associated with higher achievement than the structural conception at Year 4 (see 
Figure 22 in section 3.11 of Chapter 3).  
4.13 Results Related to Explanation Subtypes 
The specific research questions addressed in further detail in Appendix 6 are: 
 RQ1b. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ explanations for problem 5 = 3 + □? 
 RQ2b. At Year 4 and Year 8, what are the relationships among students’ 
explanations and total scores for problem 5 = 3 + □? (See Figure 11 in section 
2.8 of Chapter 2.) 
The detail is provided to support the interpretation of the explanation results presented in the 
previous section. In particular, the concepts of process/object duality and process-preference 
are relevant to the interpretation of explanation subtypes. The detail contained in Appendix 6 
could be used by teachers to develop specific teaching points or researchers to identify further 
areas of inquiry. 
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4.13.1 Notable mathematical features of explanation subtypes. 
Process-preference dominated students explanations with the notable exceptions of 
the sum-first subtype of not equal and equals 5 explanations. Sum-first components were rare 
and it was noted that they were present in response maps of Year 8 students only. In 
particular, sum-first components were identified in one-tenth (n = 13) of all Year 8 students’ 
response summaries for problem 5 = 3 + □ because they were often expressed in conjunction 
with other mathematical features. For example, student 8017 explained “five equals three 
plus two because like three plus eight would equal eleven”. 
Comments about the problem’s syntax were unexpected; therefore, it was noted that 
components with syntax-related mathematical features were present in about one-fifth of 
students’ explanation maps at both year level (n = 24 at Year 8 and n = 28 at Year 4). 
For students’ responses identified as equals 8 subtypes, the mathematical features 
expressed by students were interpreted to emphasise process-preference, predominantly. In 
contrast to the not equal, equals 5, equals 11 subtypes that expressed process-preference, the 
process-preference seen with equals 8 subtypes appears to interfere with a student’s 
appreciation of the position and sequencing of mathematical features that are vital to solving 
problem 5 = 3 + □ when the missing number is 8 successfully. 
To further explore the relationships among students’ conceptions of equality and 
achievement, answer and explanation combinations for problem 5 = 3 + □ were examined 
next.  
Chapter 4: Results for Problem 5 = 3 + □ 
147 
4.14 Frequent Answers/Explanations Combinations 
Answer/explanation combinations represented an integration of two sets of 
information about how students expressed mathematical structure of the problem. The 
specific research question addressed in this section is: 
 RQ1c. At Year 4 and Year 8, what are students’ frequent answer/explanation 
combinations for problem 5 = 3 + □? (See Figure 11 in section 2.8 of 
Chapter 2.) 
The answer and explanation results were integrated then frequent combinations were 
identified. Results students’ for answers to the question, “Could the missing number be 8?” 
were cross tabulated with their explanations to the prompt, “Explain why you say that”. The 
cross tabulation results are shown in Table 15. Year 8 results have been shaded grey 
differentiate them visually from Year 4 results. 
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Table 15 
Frequencies of Answer and Explanation Types for Problem 5 = 3 + □ by Year Level 
Answer Type 
 Explanation Type  
 Not equal   Equals 5   Equals 11   Other   Syntax   Equals 8   Uncertain  
Year 8 
(N = 63) 
Year 4  
(N = 35) 
Year 8  
(N = 30) 
Year 4  
(N = 13) 
Year 8  
(N = 13) 
Year 4  
(N = 10) 
Year 8  
(N = 14) 
Year 4  
(N = 14) 
Year 8  
(N = 5) 
Year 4  
(N = 13) 
Year 8  
(N = 7) 
Year 4  
(N = 47) 
Year 8  
(N = 4) 
Year 4  
(N = 6) 
No 
(Year 8, N = 96) 
(Year 4, N = 59) 
50 30 26 9 12 8 6 4 2 5 0 0 0 2 
Ambivalent 
(Year 8, N = 22) 
(Year 4, N = 26) 
13 5 4 4 1 2 0 2 1 3 0 8 3 2 
Yes 
(Year 8, N = 14) 
(Year 4, N = 47) 
0 0 0 0 0 0 4 4 2 3 7 39 1 2 
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The cross tabulation of 3 answer types and 7 explanation types resulted in 21 possible 
answer combinations. Year 8 student gave 14 of 21 possible answer/explanation 
combinations, and at Year 4, students gave 16 of 21. There were 8 answer/explanation 
combinations with frequencies of less than 5 that were aggregated into a low frequency 
category at Year 8, and at Year 4, it was 10 combinations. At Year 8, 14% of students gave 
low frequency answer/explanation combinations, and at Year 4, it was 21% of students. The 
answer/explanation combinations that met the frequency criterion (n ≥ 5) are shown in Table 
16. 
There were 6 answer/explanation combinations that met the frequency criterion at 
Year 8; and there were 7 combinations at Year 4. 
The frequency criterion was met by 5 answer/explanation combinations common to 
both year levels. Almost twice the proportion of Year 8 students as Year 4 students gave the 
combinations of (1) no/not equal, (2) no/equals 5, or (3) no/equals 11. A greater proportion 
of Year 8 students gave the combination of (4) ambivalent/not equal than Year 4 students. A 
smaller proportion of Year 8 students gave the combination of (5) yes/equals 8 than Year 4 
students.  
At Year 8 but not at Year 4, a small minority of students gave the combination of (6) 
no/other. 
At Year 4 but not at Year 8, the combinations of (7) no/syntax and (8) 
ambivalent/equals 8 were each given by a small minority of students. 
The frequencies of frequent answer/explanation combinations are shown in Table 16. 
The (9) low frequency category was included to account for all answer/explanation 
combinations. 
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Table 16 





(N = 132) 
  
Year 4 
(N = 132) 
 
n % n % 
(1) No/Not equal 50 38 30 23 
(2) No/Equals 5 26 20 9 7 
(3) No/Equals 11 13 10 5 4 
(4) Ambivalent/Not equal 12 9 8 6 
(5) Yes/Equals 8 7 5 39 30 
(6) No/Other 6 5 # - 
(7) No/Syntax # - 5 4 
(8) Ambivalent/Equals 8 0 0 8 6 
(9) Low frequency 18 14 28 21 
Note. Frequent means (n ≥ 5). # indicates n < 5. Frequencies for answer/explanation combinations n < 5 were 
added to the low frequency category. Percentages were rounded to the nearest whole number.  
4.15 Frequent Answers/Explanations Combinations and Total Scores 
The specific research question addressed in this section is: 
 RQ2c. At Year 4 and Year 8, what are the relationships among students’ 
frequent answer/explanation combinations and total scores for problem 
5 = 3 + □? (See Figure 11 in section 2.8 of Chapter 2.) 
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4.15.1 Between year level results. 
As expected from the preliminary results reported in section 2.9 of Chapter 2, on 
average, Year 8 students scored higher than Year 4 students for four answer/explanation 
types with one exception (see Table 17). Further, Cohen’s d effect size values for four 
answer/explanation types suggested a very strong relationship between achievement and year 
level.  
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Table 17 
Results of t-Test and Descriptive Statistics for Answer/Explanation Type and Total Score for Problem 5 = 3 + □ by Year Level 
  
Year 8 
(N = 106) 
  
Year 4 
(N = 117) 
 
95% CI  






n M SD n M SD t df d 
(1) No/Not equal 38 92.26 15.09 27 57.33 18.68 26.55, 43.31 8.329 63 2.06 
(2) No/Equals 5 23 93.04 12.06 8 63.25 19.81 17.77, 41.82 5.068 29 1.82 
(3) No/Equals 11 10 94.60 14.01 8 74.75 19.73 3.01, 36.70 2.498 16 1.16 
(4) Ambivalent/ 
Not equal 
9 85.67 13.26 4 57.50 8.43 12.12, 44.21 3.864 11 2.54 
(5) Yes/Equals 8 6 64.50 21.46 34 53.76 20.17 -11.76, 33.24 1.140* 6.657 0.52 
(6) No/Other 5 89.20 14.82 # - - - - - - 
(7) No/Syntax # - - 4 33.50 13.102 - - - - 
(8) Ambivalent/ 
Equals 8 
0 - - 8 59.87 18.26 - - - - 
(9) Low frequency 15 81.87 15.11 24 50.00 20.16 - - - - 
Note. # indicates n < 5. Frequencies for answer/explanation combinations n < 5 were added to the low frequency category. Means and standard deviations were rounded to the nearest hundredth. 
Satterthwaite approximation was employed due to unequal group variances for yes/equals 8 answer/explanations,* p = .022. Cohen’s d was used to calculate effect size. For this analysis, the 
sample size was reduced from N = 264 to N = 233 due to missing data. 
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For this problem, we see that students with correct answers and equal 5, not equal, 
and equal 11 explanations at Year 4 had about the same score as students with incorrect 
answers and equals 8 explanations at Year 8. It is notable that there was no significant 
difference between Year 8 students with (5) yes/equals 8 answer/explanations and Year 4 
students with (3) no/equals 11 answer/explanations, t(10.375) = -0.916, ns, (Satterthwaite 
approximation was employed due to unequal group variances for Year 8 and Year 4 
answer/explanations, p = .002). This observation is similar to the relationships noted when 
the between year levels results for answers and explanations were reported separately, earlier 
in this chapter. This answer/explanation result is noteworthy because for the problem 
5 = 3 + □, typically, we would expect students with correct answers and structural 
explanations to score more highly than students with incorrect answers and procedural 
explanations. This result is similar to the relationship seen between correct answers and 
structural explanations at Year 4 and incorrect answers and procedural explanations at Year 8 
for problem 7 + 3 = □ + 2. 
4.15.2 Within year level results. 
There was a significant difference, but with a small effect size seen for type of 
answer/explanation at Year 8 F(6, 99) = 4.332, p = .001, η2 = .208. And, a significant 
difference, but with a small effect size was seen for type of answer/explanation at Year 4  
F(7, 109) = 2.492, p = .021, η2 = .138. Post hoc tests were conducted among the 
answer/explanation types and average total scores using Bonferroni adjusted alpha levels of 
.0071 per test (.05/7) at Year 8 and .0063 per test (.05/8) at Year 4. At Year 8, results 
indicated that the average total score was significantly higher for (1) no/not equal, (2) 
no/equals 5, and (3) no/equals 11 answer/explanations than for (5) yes/equals 8 
answer/explanations. The other pairwise comparisons were non-significant at both year 
levels.  
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A post hoc Tukey’s HSD test showed that at p < .05, there were significant 
differences between answer/explanation combinations at both year levels.  
Year 8 students showed progressively greater mean total scores across three groups of 
answer/explanation combinations. The combination ranked lowest was (5) yes/equals 8. The 
combinations ranked second highest were (9) low frequency answer/explanation 
combinations. The combinations ranked highest were (4) ambivalent/not equal, (6) no/other, 
(1) no/not equal, (2) no/equals 5, and (3) no/equals 11. 
Year 4 students showed progressively greater mean total scores across three groups of 
answer/explanation combinations. The combination ranked lowest was (7) no/syntax. The 
combinations ranked second highest were (9) low frequency, (5) yes/equals 8, (1) no/not 
equal, (4) ambivalent/not equal, and (8) ambivalent/equals 8. The combinations ranked 
highest were (2) no/equals 5 and (3) no/equals 11. 
4.16 Interpretation of Results Related to Answers and Explanations 
Earlier in section 4.6 of this chapter, inferences were made from answer results that 
suggested the general theoretical framework for interpreting students’ conceptions of equality 
could be expanded to include competing conceptions along with structural and procedural 
conceptions. Inferences were also made from explanation results presented in section 4.11 
that suggested the characterisation of students’ specific conceptions of equality could also be 
expanded to include three varieties of structural conceptions [i.e., lack of reflexivity, known 
fact (sum), and known fact (addends)] and a variant of a restricted notation conception (i.e., 
imposed restricted notation). 
When the same reasoning process was applied to answer/explanation results, there 
were 7 answer/explanation-based conceptions of equality were identified for problem 
 5 = 3 + □ at Year 8, and at Year 4, it was 8 conceptions. 
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Six conceptions were common to both year levels and they were: (1) known fact 
(sum), (2) known fact (addends), (3) lack of reflexivity (4) competing lack of reflexivity, (5) 
imposed restricted notation and (6) uncommon.  
(2) No/equals 5 answer/explanation combinations represented that the equality 
statement 5 = 3 + 8 was not possible [e.g., “no” (S8023)] and a known fact with the sum 5 
was emphasised [e.g., “three plus two equals five” (S8023)]; therefore, students’ no/equals 5 
answer/explanation combinations were labelled (1) known fact (sum) conceptions of equality. 
(3) No/equals 11 answer/explanation combinations represented that the equality 
statement 5 = 3 + 8 was not possible [e.g., “no” (S8042)] and a known fact with the sum 11 
was emphasised [e.g., “eight plus three is eleven” (S8042)]. The sum 11 represented an 
emphasis on the addends 3 + □, therefore, students’ no/equals 11 answer/explanation 
combinations were labelled (2) known fact (addends) conceptions of equality. 
(1) No/not equal answer/explanation combinations represented that the equality 
statement 5 = 3 + 8 was not possible [e.g., “no” (S8019)] and familiarly with known facts 
with the sums 5 and 11 such that the reflexive property was violated if the missing number 
was 8 for 5 = 3 + □ [e.g., “three and eight they don’t equal five” (S8019)]; therefore, 
students’ no/not equal answer/explanation combinations were labelled (3) lack of reflexivity 
conceptions of equality.  
(4) Ambivalent/not equal answer/explanation combinations represented that the 
equality statement 5 = 3 + 8 may or may not be possible [e.g., “[student shakes head]…#OH 
wait yeah it does” (S8114)] and that emphasised the symmetric property of equality and a 
violation of the reflexive property [e.g., “three plus eight don’t equal five…five and three 
equals to eight I dunno why the thing is there the equal” (S8114)]; therefore, students’ 
ambivalent/not equal answer/explanation combinations were labelled (4) competing lack of 
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reflexivity conceptions of equality. 
(5) Yes/equals 8 answer/explanation combinations represented that the equality 
statement 5 = 3 + 8 was possible [e.g., “yes” (S4038)] and that a particular problem structure 
was emphasised, specifically, the expected sequence of two addends followed by a sum 
where the sum must follow the equals sign [e.g., “five and three makes eight” (S4038)]; 
therefore, students’ yes/equals 8 answer/explanation combinations were labelled (5) imposed 
restricted notation conceptions of equality. 
(9) Low frequency answer/explanations represented combinations with frequencies 
that did not meet the frequency criterion (i.e., n ≥ 5) at each year level and were aggregated 
for analysis; therefore, low frequency answer/explanations were interpreted as (6) uncommon 
conceptions of equality. Uncommon conceptions of equality at Year 8 were not necessarily 
the same as those at Year 4.  
One conception was identified at Year 8 only and it was (7) structural-unspecified.  
(6) No/other answer/explanation combinations represented that the equality statement  
5 = 3 + 8 was not possible [e.g., “no” (S8055)] and a diverse set of explanations with no 
common mathematical features [e.g., “eight is already higher than the number that it equals 
so it wouldn’t be eight” (S8055)]; therefore, students’ no/other answer/explanation 
combinations were labelled (7) structural-unspecified conceptions of equality. 
Two conceptions were identified at Year 4 only and they were: (8) structural-
awareness of restricted notation and (9) completing imposed restricted notation.  
(7) No/syntax answer/explanation combinations represented that the equality 
statement 5 = 3 + 8 was not possible [e.g., “[student shakes head]” (S4076)] and an explicit 
awareness of structure of the problem [e.g., “they’re not in the same order” (S4076)]; 
therefore, students’ no/syntax answer/explanation combinations were labelled (8) awareness 
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of restricted notation conceptions of equality.  
(8) Ambivalent/equals 8 answer/explanation combinations represented that the 
equality statement 5 = 3 + 8 may or may not be possible [e.g., “no … #UM maybe it could be 
yeah I think it could be” (S4131)] and that a particular problem structure was emphasised, 
specifically, the expected sequence of two addends followed by a sum where the sum must 
follow the equals sign [e.g., “five plus three is eight and eight minus three is five so” 
(S4131)]; therefore, students’ ambivalent/equals 8 answer/explanation combinations were 
labelled (9) competing imposed restricted notation conceptions of equality. 
4.17 Interpreting Answer/Explanation Combinations as Conceptions of Equality 
The relationships among students’ answer/explanation-based conceptions of equality 
and achievement were visualised in a framework (see Figure 28). Using the conventions 
presented in section 3.16 of Chapter 3, each answer/explanation-based conception of equality 
is described in two ways: (a) by name of the conception of equality and (b) with a 
representative answer/explanation for problem 5 = 3 + □ where the answer is written in words 
and the explanation is written in mathematics notation. For example, at Year 8, the 
conception associated with the highest achievement was (a) known fact (addends) and (b) no, 
3 + 8 = 11; and the conception associated with the lowest achievement was (a) imposed 
restricted notation and (b) yes, 5 + 3 = 8. Similar to the answer-based and explanation-based 
conceptions presented in Figures 25 and 27, respectively; conceptions are presented in 
descending order of achievement for each year level. Conceptions with statistically 
significant differences in achievement (p < .05) are separated by black lines. The framework 
representing the relationships among students’ answer/explanation-based conceptions of 
equality and achievement for problem 5 = 3 + □ is shown in Figure 28. 
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Students’ answer/explanation-based conceptions of equality and achievement for problem 5 = 3 + □ 
Year 8 Year 4 
(2) Known Fact (Addends) 
no, 8 + 3 = 11 
 
(1) Known Fact (Sum) 
no, 3 + 2 = 5 
 
(3) Lack of Reflexivity 
no, 3 + 8 ≠ 5 
 
(7) Structural-Unspecified 
no, “eight is already higher than the number that it 
equals so it wouldn’t be eight” 
(2) Known Fact (Addends) 
no, 8 + 3 = 11 
(4) Competing Lack of Reflexivity 
no, yes 
3 + 8 ≠ 5 
(6) Uncommon 
yes 
“I dunno took a guess” 
(5) Imposed Restricted Notation 
yes, 5 + 3 = 8 
(1) Known Fact (Sum) 
3 + 2 = 5 
(9) Competing Imposed Restricted Notation 
no, yes, 5 + 3 = 8 
(4) Competing Lack of Reflexivity 
no, yes 
3 + 8 ≠ 5 
(3) Lack of Reflexivity 
no, 3 + 8 ≠ 5 
(5) Imposed Restricted Notation 
yes, 5 + 3 = 8 
(6) Uncommon 
no, 8 > 5 
 
(8) Awareness of Restricted Notation 
no, “they’re not in the same order” 
Figure 28. Students’ answer/explanation-based conceptions of equality and achievement for problem 5 = 3 + □ 
with representative examples of students’ answer/explanation combinations.  
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There were significant differences in achievement among three groups of 
answer/explanation-based conception at both year levels. The two known fact conceptions of 
equality were associated with the highest achievement at both year levels. Notably, there was 
no significant difference in achievement between the two known fact conceptions at Year 4 
and (5) imposed restricted notation conceptions at Year 8. At Year 4, there was a significant 
difference in achievement between (2) known fact (addends) and (1) known fact (sum) 
conceptions, and (3) lack of reflexivity and (4) competing lack of reflexivity conceptions; 
whereas, at Year 8, there were none. Because of the small number of students expressing (8) 
awareness of restricted notation and (9) competing imposed restricted notion conceptions at 
Year 4, it is not possible to make precise statistical comparisons between them and the (4) 
imposed restricted notation conceptions at Year 8. 
4.18 Chapter Summary and Findings 
Results from the investigation of problem 5 = 3 + □ were interpreted as one primary 
finding and two major findings. The correspondence between research questions and findings 
for problem 5 = 3 + □ are shown in Figure 29. 
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Overarching Aim Primary Finding  
To better understand how students’ conceptions of equality relate to other key 
mathematical ideas, especially for conceptions of equality associated with correct 
responses. The relationships among students’ conceptions of equality and achievement 
appear to be more diverse and complex than previously documented and 
theorised.  
Main Research Question 
When mathematical structure is emphasised, what are the relationships among 
students’ conceptions of equality and mathematical achievement? 
Specific Research Questions for Problem 5 = 3 + □ Major Findings for Problem 5 = 3 + □ 
RQ1. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ responses (i.e., answers, explanations, and answer/explanation 
combinations) for problem 5 = 3 + □? 
In general, similar conceptions of equality were expressed by students at both 
year levels. A greater proportion of Year 8 students expressed structural 
conceptions of equality than Year 4 students. At both year levels, three varieties 
of structural conceptions of equality were expressed with process-preference, 
predominantly. At both year levels, at least one previously described type of 
procedural conceptions of equality was identified. Additionally, competing 
conceptions of equality were identified at both year levels and they represent 
conceptions of equality not previously reported in the mathematics education 
literature. 
RQ2. At Year 4 and Year 8, what are the relationships among students’ responses 
(i.e., answers, explanations, and answer/explanation combinations) and total 
scores for problem 5 = 3 + □? 
Structural conceptions of equality were found to be associated with the highest 
levels of achievement at each year level. Structural conceptions of equality were 
found to be associated with higher levels of achievement at Year 8 than at Year 4. 
In general, there was no difference between procedural conceptions of equality at 
Year 8 and structural conceptions of equality at Year 4. Notably, lack of reflexivity 
conceptions of equality were associated with lower levels of achievement Year 4 
than at Year 8. 
Figure 29. The correspondence between research questions and findings for problem 5 = 3 + □. 
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Echoing the key point made in the summary of the investigation of problem  
7 + 3 = □ + 2 in section 3.17 of Chapter 3, the primary finding from the investigation of 
problem 5 = 3 + □ was that the relationships among students’ conceptions of equality and 
achievement appear to be more diverse and complex than previously documented and 
theorised. The concepts of mathematical structure (Mason, Stephens, & Watson, 2009), 
process-preference (Crowley, Thomas, & Tall, 1994; MacGregor, & Stacey, 1993), 
process/object duality (Sfard, 1991), and the properties of equality were used as analytic 
tools. Structural, competing, and procedural conceptions of equality were identified at both 
year levels and they were found to be associated with achievement. In general, the same 
conceptions of equality were expressed by students at both year levels; however, a greater 
proportion of Year 8 students expressed structural conceptions of equality than Year 4 
students.  
Like the findings for problem 7 + 3 = □ + 2, qualitative differences students’ 
conceptions of equality between year levels were minor for problem 5 = 3 + □. The same 
types of answer-based, explanation-based, and answer/explanation-based conceptions were 
identified at both year levels, with the exception of three answer/explanation-based 
conceptions. A conception unique to Year 8, was structural-unspecified [e.g., “no … it’s too 
high” (S8108)]), and it accounted for 5% of all answer/explanation-based conceptions at that 
year level. It appears that Year 8 students are attempting to use logical mathematical 
language to explain how they solved the problem. Two conceptions unique to Year 4 were 
competing imposed restricted notation [e.g., “no … #UM maybe it could be yeah I think it 
could be ... five plus three is eight and eight minus three is five so” (S4131)] and awareness 
of restricted notation [e.g., “[student shakes head] ... they’re not in the same order” (S4076)], 
and they accounted for 8% of all answer/explanation-based conceptions at that year level. 
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Unlike the findings for problem 7 + 3 = □ + 2, only one procedural conception of 
equality was identified at both year levels for problem 5 = 3 + □ rather than three. It 
corresponded to a procedural conception of equality previously documented in the literature 
for problem 5 = 3 + □ and it was a restricted notation type (Denmark, Barko, & Voran, 1976; 
Seo & Ginsberg, 2003) that was imposed on the structure of the problem [e.g., 5 + 3 = 8 
(S4005)]. 
Additionally, unlike the findings for problem 7 + 3 = □ + 2, there were two competing 
conceptions and four structural conceptions identified for problem 5 = 3 + □ rather than one 
and two, respectively. The competing conceptions included competing lack of reflexivity 
[e.g., “[student shakes head] … #OH wait yeah it does … three plus eight don’t equal five … 
five and three equals to eight I dunno why the thing is there the equal” (S8114)] identified at 
both year levels and competing imposed restricted notation [e.g., “no … #UM maybe it could 
be yeah I think it could be … five plus three is eight and eight minus three is five so” 
(S4131)] identified at Year 4 only. The three structural conceptions identified at both year 
levels were labelled known fact (sum) [e.g., 3 + 2 = 5 (S8040)], known fact (addends)  
[e.g., 3 + 8 = 11 (S8064)], and lack of reflexivity [e.g., 3 + 8 ≠ 5 (S8068)]. At Year 4, an 
additional structural conception was identified and it was labelled awareness of restricted 
notation [e.g., “[student shakes head] ... they’re not in the same order” (S4076)]. This 
conception may be better understood as a competing conception of equality because Year 4 
students gave a correct answer but could only provide an ambiguous explanation. 
Like the findings for problem 7 + 3 = □ + 2, students’ conceptions of equality for 
problem 5 = 3 + □ demonstrated process-preference, predominantly. In general, procedural 
conceptions of equality represented inappropriate expressions of the mathematical structure 
of the problem that demonstrated process-preference [e.g., 5 + 3 = 8 (S4005)]. The majority 
of structural conceptions also were expressed with process preference. Most lack of 
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reflexivity conceptions were expressed as 3 + 8 ≠ 5 rather than 5 ≠ 3 + 8. Most know fact 
(sum) conceptions were expressed as 3 + 2 = 5 rather than 5 = 3 + 2. All know fact (addends) 
conceptions were expressed as addends-first rather than sum-first (e.g., 3 + 8 = 11 rather than 
11 = 3 + 8). 
Like the findings for problem 7 + 3 = □ + 2, when the relationships among 
conceptions of equality and achievement were examined in detail for problem 5 = 3 + □, 
structural conceptions of equality were found to be associated with higher levels of 
achievement at Year 8 than at Year 4. In general, there was no difference between procedural 
conceptions of equality at Year 8 and structural conceptions of equality at Year 4. For 
problem 7 + 3 = □ + 2, there was no significant difference between the two structural 
conceptions of equality identified at both year levels; whereas, at Year 4 only, there was a 
statistical difference detected among the three structural conceptions identified for problem  
5 = 3 + □. At Year 4, lack of reflexivity conceptions of equality were associated with lower 
levels of achievement than know fact (addends) and know fact (sum) conceptions. 
For problem 7 + 3 = □ + 2, one competing answer/explanation-based conception (i.e., 
competing operator-separator) was ranked roughly in-between procedural and structural 
conceptions at Year 8; and, likewise for one competing conception (i.e., competing lack of 
reflexivity) for problem 5 = 3 + □. At Year 4, the competing operator-separator conception 
was ranked among the procedural conceptions for problem 7 + 3 = □ + 2; however, for 
problem 5 = 3 + □, the competing lack of reflexivity and competing imposed restricted 
notation conceptions were ranked among procedural (imposed restricted notation) and 
structural (lack of reflexivity) conceptions. It was noted that for problem 7 + 3 = □ + 2, the 
proportion and ranking of students expressing restricted notation conceptions of equality may 
indicate that the concept of equality for those students is becoming limited rather than 
expansive. Likewise for problem 5 = 3 + □, the proportion and ranking of students expressing 
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imposed restricted notation conceptions of equality is also noteworthy and may indicate a 
similar limitation of the concept of equality for those students. 
In the next chapter, the problem 2 + □ = □ + 6 provides the focal point for a third 
investigation of students’ conceptions of equality and achievement. 
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Chapter 5: Results for Problem 2 + □ = □ + 6 
This chapter contains the results of an investigation of students’ conceptions of 
equality for the problem 2 + □ = □ + 6 and achievement. Students’ conceptions of equality 
were investigated in terms of the mathematical features that Year 4 and Year 8 students 
expressed in their responses when they solved the problem 2 + □ = □ + 6. Student 
achievement was represented by students’ total score for items completed by students at both 
year levels. 
5.1 Overview of the Chapter 
The focus of this chapter is on reporting the results from the analyses of students’ 
responses to the problem 2 + □ = □ + 6 and total scores. Descriptions are given of the specific 
criteria and procedures used to categorise responses as answers and explanations for problem 
2 + □ = □ + 6. Results are interpreted in terms of the theoretical approach framing this study. 
The contents of this chapter were outlined in Figure 17 in Chapter 2. 
5.2 Anticipated Results 
In the previous two chapters, structural, competing, and procedural conceptions of 
equality were identified at both year levels and they were found to be associated with 
achievement. Structural conceptions were found to be associated with the highest levels of 
achievement at both year levels. At Year 8, procedural conceptions were found to be 
associated with the lowest levels of achievement. And at Year 8, competing conceptions were 
found to be associated with the levels of achievement in-between structural and procedural 
conceptions of equality. At Year 4, however, the relationship between procedural and 
competing conceptions of equality and achievement was less clear. It is anticipated that these 
Chapter 5: Results for Problem 2 + □ = □ + 6 
166 
three main types of conceptions of equality will be identified for problem 2 + □ = □ + 6 and 
similar associations with achievement will be demonstrated. 
Notably, structural conceptions of equality for problems 7 + 3 = □ + 2 and 5 = 3 + □ 
were found to be associated with higher levels of achievement at Year 8 than Year 4. For 
problems 7 + 3 = □ + 2 and 5 = 3 + □, there was no difference in achievement between 
restricted notation conceptions and imposed restricted notation conceptions, respectively, at 
Year 8 and structural conceptions at Year 4. These findings are surprising because, typically, 
we would expect students with correct answers and structural explanations to score more 
highly than students with incorrect answers and procedural explanations. These finding have 
not been reported for missing number problems before this study. It is anticipated the 
relationships among students’ conceptions of equality and achievement for problem  
2 + □ = □ + 6 will show similar a pattern. 
The procedural conceptions of equality identified for problem 7 + 3 = □ + 2 
corresponded to documented previously types and included restricted notation  
(i.e.,7 + 3 = 10) (Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003), operator-
separator (i.e., 7 + 3 = 10 + 2 = 12) (Baroody & Ginsburg, 1983), and action  
(i.e., 7 + 3 + 2 = 12) (Behr, Erlwanger, & Nichols, 1976; Kieran, 1981). For problem  
5 = 3 + □, only a restricted notation type of procedural conception of equality was identified 
and it was further described as imposed restricted notation. Students imposed the structure of 
the known fact 5 + 3 = 8 on the problem 5 = 3 + □ rather than expressing known facts related 
to the sum 5 or addition expression 3 + □. It appears that the structure of the problem plays a 
role in types of conceptions students demonstrate. These differing findings can be understood 
when problem solving is viewed as a process of negotiation between problem and solver 
(Threlfall, 2002; 2009). Students make different choices depending on the location of the 
missing number and number of numerical elements in the sentence. For problem  
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2 + □ = □ + 6, it is anticipated that students will reveal restricted notation conceptions of 
equality. The problem 2 + □ = □ + 6 is similar in structure to problem 7 + 3 = □ + 2, except 
that the number before the equals sign is replaced by a missing number box and the number 
sentence has two missing numbers. Features of explanations that include the correct 
numerical values for the missing numbers have not been extensively discussed previously, 
even though this type of missing number problem has been studied from a teaching 
perspective (Stephens & Xu, 2009; Xu, Stephens, & Zhang, 2012). 
Competing conceptions of equality accounted for mathematical ideas that were 
mismatched (Perry, Church, & Goldin-Meadow, 1988). In general, three types of competing 
conceptions of equality have been identified in this study so far. For problem 7 + 3 = □ + 2, a 
competing operator-separator conception involved expressing that the value of the missing 
number could be 10 or 12. For problem 5 = 3 + □, a competing imposed restricted notation 
conception involved expressing that the value of the missing problem could be 8 or could not 
be 8. A competing lack of reflexivity conception involved expressing that when the missing 
number was 8 then 3 + 8 ≠ 5 and 5 + 3 = 8 are possible. As explained in the preceding 
paragraph, the problem 2 + □ = □ + 6 is similar in structure to problem 7 + 3 = □ + 2; 
therefore, it is anticipated that students will reveal competing operator-separator conceptions 
of equality for problem 2 + □ = □ + 6 at least. 
Structural conceptions of equality were identified that have not been described in 
detail previously. Six types of structural conceptions of equality have been identified in this 
study so far. For problem 7 + 3 = □ + 2, a known fact conception of equality represented 
students’ tacit understandings of the properties of equality because only known facts were 
expressed (i.e., 7 + 3 = 10 and 8 + 2 = 10). A properties conception of equality represented 
students’ attempts to explain how they were coordinating the properties of equality because 
more than known facts were expressed (i.e., 7 + 3 = 10 = 8 + 2). For problem 5 = 3 + □, two 
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variants of known facts conceptions were identified. Known fact (sum) and known fact 
(addends) conceptions of equality represented students’ tacit understandings of the properties 
of equality because only known facts involving the sum 5 (i.e., 3 + 2 = 5) or the sum 11  
(e.g., 3 + 8 = 11), respectively, were expressed. A lack of reflexivity conception of equality 
represented students’ familiarly with known facts involving the sums 5 and 11 and at least a 
tacit understanding of the properties of equality for the problem 5 = 3 + □ if the missing 
number was 8 (e.g., 3 + 8 ≠ 5). An awareness of restricted notation conception represented 
an explicit awareness of structure of the problem even though students expressed ambiguous 
comments about the position and function of the equals sign and addition symbol. [e.g., 
“[student shakes head] ... they’re not in the same order” (S4076)]. As explained in the two 
preceding paragraphs, the problem 2 + □ = □ + 6 is similar in structure to problem  
7 + 3 = □ + 2; therefore, it is anticipated that students may reveal known fact and properties 
conceptions of equality for problem 2 + □ = □ + 6 but not lack of reflexivity or awareness of 
restricted notation conceptions. 
5.3 Mathematical Features of Answers 
The specific research question addressed in this section is: 
 RQ1a. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ answers for problem 2 + □ = □ + 6? (See Figure 11 in section 2.8 of 
Chapter 2.) 
The mathematical features in students’ response summaries were examined in relation 
to the three questions “What do you think the two missing numbers could be?”, “Could you 
have any other numbers?”, and “What numbers?” for the problem 2 + □ = □ + 6. The results 
for each question were interpreted as three preliminary answers, then they were integrated to 
provide an overall answer for the problem that was compared to achievement. The general 
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categorising procedure was described in Chapter 2. The specific procedures for this 
investigation and the criteria established for categorising answers for problem 2 + □ = □ + 6 
are described below. 
5.3.1 Initial answers. 
Students’ responses to the first question “What do you think the two missing numbers 
could be?” were interpreted as initial answers. The mathematical features of students’ initial 
answers were categorised as one of three answer types: correct, incorrect, or nonresponsive.  
A student’s response was identified as a correct type of initial answer when it was 
interpreted to express two numerical values for the missing numbers in the problem  
2 + □ = □ + 6 that formed an equality statement. For example, an assessor asked “what could 
they be?” and student 8051 responded partially with “[right index finger touches box 1] eight 
and”. The assessor probed for a complete response by asking “what do you think the other 
one could be?” and S8051 responded with the word “four”. The gesture and spoken word 
“[right index finger touches box 1] eight” (S8051) were interpreted to express that the first 
missing number could be 8. The word “four” following the assessor’s probing question was 
interpreted to express that the second missing number could be 4. The numerical values of 8 
and 4 were interpreted to form an equality statement for the problem 2 + □ = □ + 6  
(i.e., 2 + 8 = 4 + 6), therefore, the initial answer for student 8051 was categorised as correct. 
A student’s response was identified as an incorrect type of initial answer when it was 
interpreted to express two numerical values for the missing numbers in the problem  
2 + □ = □ + 6 that did not form an equality statement. For example, an assessor asked “what 
do you think the two missing numbers could be here?” and student 4004 responded “#HM 
[left index finger placed below box 1] eight wait [left index finger lifted then replaced below 
box 1] yeah [left index finger lifted then replaced below box 1] eight [left index finger lifted 
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then replaced below box 2] and [left index finger removed] ten”. The student’s gesture and 
spoken word “[left index finger placed below box 1] eight” were interpreted to express that 
the first missing number could be 8. The gestures and spoken words [left index finger lifted 
then replaced below box 2] and [left index finger removed] ten” were interpreted to express 
that the second missing number could be 10. The numerical values of 8 and 10 were 
interpreted to form a statement that was not equal for the problem 2 + □ = □ + 6  
(i.e., 2 + 8 ≠ 10 + 6), therefore, the initial answer for student 4004 was categorised as 
incorrect. 
A student’s response was identified as a nonresponsive type of initial answer when it 
was interpreted to express information other than numerical values for the missing numbers 
in the problem 2 + □ = □ + 6. For example, an assessor asked “what do you think the two 
missing numbers could be?” and student 4022 responded “[shakes head] I don’t know”. The 
gesture and phrase “[student shakes head] I don’t know” were interpreted to express that the 
student felt uncertain about her answer or the problem. Uncertainty about the problem was 
interpreted as information other than numerical values for the missing numbers in the 
problem 2 + □ = □ + 6, therefore the initial answer for student 4022 was categorised as 
nonresponsive.  
5.3.2 Frequencies of initial answers. 
Table 18 shows that almost half of initial answers were categorised as correct at Year 
8. At Year 4, the majority of initial answers were categorised as incorrect. Roughly the same 
proportion of students at each year level gave initial answers that were nonresponsive.  
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Table 18 





(N = 132) 
  
Year 4 
(N = 132) 
 
n % n % 
Correct 64 48 21 16 
Incorrect 54 41 99 75 
Nonresponsive 14 11 12 9 
Note. Percentages were rounded to the nearest whole number.  
5.3.3 Second answers. 
Students’ responses to the second question “Could you have any other missing 
numbers?” were interpreted second answers. The mathematical features of students’ second 
answers were categorised as one of five answer types: yes, implied yes, no, none, or 
ambivalent. 
A student’s response was identified as a yes type of second answer when it was 
interpreted to express that other numerical values were possible for the missing numbers in 
the problem 2 + □ = □ + 6. For example, an assessor asked “could you have any other 
numbers in there?” and student 8017 responded “yeah”. The word “yeah” was interpreted to 
express the word “yes” when pronounced informally and therefore, it was interpreted to 
express agreement that other numerical values were possible for the problem 2 + □ = □ + 6. 
Thus, the second answer for student 8017 was categorised as yes. 
A student’s response was identified as an implied yes type of second answer when the 
student specified other numerical values for the missing numbers in the problem  
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2 + □ = □ + 6. For example, an assessor asked “could you have any other numbers?” and 
student 8023 responded “#UM five and one”. The utterance “#UM five and one” was 
interpreted to express that the missing numbers could also be 5 and 1. The numerical values 
of 5 and 1 were other numerical values specified for the missing numbers in the problem  
2 + □ = □ + 6, therefore, the second answer for student 8023 was categorised as implied yes. 
A student’s response was identified as a no type of second answer when it was 
interpreted to explicitly express that other numerical values were not possible for the missing 
numbers in the problem 2 + □ = □ + 6. For example, an assessor asked “could you have any 
other numbers in there?” and student 4078 responded “[student shakes head] no”. The gesture 
and word “no” were interpreted to express disagreement with possibility that there could be 
other numerical values for the problem 2 + □ = □ + 6. Disagreement with the question was 
interpreted to express that no other numerical values were possible for the missing numbers 
in the problem 2 + □ = □ + 6, therefore the second answer for student 4078 was categorised 
as no. 
A student’s response was identified as an ambivalent type of second answer when it 
was interpreted to express uncertainty about whether or not other numbers were possible for 
the problem 2 + □ = □ + 6. For example, an assessor asked “could you have any other 
numbers?” student 4105 responded “#HM I don’t know maybe”. The utterance “#HM I don’t 
know” was interpreted to express that the student felt he could not specify other numerical 
values for the missing numbers in the problem 2 + □ = □ + 6. The final word “maybe” was 
interpreted to express that although he did not know of any other numerical values for the 
missing numbers in the problem 2 + □ = □ + 6, he thought that other numbers might be 
known by someone else. Therefore, the second answer for student 4105 was categorised as 
ambivalent. 
A student’s response was identified as a none type of second answer when the second 
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question was not asked to the student by the assessor, and the response given by the student 
could not be interpreted as specifying two pairs on numbers. For example, an assessor asked 
“what do you think the two missing numbers could be?” and student 4066 responded “#UM 
four and seven”. The assessor omitted second and third questions and prompted “explain why 
you say that”. The student explained “I figure it out in my head”. Because the question 
“Could you have any other missing numbers?” was not asked nor were there any other 
numerical values for the missing numbers in the problem 2 + □ = □ + 6 given by the student, 
the second answer for student 4066 was recorded as a none type. 
5.3.4 Frequencies of second answers. 
Table 19 shows that the majority of second answers were categorised as yes or 
implied yes at Year 8, whereas, at Year 4, they accounted for over one-half of second 
answers.  
Table 19 





(N = 132) 
  
Year 4 
(N = 132) 
 
n % n % 
Yes 81 61 39 30 
Implied yes 20 15 32 24 
No 13 10 40 30 
Ambivalent 10 8 6 5 
None 8 6 15 11 
Note. Percentages were rounded to the nearest whole number.  
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5.3.5 Third answers. 
Students’ responses to the third question “What numbers?” were also interpreted as 
answers. The mathematical features of students’ third answers were categorised as one of 
three answer types: correct, incorrect or nonresponsive. The criteria for categorising third 
answer types were the same as for the first question “What do you think the two missing 
numbers could be?”, presented in section 5.3.1 previously; therefore, please refer to the 
examples given for initial answers. 
5.3.6 Frequencies of third answers. 
Table 20 shows that over one-third of third answers were categorised as correct at 
Year 8. At Year 4, a minority of third answers were categorised as correct. 
Table 20 





(N = 132) 
  
Year 4 
(N = 132) 
 
n % n % 
Nonresponsive 50 38 66 50 
Correct 46 35 13 10 
Incorrect 36 27 53 40 
Note. Percentages were rounded to the nearest whole number.  
5.3.7 Overall answers. 
Answer types to the three questions “What do you think the two missing numbers 
could be?”, “Could you have any other missing numbers?”, and “What numbers?” were 
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combined to arrive at an overall answer that summarised the numerical values students were 
giving for the missing numbers in the problem 2 + □ = □ + 6. An overall answer was 
developed so that one set of answers could be compared to students’ explanations and total 
scores. Overall answer types were limited to four types of answers to make the reporting 
process manageable and ensure sufficient frequencies in each category to perform statistical 
analyses. The four overall answer types were two pairs correct, two pairs incorrect, one pair 
incorrect and one pair correct. The combinations of initial, second, and third answer types 
that resulted in the four overall answer types are summarised in Figure 30. Note that overall 



















 Implied Yes 
 Incorrect 












 No Answer 
 Ambivalent 
 Nonresponsive 
* Including at Year 8 (n = 6) and at Year 4 (n = 1), if initial answer was correct and third answer was incorrect or initial 
answer was incorrect and third answer was correct then the overall answer type was two pairs incorrect 
Figure 30. The features of the overall answer types for problem 2 + □ = □ + 6. 
5.4 Frequencies of Answer Types 
Table 21 shows that about one-third of answers were categorised as two pairs correct 
at Year 8, whereas at Year 4, they were a minority of answers. Only a small number of 
answers were categorised as one pair correct at both year levels. Over one-half of overall 
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answers were categorised as one pair incorrect or two pairs incorrect at Year 8, and at Year 
4, they were the majority of answers.  
Table 21 




(N = 132) 
  
Year 4 
(N = 132) 
 
n % n % 
Two pairs 
correct 
47 36 13 10 
Two pairs 
incorrect 
44 33 52 39 
One pair 
incorrect 
24 18 60 45 
One pair correct 17 13 7 5 
Note. Percentages were rounded to the nearest whole number.  
5.5 Answer Types and Total Scores 
The specific research question addressed in this section is: 
 RQ2a. At Year 4 and Year 8, what are the relationships among students’ 
answers and total scores for problem 2 + □ = □ + 6? (See Figure 11 in section 
2.8 of Chapter 2.) 
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5.5.1 Between year level results. 
As expected from the preliminary results reported in sections 2.9 of Chapter 2, on 
average, Year 8 students scored higher than Year 4 students for each answer type as shown in 
Table 22. Further, Cohen’s d effect size values for the four answer types suggested a very 
strong relationship between total score and year level.  
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Table 22 
Results of t-Test and Descriptive Statistics for Answer Type and Total Score for Problem 2 + □ = □ + 6 by Year Level 
  
Year 8 
(N = 106) 
  
Year 4 
(N = 117) 
 
95% CI  




Answer Type n M SD n M SD t df d 
Two pairs correct 41 98.22 9.41 13 78.08 14.57 13.23, 27.05 5.849 52 1.64 
Two pairs incorrect 32 84.75 16.94 47 55.32 16.18 21.91, 36.96 7.787 77 1.78 
One pair correct  14 82.79 21.37 5 57.00 11.55 4.34, 47.23 2.537 17 1.50 
One pair incorrect  19 80.32 11.36 52 50.44 21.58 21.94, 37.81 7.528* 59.947 1.73 
Note. Means and standard deviations were rounded to the nearest hundredth. Cohen’s d was used to calculate effect size. Satterthwaite approximation was employed due to 
unequal group variances for no answers, * p = .012. For this analysis, the sample size was reduced from N = 264 to N = 233 due to missing data. 
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For this problem, students with correct answers at Year 4 had about the same score as 
students with incorrect answers at Year 8. It is notable that there was no significant difference 
between students with two pairs incorrect answers at Year 8 and students with two pairs 
correct answers at Year 4, t(43) = 1.244, ns. This result is similar to the relationship seen 
between correct answers at Year 4 and incorrect answers at Year 8 for problems 7 + 3 = □ + 2 
and 5 = 3 + □. Yet again, this type of result is surprising because for the problem  
2 + □ = □ + 6, typically, we would expect students with correct answers to score more highly 
than students with incorrect answers. 
5.5.2 Within year level results. 
A significant difference, but with a medium effect size, was seen for type of answers 
at Year 8 F(3, 102) = 11.394, p < .001, η2 = .251. And, a significant difference, but with a 
small effect size was seen for type of answers at Year 4, F(3, 113) = 8.444, p < .001,  
η2 = .183. 
Post hoc tests were conducted among the four answer types and average total scores 
using Bonferroni adjusted alpha levels of .0125 per test (.05/4). At both year levels, results 
indicated that the average total score was significantly higher for two pairs correct answers 
than for two pairs incorrect and one pair incorrect answers. The other pairwise comparisons 
were non-significant except that the average total score was significantly higher for two pairs 
correct answers than one pair correct answers at Year 8. 
A post hoc Tukey’s HSD test showed that at p < .05 there were significant differences 
between two groups of answers at both year levels. The three answers ranked lowest were: 
one pair incorrect, one pair correct, and two pairs incorrect. The answer ranked highest was 
two pairs correct. 
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5.6 Interpreting Answers as Conceptions of Equality 
Inferences about the relationships among students’ conceptions of equality and 
achievement were made from answer and total score results in relation to theoretical 
perspective framing this study presented in section 1.3 of Chapter 1. Answer results were 
interpreted as answer-based conceptions of equality.  
As with the two previous problems, 7 + 3 = □ + 2 and 5 = 3 + □, correct answers were 
interpreted as structural conceptions of equality and incorrect answers were interpreted as 
procedural conceptions of equality. It is important to note that competing conceptions of 
equality were not identified for this problem. During the analysis of the answers for problem 
2 + □ = □ + 6, ambivalent answers were infrequent compared to a more predominant 
dimension of this problem. This dimension involved the concept of acceptance of lack of 
closure (Biggs & Collis, 1982; Lunzer, 1978). Answers that had two pairs of numerical 
values specified for the missing numbers were interpreted to express a greater degree of 
acceptance of lack of closure than answers that only had one pair of numerical values 
specified for the missing numbers. The terms open and closed were coined to refer to answers 
with greater and less degrees of acceptance of lack of closure, respectively. Therefore, two 
pairs correct and two pairs incorrect answers were interpreted as structural-open and 
procedural-open conceptions of equality, respectively. And, one pair correct and one pair 
incorrect answers were interpreted as structural-closed and procedural-closed conceptions of 
equality, respectively. 
5.7 Relationships Among Answer-based Conceptions of Equality and Achievement 
The relationships among students’ answer-based conceptions of equality and 
achievement for problem 2 + □ = □ + 6 were visualised in a framework (see Figure 31). 
Using conventions similar to those presented in sections 3.6 and 4.7 of Chapters 3 and 4, 
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respectively, each answer-based conception of equality is described in three ways: (a) by 
name of the conception of equality, (b) with a representative numerical answer in bold font 
for the pair of missing numbers in problem 2 + □ = □ + 6, and (c) whether the answer was 
correct or incorrect. For example, at Year 8, the conception associated with the highest 
achievement was (a) structural-open; (b) 7 and 3, 8 and 4; and (c) correct. The conception 
associated with the lowest achievement was (a) procedural-closed (b) 2 and 4; and (c) 
incorrect. Conceptions are presented in descending order of achievement for each year level. 
Conceptions with statistically significant differences in achievement (p < .05) are separated 
by black lines. The framework representing the relationships among students’ answer-based 
conceptions of equality and achievement for problem 2 + □ = □ + 6 is shown in Figure 31. 
Students’ answer-based conceptions of equality and achievement for problem 2 + □ = □ + 6 
Year 8 Year 4 
Structural-Open 
7, 3 and 8, 4 (Correct) 
 
Procedural-Open 
2, 4 and 4, 6 (incorrect) 
Structural-Open 
7, 3 and 8, 4 (Correct) 
Structural-Closed 
6, 2 (Correct) 
Procedural-Closed 
2, 4 (Incorrect) 
 
Procedural-Open 
2, 4 and 4, 6 (Incorrect) 
Structural-Closed 
6, 2 (Correct) 
Procedural-Closed 
2, 4 (Incorrect) 
Figure 31. Students’ answer-based conceptions of equality and achievement for problem 2 + □ = □ + 6 with 
representative examples of students’ answers. 
It is important to note that there was a significant differences in achievement between 
structural-open and all other answer-based conceptions of equality for problem 2 + □ = □ + 6 
at both year levels. It appears that being able to give several correct answers was associated 
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with higher achievement at both year levels, whereas, giving only one correct answer or 
giving more than one incorrect answer that followed a rule [i.e., 2 + □ = (2 + □)] was not. 
Notably, there was no significant difference between the structural-open conception at Year 
4 and procedural-open, structural-closed, and procedural-closed conceptions at Year 8.  
To further explore the relationships among students’ conceptions of equality and 
achievement in more detail, the mathematical features of students’ explanations for problem 
2 + □ = □ + 6 were examined next.  
5.8 Mathematical Features of Explanations 
The specific research question addressed in this section is: 
 RQ1b. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ explanations for problem 2 + □ = □ + 6? (See Figure 11 in section 
2.8 of Chapter 2.) 
The mathematical features in students’ response summaries were examined in relation to the 
prompt “Explain why you say that” for the problem 2 + □ = □ + 6 and they were categorised 
using the procedure described in section 3.7 of Chapter 3. 
The archetypes selected from the initial set of 249 components (shown in Table A3.3 
of Appendix 2) were reduced to a final set of 3 frequent and comprehensive components 
shown in Figure 32.  
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Name Archetype Specific mathematical features General mathematical features 
Interpretation as 




 first missing number is specified as 6 
 second missing number is specified as 2 
 at least one pair of numerical values for 
the missing numbers in the problem are 
specified and correct 




 addition expression 2 + 2 
 equality relation 
 the sum 4 
 at least one pair of numerical values for 
the missing numbers in the problem are 




 unspecified mathematical features 
 no numerical values for the missing 
numbers in the problem are specified Unrevealed 
Figure 32. Archetypes for problem 2 + □ = □ + 6. 
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5.8.1 Interpreting archetypes as conceptions of equality.  
The correct archetype represented explanations where at least one pair of numerical 
values for the missing numbers in the problem were specified and were correct [e.g., 6 and 2 
(S8042)]. Students’ explanation maps matched to the correct archetype were interpreted as 
structural conceptions of equality. 
The incorrect archetype represented explanations where at least one pair of numerical 
values for the missing numbers in the problem are specified and incorrect [e.g., “2 and 4” 
(S4005)]. Students’ explanation maps matched to the incorrect archetype were interpreted as 
procedural conceptions of equality. 
The uncertain archetype represented explanations where no mathematical features 
were specified [e.g., “I don’t know” (S4022)]. Students’ explanation maps matched to the 
uncertain archetype were interpreted as unrevealed conceptions of equality. 
Initially, students’ response maps were matched to one of the three archetypes. After 
initial matching procedure, the response maps in each category were examined. It was noted 
that mathematical features of the response maps matched to the correct and incorrect 
archetypes could be described further. As a result, the response maps matched to the correct 
archetype was subdivided. Four types of explanations for problem 2 + □ = □ + 6 were 
established as the revised archetypes shown in Figure 33.  





General mathematical features Name 
Interpretation 




 at least one pair of numerical values for the missing numbers in the 
problem are specified and appropriate 
 at least one pair of equality statements were given to explain that the 
sum of both addition expressions in the problem is the same 
explicit-equality Known facts 
 
(S8039) 
 at least one pair of numerical values for the missing numbers in the 
problem are specified and correct 






 at least one pair of numerical values for the missing numbers in the 
problem are specified and incorrect 
 one equality statement and/or a general statement may be given to 
explain that the numerical value of the first addition expression in the 
problem is the same as the second missing number 




 no numerical values for the missing numbers in the problem are specified 
 no explanation is given 
uncertain Unrevealed 
Figure 33. Revised archetypes for problem 2 + □ = □ + 6. 
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5.8.2 Interpreting revised archetypes as conceptions of equality.  
The explicit-equality archetype represented explicit expression of more than one 
known fact [e.g., 2 + 5 = 7 and 1 + 6 = 7 (S8037)]. The explicit-equality archetype 
corresponded to two parts of the structure of the problem 2 + □ = □ + 6 (i.e. 2 + □ and □ + 6) 
and required at least a tacit understanding of the properties of equality. Students’ explanation 
maps matched to the explicit-equality archetype were interpreted as known facts conceptions 
of equality. 
The implicit-equality archetype represented explicit expression of a pair of numerical 
values for the missing numbers in the problem 2 + □ = □ + 6 and required at least a tacit 
understanding of the properties of equality. For example, student 8039 explained “they just 
have to equal the same”; however, no further information was given. Students’ explanation 
maps matched to the implicit-equality archetype were interpreted as implied properties 
conceptions of equality. 
The addition-statement archetype represented explanations that emphasised a 
particular problem structure, specifically the expected sequence of two addends followed by a 
sum where the sum must follow the equals sign (Denmard, Barko, & Voran, 1976; Seo & 
Ginsberg, 2003) [i.e., 2 + 𝑥 = (2 + 𝑥)]. For example, student 8034 expressed the number fact 
2 + 2 = 4 only. This student did not address the remainder of the problem (i.e., + 6). To 
acknowledge the previous recognition of this type of conception of equality, students’ 
explanation maps matched to the addition-statement archetype were interpreted as restricted 
notation conceptions of equality. 
The uncertain archetype represented explanations where no mathematical features 
were specified [e.g., “I’m not sure” (S8044)]. Therefore, the uncertain archetype was 
interpreted as unrevealed conceptions of equality. 
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5.8.3 Matching components to archetypes. 
Students’ explanation maps were matched to one of the four revised archetypes using 
the general matching procedure described in section 2.10.4.2 of Chapter 2 and the specific 
matching procedures described in section 3.7.3 of Chapter 3. If a student’s explanation map 
did not match one of the other four archetypes, it was designated an other type of 
explanation. Other explanations were interpreted as unspecified conceptions of equality. 
5.9 Frequencies of Explanation Types 
Table 23 shows the frequencies of five types of explanations identified at both year 
levels. The five explanation types were explicit-equality, implicit-equality, addition-
statement, uncertain, and other. At both year levels, almost two-thirds of students gave 
explicit-equality or addition-statement explanations. At Year 8, there were roughly equal 
proportions of explicit-equality and addition-statement explanations were identified, whereas 
at Year 4, the majority of explanations were addition-statement. 
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Table 23 




(N = 132) 
  
Year 4 
(N = 132) 
 
n % n % 
Explicit-equality 42 32 12 9 
Addition-statement 39 30 67 51 
Implicit-equality 22 17 8 6 
Uncertain 10 8 12 9 
Other 19 14 33 25 
Note. Percentages were rounded to the nearest whole number.  
5.10 Explanation Types and Total Scores 
The specific research question addressed in this section is: 
 RQ2b. At Year 4 and Year 8, what are the relationships among students’ 
explanations and total scores for problem 2 + □ = □ + 6? (See Figure 11 in 
section 2.4 of Chapter 2.) 
5.10.1 Between year level results. 
As expected from the preliminary results reported in Chapter 2, on average, Year 8 
students scored higher than Year 4 students for each answer type as shown in Table 24. 
Further, Cohen’s d effect size values for the five explanation types suggested a very strong 
relationship between achievement and year level. 
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Table 24 
Results of t-Test and Descriptive Statistics for Explanation Type and Total Score for Problem 7 + 3 = □ + 2 by Year Level 
  
Year 8 
(N = 106) 
  
Year 4 
(N = 117) 
 
95% CI  




Explanation Type n M SD n M SD t df d 
Explicit-equality 36 94.61 16.35 12 74.58 17.72 8.83, 31.22 3.601 46 1.17 
Implicit-equality 19 96.68 12.02 6 67.50 14.35 14.01, 38.36 4.450 23 2.20 
Addition-statement 27 84.33 17.15 60 56.15 17.75 20.09, 36.28 6.921 85 1.61 
Uncertain 9 83.67 11.80 9 53.67 20.58 13.24, 46.76 3.794 16 1.79 
Other 15 80.53 13.49 30 45.70 20.51 23.02, 46.64 5.948 43 2.01 
Note. Means and standard deviations were rounded to the nearest hundredth. Cohen’s d was used to calculate effect size. For this analysis, the sample size was reduced from 
N = 264 to N = 233 due to missing data. 
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For this problem, we see that students with explicit-equality explanations at Year 4 
had about the same score as students with addition-statement explanations at Year 8. 
Specifically, there was no significant difference in scores between Year 8 students with 
addition-statement explanations and Year 4 students with explicit-equality explanations, t(37) 
= 1.622, ns. There was also no significant difference between Year 8 students with other 
explanations and Year 4 students with implicit-equality explanations, t(19) = 1.967, ns. This 
result is similar to the relationship seen between structural explanations at Year 4 and 
procedural explanations at Year 8 for problems 7 + 3 = □ + 2 and 5 = 3 + □.. 
These observations echo a similar phenomenon noted when the between year level 
results for answers for this problem were reported earlier in section 5.5.1 this chapter and the 
results for explanations were reported in sections 3.9.1 and 4.10.1 of the previous two 
chapters. Like the relationship between correct answers at Year 4 and incorrect answers at 
Year 8, typically, we would expect students with explanations interpreted to express 
structural conceptions of equality to score more highly than students with explanations 
interpreted to express procedural conceptions of equality. 
5.10.2 Within year level results. 
There was a significant difference, but with a small effect size seen for type of 
explanation at Year 8 F(4, 101) = 3.963, p = .005, η2 = .136. And, a significant difference, but 
with a small effect size was seen for type of explanation at Year 4 F(4, 112) = 4.918,  
p = .001, η2 = .149. 
Post hoc tests were conducted among the five answer types and average total scores 
using Bonferroni adjusted alpha levels of .01 per test (.05/5). At Year 4, results indicated that 
the average total score was significantly higher for explicit-equality explanations than for 
other explanations. The other pairwise comparisons were non-significant at both year levels. 
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A post hoc Tukey’s HSD test showed that at p < .05, there were significant 
differences between the mean total scores of explanations at Year 4 only. Year 4 students 
showed progressively greater mean total scores across five groups of explanations. The 
explanation ranked lowest was other. The explanation ranked fourth highest was uncertain. 
The explanation ranked third highest was addition-statement. The explanation ranked second 
highest was implicit-equality. The explanation ranked highest was explicit-equality. 
5.11 Interpreting Explanations as Conceptions of Equality 
Inferences about the relationships among students’ conceptions of equality and 
achievement were made from explanations and total score results in relation to theoretical 
perspective framing this study presented in section 1.3 of Chapter 1. Explanation results were 
interpreted as explanation-based conceptions of equality. The rationale for how explanations 
were interpreted as explanation-based conceptions was presented when the archetypes were 
described following their presentation in Figure 33 in section 5.8.2 of this chapter. 
5.12 Relationships Among Explanation-based Conceptions of Equality and Achievement 
Because students’ total scores were interpreted as achievement, the relationships 
among students’ explanation-based conceptions of equality and achievement for problem 2 + 
□= □ + 6 were visualised in a framework. Using the conventions presented in Chapters 3 and 
4, each explanation-based conception of equality is described in two ways: (a) by name of the 
conception of equality, and (b) with a representative explanation in mathematics notation for 
the missing number in problem 2 + □ = □ + 6. For example, at Year 8, the conception 
associated with the highest achievement was (a) known fact and (b) 2 + 8 = 10,  
6 + 4 = 10; and the conception associated with the lowest achievement was (a) unspecified, 
and (b) 3, 1. Similar to the answer-based conceptions presented in Figure 43, conceptions are 
presented in descending order of achievement for each year level and conceptions with 
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statistically significant differences in achievement (p < .05) are separated by black lines. The 
framework representing the relationships among students’ explanation-based conceptions of 
equality and achievement for problem 2 + □ = □ + 6 is shown in Figure 34. 
Students’ explanation-based conceptions of equality and achievement for problem 2 + □ = □ + 6 
Year 8 Year 4 
Known fact 





2 + 2 = 4 
Known fact 
2 + 8 = 10, 6 + 4 = 10 
Unrevealed 







2 + 2 = 4 
Unrevealed 
I have no idea 
Unspecified 
3, 1 
Figure 34. Students’ explanation-based conceptions of equality and achievement for problem 2 + □= □ + 6 with 
representative examples of students’ explanations. 
It is important to note that in contrast to answer-based conceptions for this problem, 
there were significant differences in achievement among explanation-based conception at 
Year 4 only. There were among known fact conceptions, the group of conceptions that 
included implied properties, procedural, and unrevealed types, and unspecified conceptions. 
Notably, there was no significant difference between the known fact conception at Year 4 and 
procedural and unrevealed conceptions at Year 8. There was also no significant difference 
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between unspecified conceptions at Year 8 and the group of implied properties, procedural, 
and unrevealed conceptions at Year 4. The last two comparisons may not be obvious in 
Figure 34 due to the limitations of this graphical form of representation.  
It appears that for problems 7 + 3 = □ + 2, 5 = 3 + □, and 2 + □= □ + 6, Year 4 
students with structural conceptions of equality do not score more highly than Year 8 students 
with procedural conceptions of equality. 
5.13 Results Related to Explanation Subtypes 
The specific research questions addressed in further detail in Appendix 7 are: 
 RQ1b. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ explanations for problem 2 + □ = □ + 6? 
 RQ2b. At Year 4 and Year 8, what are the relationships among students’ 
explanations and total scores for problem 2 + □ = □ + 6? (See Figure 11 in 
section 2.8 of Chapter 2.) 
The detail is provided to support the interpretation of the results presented in the previous 
section. In particular, the concepts of process/object duality, process-preference, and 
acceptance of lack of closure are relevant to the interpretation of explanation subtypes. The 
detail contained in Appendix 7 could also be used by teachers to develop specific teaching 
points or researchers to identify further areas of inquiry. 
To further explore the relationships among students’ conceptions of equality and 
achievement, answer and explanation combinations for problem 2 + □= □ + 6 were examined 
next.   
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5.14 Frequent Answers/Explanations Combinations 
Answer/explanation combinations represented an integration of two sets of 
information about how students expressed mathematical structure of the problem. The 
specific research question addressed in this section is: 
 RQ1c. At Year 4 and Year 8, what are students’ frequent answer/explanation 
combinations for problem 2 + □ = □ + 6? (See Figure 11 in section 2.8 of 
Chapter 2.) 
The answer and explanation results were integrated then frequent combinations were 
identified. Year 4 and Year 8 students’ frequency results for the overall answer to the three 
questions “What do you think the two missing numbers could be?”, “Could you have any 
other numbers?”, and “What numbers?” were cross tabulated with their explanations to the 
prompt, “Explain why you say that”. The cross tabulation results are shown in Table 25. Year 
8 results have been shaded grey differentiate them visually from Year 4 results. 
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Table 25 
Frequencies of Answer and Explanation Types for Problem 2 + □ = □ + 6 by Year Level 
Answer Type 










  Other   Uncertain  
Year 8 
(N = 42) 
Year 4  
(N = 13) 
Year 8  
(N = 22) 
Year 4  
(N = 7) 
Year 8  
(N = 34) 
Year 4  
(N = 54) 
Year 8  
(N = 24) 
Year 4  
(N = 46) 
Year 8  
(N = 10) 
Year 4  
(N = 12) 
Two pairs correct 
(Year 8, N = 45) 
(Year 4, N = 13) 
33 10 22 8 0 0 0 0 0 0 
One pair correct 
(Year 8, N =13) 
(Year 4, N =6) 
9 2 0 0 0 0 0 0 0 0 
Two pairs incorrect 
(Year 8, N = 50) 
(Year 4, N = 53) 
0 0 0 0 32 41 12 11 0 0 
One pair incorrect 
(Year 8, N =60) 
(Year 4, N =24) 
0 0 0 0 7 26 7 22 10 12 
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The cross tabulation of 4 answer types and 5 explanation types resulted in 20 possible 
answer combinations. Students gave 8 of 20 possible answer/explanation combinations at 
both year levels. There was only 1 answer/explanation combination with a frequency of less 
than 5 at Year 4 only, therefore, it not aggregated into a low frequency category. The 
answer/explanation combinations that met the frequency criterion (n ≥ 5) are shown in Table 
26. 
The frequency criterion was met by 7 answer/explanation combinations common to 
both year levels. 
About three times the proportions of Year 8 students as Year 4 students gave the 
combinations of (1) two pairs correct/explicit-equality or (3) two pairs correct/implicit-
equality. Greater proportions of Year 4 students than Year 8 students gave the combinations 
of (2) two pairs incorrect/addition-equality, (7) one pair incorrect/addition-equality, and (8) 
one pair incorrect/other. About the same proportion of Year 8 students as Year 4 students 
gave the combination of (5) one pair incorrect/uncertain.  
The frequency criterion was met by the (6) one pair correct/explicit-equality 
answer/explanation combination at Year 8 but not at Year 4. 
The frequencies of answer/explanation combinations are shown in Table 52. 
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Table 26 




(N = 132) 
  
Year 4 
(N = 132) 
 
n % n % 
(1) Two pairs correct/Explicit-equality 33 25 10 8 
(2) Two pairs incorrect/Addition-equality 32 24 41 31 
(3) Two pairs correct/Implicit-equality 22 17 8 6 
(4) Two pairs incorrect/Other 12 9 11 8 
(5) One pair incorrect/Uncertain 10 8 12 9 
(6) One pair correct/Explicit-equality 9 7 2 1 
(7) One pair incorrect/Addition-equality 7 5 26 20 
(8) One pair incorrect/Other 7 5 22 17 
Note. Percentages were rounded to the nearest whole number.  
5.15 Frequent Answers/Explanations Combinations and Total Scores 
The specific research question addressed in this section is: 
 RQ2c. At Year 4 and Year 8, what are the relationships among students’ 
frequent answer/explanation combinations and total scores for problem 2 + □ 
= □ + 6? (See Figure 11 in section 2.8 of Chapter 2.) 
5.15.1 Between year level results. 
As expected from the preliminary results reported in section 2.9 of Chapter 2, on 
average, Year 8 students scored higher than Year 4 students for six answer/explanation types 
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(see Table 27). Further, Cohen’s d effect size values for the six answer/explanation types 
suggested a very strong relationship between achievement and year level. 
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Table 27 
Results of t-Test and Descriptive Statistics for Answer/Explanation Types and Total Score for Problem 2 + □= □ + 6 by Year Level 
  
Year 8 
(N = 106) 
  
Year 4 
(N = 117) 
 
95% CI  






n M SD n M SD t df d 
(1) Two pairs 
correct/Explicit-equality 
27 98.96 8.77 10 79.40 14.83 11.55, 27.58 4.956 35 1.61 
(2) Two pairs 
incorrect/Addition-equality 
20 86.75 18.25 38 56.87 16.69 19.95, 39.81 6.102* 35.851 1.71 
(3) Two pairs 
correct/Implicit-equality 
19 93.68 12.02 6 67.50 14.35 11.03, 41.34 4.044** 7.362 1.98 
(4) Two pairs 
incorrect/Other 
12 81.42 14.63 9 48.78 12.57 19.91, 45.37 5.365 19 2.39 
(5) One pair 
incorrect/Uncertain 
9 83.67 11.8 9 53.67 20.58 13.24, 46.76 3.794 16 1.79 
(6) One pair 
correct/Explicit-equality 
9 81.56 25.75 2 50.50 9.19 - - - - 
(7) One pair 
incorrect/Addition-equality 
7 77.43 12.05 22 54.91 19.80 6.17, 38.87 2.826 27 1.37 
(8) One pair 
incorrect/Other 
3 77.00 8.54 21 44.38 23.25 - - - - 
Note. Means and standard deviations were rounded to the nearest hundredth. Number of students at Year 4 for one pair correct/explicit equality answer/explanations and at 
Year 8 for one pair incorrect/other answer/explanations were too low to provide meaningful t-test results. Satterthwaite approximation was employed due to unequal group 
variances for two pairs incorrect/addition equality answer/explanations,* p = .019 and for two pairs correct/implicit equality answer/explanations, ** p = 0.21.Cohen’s d was 
used to calculate effect size. For this analysis, the sample size was reduced from N = 264 to N = 233 due to missing data.  
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For this problem, we see that students with (1) two pairs correct/explicit equality 
answer/explanations at Year 4 had about the same score as students with (2) two pairs 
incorrect/addition equality answer/explanations at Year 8. It is notable that there was no 
significant difference between Year 8 students with (2) two pairs incorrect/addition equality 
answer/explanations and Year 4 students with (1) two pairs correct/explicit equality 
answer/explanations, t(28) = 1.102, ns. This observation is similar to the relationships noted 
when the between year levels results for answers and explanations were reported separately, 
earlier in this chapter. This answer/explanation result is noteworthy because for problem 
 2 + □ = □ + 6, typically, we would expect students with correct answers and structural 
explanations to score more highly than students with incorrect answers and procedural 
explanations. This result is similar to the relationship seen between correct answers and 
structural explanations at Year 4 and incorrect answers and procedural explanations at Year 8 
for problems 7 + 3 = □ + 2 and 5 = 3 + □. 
5.15.2 Within year level results. 
There was a significant difference, but with a small effect size, seen for type of 
answer/explanation at Year 8 F(7, 98) = 4.062, p = .001, η2 = .225. And, a significant 
difference, but with a small effect size was seen for type of answer/explanation at Year 4  
F(7, 109) = 4.084, p = .001, η2 = .208. Post hoc tests were conducted among the 
answer/explanation types and average total scores using Bonferroni adjusted alpha levels of 
.0063 per test (.05/8) at both year levels. At Year 4, results indicated that the average total 
score was significantly higher for (1) two pairs correct/explicit equality answer/explanations 
than for (8) one pair incorrect/other answer/explanations. The other pairwise comparisons 
were non-significant at both year levels.  
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A post hoc Tukey’s HSD test showed that at p < .05, there were significant 
differences between answer/explanation combinations at both year levels. 
Year 8 students showed progressively greater mean total scores of three groups of 
answer/explanation combinations. The combination ranked lowest was (8) one pair 
incorrect/other. The six combinations ranked second highest were: (7) one pair 
incorrect/addition-equality, (4) two pairs incorrect/other, (6) one pair correct/explicit-
equality, (3) two pairs correct/implicit-equality, (5) one pair incorrect/uncertain, and (2) two 
pairs incorrect/addition-equality. The combination ranked highest was (1) two pairs 
correct/explicit-equality. 
Year 4 students showed progressively greater mean total scores of three groups of 
answer/explanation combinations. The two combinations ranked lowest were: (8) one pair 
incorrect/other and (4) two pairs incorrect/other. The five combinations ranked second 
highest were: (6) one pair correct/explicit-equality, (5) one pair incorrect/uncertain, (7) one 
pair incorrect/addition-equality, (2) two pairs incorrect/addition-equality, and (3) two pairs 
correct/implicit-equality. The combination ranked highest was (1) two pairs correct/explicit-
equality. 
5.16 Interpreting Answer/Explanation Combinations as Conceptions of Equality 
Earlier in this chapter, inferences were made from answer results that characterise 
students’ conceptions of equality as two main types: structural and procedural. Additionally, 
the terms open (i.e., at least two pairs of numerical values were specified for the missing 
numbers) and closed (i.e., only one pair of numerical values were specified for the missing 
numbers) were coined to refer to answers with greater and lesser degrees of acceptance of 
lack of closure (Biggs & Collis, 1982; Lunzer, 1978), respectively. 
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Inferences were also made from explanation results. Students’ structural conceptions 
of equality could be characterised as explicit (i.e., known fact, awareness of reflexivity, and 
properties) or implicit (i.e., implied properties). There were also procedural conceptions 
could be characterised as explicit (i.e., operator-separator and action) or implicit (implied 
procedural). 
When the same reasoning process was applied to answer/explanation results, there 
were 8 answer/explanation-based conceptions of equality were identified for problem  
2 + □= □ + 6 at both year levels and they were: (1) open known fact, (2) open implied 
properties, (3) open procedural, (4) unrevealed, (5) open procedural-other, (6) closed known 
fact, (7) closed procedural, and (8) closed unspecified. 
(1) Two pairs correct/explicit-equality answer/explanation combinations represented 
that at least two pairs of numerical values were specified and correct for the problem  
2 + □ = □ + 6 [e.g., “a five and a one … eight and four” (S8072)] and two known facts with 
the same sum were emphasised [e.g., “five plus two equals seven and one plus six equals 
seven” (S8072)]; therefore, students’ (1) two pairs correct/explicit-equality 
answer/explanation combinations were labelled (1) open known fact conceptions of equality. 
(3) Two pairs correct/implicit-equality answer/explanation combinations represented 
at least two pairs of numerical values were specified and correct for the problem 2 + □ = □ + 
6 [e.g., “seven and three … eight and four” (S8079)] and students may have attempted to 
explain but they did not reveal their reasoning sufficiently to meet the criteria for explicit-
equality explanations [e.g., “I can’t explain it” (S8079)]; therefore, students’ (3) two pairs 
correct/implicit-equality answer/explanation combinations were labelled (2) open implied 
properties conceptions of equality. 
(2) Two pairs incorrect/addition-equality answer/explanation combinations 
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represented that at least two pairs numerical values were specified and incorrect for the 
problem 2 + □ = □ + 6 [e.g., “that [B1] could be a two and the next one could be a four … 
you could put six and then next number could be eight” (S4124)] where the numerical value 
of the second missing number was the sum of the number 2 and the first missing number [i.e., 
2 + □ = (2 + □)]; therefore, students’ (2) two pairs incorrect/addition-equality 
answer/explanation combinations were labelled (3) open procedural conceptions of equality. 
(5) One pair incorrect/uncertain answer/explanation combinations represented that no 
pairs of numerical values were specified for the problem 2 + □ = □ + 6 [e.g., “I’m not sure” 
(S4047)] and no other mathematical features were expressed; therefore, students’ (5) one pair 
incorrect/uncertain answer/explanation combinations were labelled (4) unrevealed 
conceptions of equality. 
(4) Two pairs incorrect/other answer/explanation combinations represented that at 
least two pairs numerical values were specified and incorrect for the problem 2 + □ = □ + 6 
[e.g., “three and one … two and two” (S4062)] where the numerical value of the second 
missing number was not the sum of the number 2 and the first missing number, and the 
majority included process-oriented explanations [e.g., “three twos equal six” (S4062)]; 
therefore, students’ two pairs incorrect/other answer/explanation combinations were labelled 
(5) open procedural-other conceptions of equality. 
(6) One pair correct/explicit-equality answer/explanation combinations represented 
only one pair of numerical values were specified and correct for the problem 2 + □ = □ + 6 
[e.g., “ten and six” (S4042)] and two known facts with the same sum were emphasised [e.g., 
“they both equal twelve” (S4042)]; therefore, students’ (6) one pair correct/explicit-equality 
answer/explanation combinations were labelled (6) closed known fact conceptions of 
equality. 
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(7) One pair incorrect/addition-equality answer/explanation combinations represented 
only one pair of numerical values were specified and incorrect for the problem 2 + □ = □ + 6 
[e.g., “two and four” (S4064)] where the numerical value of the second missing number was 
the sum of the number 2 and the first missing number; therefore, students’ (7) one pair 
incorrect/addition-equality answer/explanation combinations were labelled (7) closed 
procedural conceptions of equality. 
(7) One pair incorrect/other answer/explanation combinations represented only one 
pair of numerical values were specified and incorrect for the problem 2 + □ = □ + 6 [e.g., 
“one and nine” (S4039)] where the numerical value of the second missing number was not 
the sum of the number 2 and the first missing number; therefore, students’ (7) one pair 
incorrect/other answer/explanation combinations were labelled (4) closed unspecified 
conceptions of equality. 
5.17 Relationships Among Answer/Explanation-based Conceptions of Equality and 
Achievement 
The relationships among students’ answer/explanation-based conceptions of equality 
and achievement were visualised in a framework (see Figure 35). Each answer/explanation-
based conception of equality is described in two ways: (a) by name of the conception of 
equality and (b) with a representative answer/explanation for problem 2 + □ = □ + 6 with the 
explanation written in mathematics notation and the answer shown in bold font. For example, 
at Year 8, the conception associated with the highest achievement was (a) open known fact 
and (b) 2 + 8 = 10, 4 + 6 = 10 and 2 + 5 = 7, 1 + 6 = 7; and the conception associated with the 
lowest achievement was (a) closed unspecified and (b) 8, 11. Similar to the answer-based and 
explanation-based conceptions presented in Figures 31 and 34, respectively; conceptions are 
presented in descending order of achievement for each year level. Conceptions with 
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statistically significant differences in achievement (p < .05) are separated by black lines. The 
framework representing the relationships among students’ answer/explanation-based 
conceptions of equality and achievement for problem 2 + □ = □ + 6 is shown in Figure 35. 
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Students’ answer/explanation-based conceptions of equality and achievement for problem 2 + □= □ + 6 
Year 8 Year 4 
(1) Open known fact 
2 + 8 = 10, 4 + 6 = 10 
2 + 5 = 7, 1 + 6 = 7 
 
(7) Closed Procedural 
2, 4 
(1) Open known fact 
2 + 8 = 10, 4 + 6 = 10 
2 + 5 = 7, 1 + 6 = 7 
(5) Open Procedural-other 
4, 5 
6, 1 
(6) Closed known fact 
10, 6 
“they both equal twelve 




“I’m not sure” 
(3) Open Procedural 
3, 5 
8, 10 
(4) Closed Unspecified 












“I’m not sure” 
 
(6) Closed known fact 
10, 6 
“they both equal twelve” 
 




(4) Closed Unspecified 
8, 11 
Figure 35. Students’ answer/explanation-based conceptions of equality and achievement for problem  
2 + □ = □ + 6 with representative examples of students’ answer/explanation combinations. 
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There were significant differences in achievement among three groups of 
answer/explanation-based conceptions at both year levels. Open known fact conceptions of 
equality were associated with the highest achievement at both year levels. Closed unspecified 
conceptions of equality were associated with the lowest achievement at both year levels. At 
Year 4, open unspecified conceptions were grouped with closed unspecified conceptions. At 
both year levels, all remaining conceptions were associated with an intermediate level of 
achievement.  
Notably, there was no significant difference in achievement between open known fact 
conceptions at Year 4 and all other conceptions of equality at Year 8.  
5.18 Chapter Summary and Findings 
Results from the investigation of problem 2 + □ = □ + 6 were interpreted as one 
primary finding and two major findings specific to the problem. The correspondence between 
specific research questions and major findings for problem 2 + □ = □ + 6 are shown in Figure 
36. 
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Overarching Aim Primary Finding  
To better understand how students’ conceptions of equality relate to other key 
mathematical ideas, especially for conceptions of equality associated with 
correct responses. 
The relationships among students’ conceptions of equality and achievement appear 
to be more diverse and complex than previously documented and theorised. 
Main Research Question 
When mathematical structure is emphasised, what are the relationships among 
students’ conceptions of equality and mathematical achievement for three 
missing number problems? 
Specific Research Questions for Problem 2 + □ = □ + 6 Major Findings for Problem 2 + □ = □ + 6 
RQ1. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ responses (i.e., answers, explanations, and answer/explanation 
combinations) for problem 2 + □ = □ + 6? 
In general, similar conceptions of equality were expressed by students at both year 
levels. A greater proportion of Year 8 students expressed structural conceptions of 
equality and demonstrated an acceptance of lack of closure than Year 4 students. 
At both year levels, three varieties of structural conceptions of equality were 
described explicitly by students and they were interpreted to express process-
preference, predominantly. At both year levels, at least two previously described 
types of procedural conceptions of equality were identified.  
RQ2. At Year 4 and Year 8, what are the relationships among students’ 
responses (i.e., answers, explanations, and answer/explanation combinations) 
and total scores for problem 2 + □ = □ + 6? 
Structural conceptions of equality that demonstrated an acceptance of lack of 
closure were found to be associated with higher levels of achievement at each year 
level. Structural conceptions demonstrating an acceptance of lack of closure were 
also found to be associated with higher levels of achievement at Year 8 than at Year 
4. In general, there was no difference between structural conceptions 
demonstrating an acceptance of lack of closure at Year 4 and all but that type of 
conception at Year 8.  
Figure 36. The correspondence between research questions and findings for problem 2 + □ = □ + 6. 
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Reiterating the key point made in each of the summaries of the investigations of 
problems 7 + 3 = □ + 2 and 5 = 3 + □ in sections 3.17 and 4.18 of Chapters 3 and 4, 
respectively, the primary finding from the investigation of problem 2 + □ = □ + 6 was that the 
relationships among students’ conceptions of equality and achievement appear to be more 
diverse and complex than previously documented and theorised. The concepts of 
mathematical structure (Mason, Stephens, & Watson, 2009), process-preference (Crowley, 
Thomas, & Tall, 1994; MacGregor, & Stacey, 1993), process/object duality (Sfard, 1991), 
acceptance of lack of closure (Biggs & Collis, 1982; Lunzer, 1978) and the properties of 
equality were used as analytic tools. Structural and procedural conceptions of equality were 
identified at both year levels and they were found to be associated with achievement. It is 
important to note that very few competing conceptions of equality were identified for this 
problem. The concept of acceptance of lack of closure was a predominant dimension of the 
problem and, therefore it overshadowed students’ demonstrations of competing conceptions 
of equality. Specifically, answers that had at least two pairs of numerical values specified for 
the missing numbers were interpreted to express a greater degree of acceptance of lack of 
closure than answers that only had one pair of numerical values specified for the missing 
numbers. The terms open and closed were coined to refer to answers with greater and less 
degrees of acceptance of lack of closure, respectively. In general, the same open and closed 
conceptions of equality were expressed by students at both year levels; however, a greater 
proportion of Year 8 students expressed open structural conceptions of equality than Year 4 
students.  
Like the findings for problems 7 + 3 = □ + 2 and 5 = 3 + □, qualitative differences 
students’ conceptions of equality between year levels were minor for problem 2 + □ = □ + 6. 
The same types of answer-based, explanation-based, and answer/explanation-based 
conceptions were identified at both year levels.  
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Similar to the findings for problems 7 + 3 = □ + 2 and 5 = 3 + □, conceptions of 
equality were identified that corresponded to those previously documented in the literature. 
Procedural conceptions identified included restricted notation (Denmark, Barko, & Voran, 
1976; Seo & Ginsberg, 2003) [e.g., 2 + 2 = 4 (S8034)], operator-separator (Baroody & 
Ginsburg, 1983) [e.g., 2 + 8 = 10 + 6 = 16 (S4028)], and an action-oriented type (Behr, 
Erlwanger, & Nichols, 1976; Kieran, 1981) that reorganised the structure of the problem 
[e.g., 2 + 2 + 2 = 6 (S4069)]. This last conception might be comparable to the imposed 
restricted notation conception identified for problem 5 = 3 + □ that also involved a 
reorganisation of the structure of the problem [e.g., 5 + 3 = 8 (S4005)]. Additionally, implied 
procedural conceptions of equality were identified. Implied procedural conceptions of 
equality represented a set of explanations with no mathematical features specified other than 
the numerical values for the missing numbers that were correct and the value of the second 
missing number was the sum of 2 and the first missing number [i.e. 2 + □ = (2 + □)]. 
Additionally, at least four types of structural conceptions were identified from 
mathematical features explicitly expressed by students in their explanations. The structural 
conceptions were labelled known fact, properties, awareness of reflexivity, and implied 
properties in nature. Known fact conceptions of equality represent students’ tacit 
understandings of the properties of equality because two known facts with the addends  
2 and 6 [i.e., 2 + □ = (2 + □) and □ + 6 = (□ + 6)] and the same sum [i.e., (2 + □) = (□ + 6)] 
were expressed. Properties conceptions of equality represent students’ attempts to explain 
how they were coordinating the properties of equality for the problem 2 + □ = □ + 6 to 
explain that the missing numbers had a difference of 4 (i.e., [B1] + 4 = [B2]). Awareness of 
reflexivity conceptions of equality represent explicit reference to the addends 2 and 6 in the 
problem 2 + □ = □ + 6. Students may have tacitly recognised the reflexive property in the 
structure of the problem where the numbers given in the problem could also be values for the 
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missing numbers (i.e., 2 + □ = 2 + 6 = □ + 6). Implied properties conceptions of equality 
represent students’ tacit understandings of the properties of equality for the problem  
2 + □ = □ + 6 when the missing numbers are specified only and at least one pair are correct. 
The few competing conceptions identified for this problem can be summarised and as 
conflict between structural conceptions of equality that were awareness of reflexivity and 
procedural conceptions of equality that were restricted notation or implied procedural in 
nature. For example, competing awareness of reflexivity/restricted notation conceptions of 
equality were identified for problem 2 + □ = □ + 6 when the statements 2 + 2 = 4 and “I can’t 
explain that one” (S4053) were expressed to explain the pair of missing numbers could be  
2 and 4 as well as 6 and 2. 
As noted with the results of problems 5 = 3 + □ and 7 + 3 = □ + 2, students’ 
conceptions of equality demonstrated process-preference. While procedural conceptions of 
equality represented inappropriate expressions of the mathematical structure of the problem 
that demonstrated process-preference. Process-preference was also detected in structural 
conceptions expressed for problem 2 + □ = □ + 6. All known fact conceptions were expressed 
as 2 + 5 = 7 and 6 + 1 = 7 rather than 2 + 5 = 7 and 7 = 1 + 6. Process-preference in known 
fact conceptions provides further evidence to suggest that students find the symmetric 
property of equality challenging to express. 
Two additional conceptions of equality were identified for problem 2 + □ = □ + 6 
from answers only when no mathematical features were explicitly expressed by students in 
their explanations. The two additional conceptions were labelled implied procedural and 
implied properties. Implied procedural conceptions of equality represented a set of 
explanations with no mathematical features specified other than the numerical values for the 
missing numbers that were correct and the value of the second missing number was the sum 
of 2 and the first missing number [i.e. 2 + □ = (2 + □)]. Implied properties conceptions of 
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equality represent students’ tacit understandings of the properties of equality for the problem 
2 + □ = □ + 6 when the missing numbers were specified only and at least one pair were 
correct. 
Like the findings for problems 7 + 3 = □ + 2 and 5 = 3 + □, when the relationships 
among conceptions of equality and achievement were examined in detail, structural 
conceptions of equality were found to be associated with higher levels of achievement at 
Year 8 than Year 4. And more specifically, it was open structural conceptions of equality. In 
general, there was no difference between any of the open or closed procedural conceptions of 
equality at Year 8 and open structural conceptions of equality at Year 4. 
In general, conceptions identified as closed and procedural were ranked lowest and 
open and structural were ranked highest at both year levels. For students at both year levels, 
the proportions of students expressing closed and structural conceptions of equality in 
addition to closed and procedural conceptions of equality is noteworthy and may indicate that 
the concept of equality becomes more challenging for those students to express when it is 
combined with the concept of acceptance of lack of closure. 
In the next chapter, the major findings from the investigations of problems  
7 + 3 = □ + 2, 5 = 3 + □, and 2 + □ = □ + 6 will be discussed in relation to the theoretical 
perspective framing this study and then the thesis will be concluded with evaluative remarks.  
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Chapter 6: Discussion and Conclusion 
The concept of equality was the focus of this study. The purpose of this study was to 
better understand how students’ conceptions of equality relate to other key mathematical 
ideas, especially for how conceptions of equality are associated with mathematical 
achievement. The overarching research question set to guide the investigation of three 
additive arithmetic missing number problems was: 
 When mathematical structure is emphasised, what are the relationships among 
students’ conceptions of equality and mathematical achievement? 
The primary finding from the study was that the relationships among students’ conceptions of 
equality and achievement appear to be more diverse and complex than previously 
documented and theorised. In particular, there were several novel conceptions of equality 
identified that were associated with correct responses.  
6.1 Overview of the Chapter 
The final chapter of this thesis will provide the reader with evidence of how the 
purpose set for this study was achieved by: (1) summarising the main findings briefly, (2) 
discussing how the findings relate to the theoretical approach, (3) examining how the findings 
relate to the study design and methods employed, (4) relating the findings to the broader 
literature that provided the context and rationale for the study, and (5) concluding with 
evaluative remarks. 
6.2 Summary of Findings 
The relationships among students’ conceptions of equality and achievement were 
studied by investigating the mathematical structure of students’ responses to three missing 
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number problems presented in an assessment tasked called What’s the Number. Mathematical 
structure was operationalised as the mathematical features students expressed in their answer 
and explanations to missing number problems 5 = 3 + □, 7 + 3 = □ + 2, and 2 + □ = □ + 6. 
Student achievement was operationalised as a total score for each student that was calculated 
from a set of 96 mathematics assessment items completed by students at both year levels, 
excluding three items that were analysed in detail in Chapters 3, 4, and 5. 
When the results from the three investigations were compared, the relationships 
among students’ conceptions of equality and achievement appeared to vary according to the 
year level of the student, a student’s mathematical achievement level, and the mathematical 
structure of a particular problem. The overall findings from this study were constructed by 
synthesising the results of the investigations from the three missing number problems  
(see Figures 24, 29, and 36). The research questions and overall findings for this study are 
summarised in Figure 37. 
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Overarching Aim Primary Finding  
To better understand how students’ conceptions of equality relate to other key 
mathematical ideas, especially for conceptions of equality associated with 
correct responses. The relationships among students’ conceptions of equality and achievement appear 
to be more diverse and complex than previously documented and theorised 
because they appear to vary according to the year level of the student, a student’s 
mathematical achievement level, and the mathematical structure of the problem. 
Main Research Question 
When mathematical structure is emphasised, what are the relationships among 
students’ conceptions of equality and mathematical achievement for three 
missing number problems? 
Specific Research Questions Major Findings 
RQ1. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ responses (i.e., answers, explanations, and answer/explanation 
combinations) for problems 7 + 3 = □ + 2, 5 = 3 + □, and 2 + □ = □ + 6? 
In general, similar conceptions of equality were expressed by students at both year 
levels. A greater proportion of Year 8 students expressed structural conceptions of 
equality (including types that demonstrated different degrees of acceptance of lack 
of closure) than Year 4 students. At both year levels, several structural conceptions 
of equality were identified. For example, known-fact conceptions were expressed 
with process-preference, predominantly; whereas, properties conceptions 
demonstrated process-object duality. At both year levels, previously described 
types of procedural conceptions of equality were identified. Additionally, competing 
conceptions of equality were identified at both year levels and they represented 
when a student expressed more than one mathematical idea in their response. 
Competing conceptions of equality have not been reported in the mathematics 
education literature previously. 
RQ2. At Year 4 and Year 8, what are the relationships among students’ 
responses (i.e., answers, explanations, and answer/explanation combinations) 
and total scores for problems 7 + 3 = □ + 2, 5 = 3 + □, and 2 + □ = □ + 6? 
Structural conceptions of equality (and the types that demonstrated an acceptance 
of lack of closure) were found to be associated with the highest levels of 
achievement at each year level. Structural conceptions of equality were found to be 
associated with higher levels of achievement at Year 8 than Year 4. In general, there 
was no difference in achievement between groups of students who expressed 
procedural conceptions of equality at Year 8 and structural conceptions of equality 
at Year 4. Particular procedural conceptions (i.e., competing operator-separator and 
lack of reflexivity conceptions for problems 7 + 3 = □ + 2 and 5 = 3 + □, respectively) 
were associated with lower levels of achievement at Year 4 than at Year 8.  
Figure 37. Summary of the research questions and overall findings for this study. 
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6.3 Relation of Findings to the Theoretical Approach 
Two key themes were dominant in the theoretical approach and design of this study. 
First, there was an emphasis on documenting and theorising the nature of students’ structural 
conceptions of equality to a greater extent than procedural conceptions. This study joins a 
number of others that have used the properties of equality as an analytic tool (Attorps & 
Tossavainen, 2007; Godfrey & Thomas, 2004; Jones, 2009; Jones, Inglis, Gilmore, & 
Dowens, 2012; Jones, Inglis, Gilmore, & Evans, 2013). In this study, problem solving was 
also theorised as a process of negotiation between problem and solver (Threlfall, 2002; 
2009). Second, students’ conceptions of equality were studied from a perspective that 
emphasised how the concept of equality functioned in relation to other mathematical ideas in 
a problem. This study stands in contrast to previous studies that focused more on the role and 
meaning of the equals sign in the problem or its association with correct responses  
(e.g., Falkner, Levi, & Carpenter, 1999; Knuth, Stephens, McNeil, & Alibali, 2006; Seo & 
Ginsberg, 2003). In this study, concept formation was theorised from a particular perspective 
involving process/object duality (Sfard, 1991). Other theoretical approaches could have been 
selected that would have been equally productive (e.g., Dubinsky, 1991; Gray & Tall, 1994). 
In general, similar conceptions of equality were expressed by students at both year 
levels for all three missing number problems. Each conception of equality expressed a 
particular set of mathematical ideas. For example, known fact conceptions represented an 
explicit expression of a known fact that corresponded to part of the structure of a problem and 
required at least a tacit understanding of the properties of equality. For problem 7 + 3 = □ + 2, 
the statement 8 + 2 = 10 was expressed to explain how 8 could be the missing number. As 
expected, a greater proportion of Year 8 students expressed structural conceptions of equality 
than Year 4 students for all problems. 
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At both year levels, the concepts of process-preference and process-object duality 
were identified in common types of structural conceptions across all problems. The concepts 
of acceptance of lack of closure and the reflexive property of equality, however, were only 
identified in common types of structural conceptions of particular problems. Only the concept 
of process-preference was identified with procedural conceptions of equality across all 
problems. 
For example, process-preference was identified predominantly with known fact 
conceptions. Process-preference was the concept used to identify when students expressed 
addition statements as a process rather than a mathematical object (Crowley, Thomas, & Tall, 
1994; MacGregor, & Stacey, 1993). In this study, process-preference was identified when a 
student gave at least one addition statement to explain the reason for the numerical value of 
the missing number (e.g., 7 + 3 = 10 and 8 + 2 = 10 for problem 7 + 3 = □ + 2; 3 + 8 = 11 or 
3 + 2 = 5 for problem 5 = 3 + □; and 2 + 5 = 7 and 6 + 1 = 7 for problem 2 + □ = □ + 6). The 
identification of known fact conceptions of equality may indicate that students are in still in 
the condensation stage of concept formation for equality where their tacit understandings of 
the properties of equality are not yet explicitly expressed but implied by the number facts and 
operations they can describe. 
Process-object duality was identified with properties conceptions of equality. Process-
object duality was the concept used to identify when students were working with the concept 
of equality as an object with known properties in order to solve problems (Sfard, 1991). In 
this study, process-object duality was identified when a student made an awkward statement 
about the sameness of addition statements and sums (e.g., 7 + 3 = 10 = 8 + 2 for problem  
7 + 3 = □ + 2) or about the relationship between two addition expressions (e.g., the missing 
numbers had a difference of 4 for problem 2 + □ = □ + 6). The identification of properties 
conceptions of equality may signal that students are in the reification stage of concept 
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formation for equality where their tacit understandings of the properties of equality are 
becoming explicitly coordinated with specific number facts and operations that are expressed. 
It is also important to note that treating an equality statement as an object in this way 
corresponds to the interiorisation stage of the concept of equivalence. It could be argued that 
properties conceptions of equality are examples of students demonstrating the concept of 
equivalence. 
Process-object duality appeared to be expressed along with process-preference for two 
structural conceptions that were particular to problem 5 = 3 + □. For lack of reflexivity 
conceptions of equality, most students expressed the process of addition because the sum 
followed an addition expression then a not equals relation (e.g., 3 + 8 ≠ 5). The reflexive 
property of equality expressed for problem 5 = 3 + □ as a lack of reflexivity (e.g., 3 + 8 ≠ 5) 
was also expressed with problem 2 + □ = □ + 6 but as an awareness of reflexivity conceptions 
of equality when students made explicit reference to the addends 2 and 6. Students may have 
tacitly recognised the reflexive property in the structure of the problem where the numbers 
given in the problem could also be values for the missing numbers  
(i.e., 2 + □ = 2 + 6 = □ + 6). For structural awareness of restricted notation conceptions of 
equality, students made a statement about the structure of the problem [e.g., “[student shakes 
head] ... they’re not in the same order” (S4076)]. Students may be explicitly aware of their 
experiences reinforcing an expectation that the problem sequence should be two addends 
followed by a sum and the sum must follow the equals sign (Denmark, Barko, & Voran, 
1976; Seo & Ginsberg, 2003). Like the known fact conceptions discussed above, these 
structural conceptions of equality may also indicate that students are still in the condensation 
stage of concept formation for equality where their tacit understandings of the properties of 
equality are not yet explicitly coordinated when expressed. 
The concept of acceptance of lack of closure appears to be an important mathematical 
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idea when a problem has two unknowns. Acceptance of lack of closure was only identified 
with problem 2 + □ = □ + 6. Both structural and procedural conceptions of equality 
demonstrated different degrees of acceptance of lack of closure. For example, open implied 
properties and open implied procedural conceptions (e.g., when at least two pairs of 
numerical values were specified for the missing numbers) were interpreted to express greater 
acceptance of lack of closure than closed implied properties and closed implied procedural 
conceptions (e.g., when only one pair of numerical values were specified for the missing 
numbers). Despite missing number problems with two unknowns being studied detail 
(Stephens & Wang, 2008; Stephens & Xu, 2009; Xu, Stephens, & Zhang, 2012); the concept 
of acceptance of lack of closure has not been used as an analytic tool prior to this study. 
At both year levels, only the concept of process-preference was identified with three 
main types of procedural conceptions of equality. The three procedural types corresponded to 
conceptions previously reported in the literature and they included restricted notation 
(Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003) (e.g., 7 + 3 = 10 for problem  
7 + 3 = □ + 2; and 2 + 2 = 4 for problem 2 + □ = □ + 6), operator-separator (Baroody & 
Ginsburg, 1983) (e.g., 7 + 3 = 10 + 2 = 12 for problem 7 + 3 = □ + 2; and 2 + 8 = 10 + 6 = 16 
for problem 2 + □ = □ + 6), and action (Behr, Erlwanger, & Nichols, 1976; Kieran, 1981) 
(e.g., 7 + 3 + 2 = 12 for problem 7 + 3 = □ + 2;). 
The concept of process-preference was identified in variants of the three main types 
of procedural conceptions of equality. Notable variants included restricted operator-
separator and action-oriented/imposed restricted notation conceptions. A restricted 
operator-separator conception was identified for problem 7 + 3 = □ + 2 when the statement 7 
+ 3 = 10 + 2 = 12 was expressed to explain how 10 could be the missing number. Action-
oriented/imposed restricted notation conceptions were identified for two problems. For 
problem 5 = 3 + □, it was when the statement 5 + 3 = 8 was expressed to explain how 8 could 
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be the missing number. For problem 2 + □ = □ + 6, it was when the statement 2 + 2 + 2 = 6 
was expressed to explain how 2 and 2 could be the pair of missing numbers. It could be 
argued that these variants are just particular instances of the three main types of procedural 
conceptions of equality. Nevertheless, these variants, along with the different structural 
conceptions of equality described earlier, can be used to support the conjecture that the 
structure of the problem influences the types of conceptions of equality expressed by 
students. 
The persistence of procedural conceptions of equality, even at Year 8, suggests that 
students may still be drawing upon their experiences with counting and adding numbers. 
These experiences may have accrued during the formation of the concept of addition and 
reinforced the notion that two or more addends must add up to a sum (Behr, Erlwanger & 
Nichols, 1976; Sfard, 1991). Students’ reliance on counting and adding strategies may 
indicate that students are in the interiorisation stage of concept formation for equality where 
they may still be in the process of becoming proficient in working with numbers and the 
operation of addition in particular. What students might be missing are more varied 
experiences with addition statements (e.g., c = a + b or a + b = c + d rather than more of  
a + b = c). Suggesting that students need a wider range of mathematical experiences 
involving the concept of addition is not new (Behr, Erlwanger, & Nichols, 1976, Denmark, 
Barko, & Voran, 1976; Kieran, 1981). The idea of increasing addition statement variety 
might be particularly relevant for Year 8 students who demonstrate procedural conceptions of 
equality such as restricted notation conceptions for problem 7 + 3 = □ + 2 (e.g., 7 + 3 = 10). 
In addition to structural and procedural conceptions of equality, competing 
conceptions of equality were identified at both year levels. Competing conceptions 
represented instances when a student expressed more than one conception of equality in their 
response. Several instances of competing conceptions of equality were identified in this 
Chapter 6: Discussion and Conclusion 
221 
study. For example, competing operator-separator conceptions were identified for problem  
7 + 3 = □ + 2 when the statement 7 + 3 = 10 + 2 = 12 was expressed to explain how 10 or 12 
could be the missing number. Lack of reflexivity and restricted notation conceptions were 
found to be competing for problem 5 = 3 + □ when the statements 3 + 8 ≠ 5 and 5 + 3 = 8 
were expressed to explain the missing number could or could not be 8; and when the pair of 
missing numbers could be 5 and 7 as well as 6 and 2 for problem). Awareness of reflexivity 
and restricted notation conceptions of equality were also found to be competing for problem 
2 + □ = □ + 6 when the statements 2 + 2 = 4 and “I can’t explain that one” (S4053) were 
expressed to explain the pair of missing numbers could be 2 and 4 as well as 6 and 2. 
Competing conceptions of equality have not been reported in the mathematics 
education literature previously. The notion that students express ideas that are mismatched in 
speech and gesture, however, has been reported (Goldin-Meadow, 2000; Perry, Church, & 
Goldin-Meadow, 1988). Competing ideas expressed about the concept of equality may signal 
that students are entering into the condensation stage of concept formation for equality where 
their tacit understandings of the properties of equality are fragile because they not as easy to 
explain as ideas about addition. 
A map of students’ conceptions of equality identified in this study in relation to the 
model of concept formation for equality in an additive arithmetic context is shown in  
Figure 38.  
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Figure 38. Map of students’ conceptions of equality identified in this study in relation to the model of concept 
formation for equality in an additive arithmetic context. Note, this model is adapted from the general model of 
concept formation in Sfard (1991, Figure 4, p. 22). 
In this study, structural conceptions of equality were found to be associated with the 
highest levels of achievement at each year level. In general, they were known fact 
conceptions of equality for problems 7 + 3 = □ + 2 and 5 = 3 + □ (e.g., 8 + 2 = 10, and  
3 + 2 = 5 or 3 + 8 = 11, respectively). For problem 2 + □ = □ + 6, they were open known fact 
conceptions (e.g., 2 + 5 = 7 and 6 + 1 = 7 as well as 2 + 8 =10 and 6 + 4 = 10) but not closed 
known fact conceptions (e.g., 2 + 5 = 7 and 6 + 1 = 7 only). The difference in achievement 
associated with open and closed structural conceptions may indicate that the concept of 
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equality becomes more challenging for students to express when it is combined with the 
concept of acceptance of lack of closure. 
As expected, known fact conceptions of equality were found to be associated with 
higher levels of achievement at Year 8 than Year 4. There were statistically significant 
differences in achievement between Year 8 and Year 4 students for known fact conceptions 
for problems 7 + 3 = □ + 2 and 5 = 3 + □ and for open known fact conceptions for problem  
2 + □ = □ + 6. 
An unexpected similarity in achievement between Year 8 and Year 4 students was 
found when structural and procedural conceptions of equality were compared. In general, 
there was no significant difference in achievement between most procedural conceptions of 
equality at Year 8 and known fact conceptions of equality at Year 4. Given that Year 4 and 
Year 8 students were given the same set of problems to solve, typically, we would expect 
students with structural conceptions of equality to score more highly than students with 
procedural conceptions. 
Two conceptions of equality that were theorised to be associated with the 
condensation stage of concept development were associated with relatively lower levels of 
achievement at Year 4 than at Year 8. For problem 7 + 3 = □ + 2, a competing operator-
separator conception of equality was clearly ranked among the procedural conceptions at 
Year4; whereas, it was ranked roughly in-between procedural and structural conceptions at 
Year 8. For problem 5 = 3 + □, lack of reflexivity conceptions of equality were clearly ranked 
lower than know fact conceptions at Year 4; whereas, at Year 8, they were not. Students at 
Year 4 may have less overall mathematical knowledge than Year 8 students, but the 
knowledge that Year 4 students do have appears to enable them to express more advanced 
conceptions of equality than expected.  
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One conception of equality that is theorised to be associated with the interiorisation 
stage of concept development was associated with a relatively higher level of achievement at 
Year 8 than at Year 4. For problem 7 + 3 = □ + 2, restricted notation conceptions of equality 
were associated with higher levels of achievement than know fact conceptions at Year 8; 
whereas, at Year 4, they were not. The proportion and ranking of Year 8 students expressing 
restricted notation conceptions of equality is noteworthy. These Year 8 students have more 
overall mathematical knowledge than Year 4 students, but the knowledge they do have does 
not appear to enable them to express more advanced conceptions of equality. This unexpected 
finding may indicate that the concept of equality for those students is becoming limited rather 
than expansive. These students may be in the reification stage of concept development where 
the concept of equality is becoming a rigid addition procedure rather than a dual 
process/object that allows for the skillful coordination of the properties of equality. 
Given the characteristics of students’ conceptions of equality established from the 
findings presented above, students’ conceptions of equality can now be discussed in more 
expansive terms than was possible using a dichotomous framework. Previously, this 
framework grouped at least four types of students’ conceptions into two general categories: 
correct structural conceptions or incorrect procedural conceptions as shown in Figure 39. 
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Category Specific conceptions 
Structural 
(Correct) 






Figure 39. A dichotomous framework for theorising the relationships among students’ conceptions of equality. 
The specific procedural conceptions are listed in alphabetical order. The difference in achievement among 
specific conceptions of equality is only between structural (correct) and procedural (incorrect) categories. 
In the dichotomous framework shown in Figure 39, procedural conceptions included 
action (Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003), operator-separator 
(Baroody & Ginsburg, 1983), and restricted notation (Behr, Erlwanger, & Nichols, 1976; 
Kieran, 1981). And, a single structural conception tended to be characterised as an 
understanding of the properties of equality, predominantly (e.g., Behr, Erlwanger, & Nichols, 
1976; Brekke, 2001; Falkner, Levi, & Carpenter, 1999; Knuth, Stephens, McNeil, & Alibali, 
2006).  
Using the findings from this study, an expanded framework was constructed for 
theorising the relationships among students’ conceptions of equality (see Figure 40).  
Chapter 6: Discussion and Conclusion 
226 
Category Specific conceptions 
Structural 
(Correct and explicit) 
Properties of Equality 
(Equivalence) 
Structural 
(Correct but tacit) 
Known-fact 
Lack of Reflexivity 
Awareness of Reflexivity 
Awareness of Restricted Notation 
Competing 
(May be correct or incorrect due 
to the expression of more than one  
conception of equality)  
Competing Lack of Reflexivity / Restricted Notation 







Action-Oriented / Imposed Restricted Notation 
Action 
Figure 40. An expanded framework for theorising the relationships among students’ conceptions of equality. 
There is a significant difference in achievement among specific conceptions of equality that are structural 
(correct) and procedural (incorrect). Competing conceptions of equality often lie somewhere in between the 
achievement levels for structural and procedural conceptions of equality. 
In the expanded framework shown in Figure 40, there are more than four types of 
students’ conceptions of equality presented in more than two categories: correct structural 
conceptions that are explicit or tacit, incorrect procedural conceptions, and competing 
conceptions that may be correct or incorrect because more than one conception of equality 
was expressed by a student. Each of these conceptions have been described in detail earlier in 
this section of this chapter. 
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6.4 Relation of Findings to Study Design and Methods 
The findings from this study were produced by using a mixed methods approach 
(Creswell, 2009; Johnson, Onwuegbuzie, & Turner, 2007). This study provides an example 
of how a mixed methods study design can be executed in the field of mathematics education 
research as a doctoral research project. In particular, the design of this study used integrative 
mixed methods methodology (Castro, Kellison, Boyd, & Kopak, 2010). One key design 
feature involved identifying and grouping particular features of qualitative data and then 
applying scale coding to create the independent variables representing students’ conceptions 
of equality. This process was accomplished by identifying key mathematical features in 
students’ responses and grouping them according their increasing complexity and 
correspondence to the properties of equality. Prior to this study, no methods have been 
published for scale coding mathematical knowledge that has been video recorded.  
The nature of findings of this study were influenced by the role of technology, and the 
fact that the data was available in video recorded format in particular. This format allowed 
the extant data provided by NEMP to be probed using in-depth qualitative data analytic 
techniques that would not be possible using written answers only or merely observing a 
student and assessor interact once. This study contributes the educational research-base in 
New Zealand by probing large-scale assessment data assessment information for formative 
purposes (Flockton, 2014; Looney, 2011). In particular, this study is an addition to the other 
eight probe studies completed in the learning area of mathematics  
(see http://nemp.otago.ac.nz/). 
This study used procedures that were anchored to established methods. The video 
recorded data were analysed initially using an established microanalysis technique (Siegler, 
1997; Siegler & Crowley, 1991). An affordance of this technique was that it allowed an in 
depth-analysis to identify mathematical features in students’ speech and gesture. A limitation 
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of this technique was that it was time consuming for the sample of 264 students. Even though 
the video recording of each student solving three missing number problems was between 3 
and 5 minutes in length, the time to transcribe speech and gesture was about one hour for 
each minute of video. Consequently, it is not likely that other researchers will want to make 
this type of time investment to study students’ conceptions of equality. An area of future 
research could be to develop a more expedient method of identifying mathematical features 
in students’ speech and gesture. Software for analysing digitally recorded video data has been 
developed since this study was initiated that would address this time limitation. For example, 
video annotation software such as HyperResearch (www.researchware.com) or Transana 
(www.transana.com) allow for moments of each problem solving interaction to be indexed, 
categorised, and stored digitally instead of each problem solving interaction being fully 
transcribed and annotated before salient elements are selected to be typed into spreadsheet for 
categorisation. 
This study contributes to our understanding about the use and analysis of video 
recorded data in mathematics education research (e.g., Roth, 2001a). An affordance of using 
video recorded data is that segments of a recording can reviewed repeatedly. Segments can 
also be replayed and at different speeds to identify and describe nuances of communication 
that may not be discernible with one real-time observation only. A constraint of using video 
recorded data is that no further questions can be asked to the participants. Video recordings 
present a particular view of the participants and the materials they are using. Consequently, 
video recordings may be restricted in terms of the size of the images and quality of the sound. 
To address the affordances and constraints of the video recordings used in this study, criteria 
were generated for transcribing verbal and non-verbal aspects of mathematical responses. 
Researchers may find the criteria useful only if they are examining the conceptual 
development of students in a controlled environment, such as during a one-to-one assessment 
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situation, rather than a more typical teacher-student interaction, such as during a classroom 
lesson.  
This study investigated how students know the mathematical concept of equality by 
using modes of communication that involved speech and gesture. The study provides a 
contribution to the growing body of knowledge in the mathematics education research 
community about how students know mathematics concepts that involve modes of 
communication other than writing (e.g., Bautista & Roth, 2012; Radford, 2010a; Roth, 
2001b; Sfard & Kieran, 2001; Sfard, 2008). Gesture played an important role in identifying 
conceptions of equality that involved only partially expressed verbal expressions of the 
properties of equality (e.g., lack of reflexivity, awareness of reflexivity, and structural 
awareness of restricted notation). Findings from this study contribute to our knowledge of 
how content of communicative acts can be investigated in general (McNeill, 2006), and in 
mathematics education, in particular (e.g., Arzarello, Paola, Robutti, & Sabena, 2009; 
Goldin-Meadow, 2003; Roth & Thom, 2009; Yoon, Thomas, & Dreyfus, 2011). 
This study also provides an example of how the principles of conversation analysis 
and the characteristics of institutional talk (Drew & Heritage, 1992) were applied to video 
recorded assessment data. The decision to use conversation analysis allowed alignment 
between the theoretical approach framing this study and the interpretation of data. 
Conversation analysis emphasised the social dimension of mathematical ideas and that 
mathematical knowledge is a deeply embedded sociocultural processes (Lerman, 2000; Roth 
& Radford, 2011). Findings from this study can be used to reiterate the importance of explicit 
teaching and learning practices that involve conversations between teachers and students 
about mathematical ideas (e.g., Carpenter, Franke, & Levi, 2003; Carreher & Shliemann, 
2007; Kieran, 1992, 2007). Findings from this study may also be useful to classroom teachers 
as resources to stimulate conversations with their students because the data that was analysed 
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involved negotiated meaning between teacher-assessors and students. The assessment task 
was carefully designed to be congruent with typical classroom interactions in New Zealand 
by the NEMP team (Crooks, Smith, & Flockton, 2010). Findings may seem less relevant to 
teachers in learning environments where students are required to work individually and 
conversations about mathematical ideas are not emphasised. However, these findings can be 
used with other approaches (Ministry of Education, 2007a; 2007b) to assist teachers in 
developing a student-centred teaching practice where conversations about mathematical ideas 
become dominant. Six practical implications linked to the findings of this study are listed in 
Figure 41. 
Chapter 6: Discussion and Conclusion 
231 
Finding Practical Implications 
Most students’ explanations can be 
characterised as expressing process-preference 
(e.g., two addends equal a sum) 
Teachers can model explanations using of object-
oriented number sentence structure (e.g., sum equals 
two addends) 
Some students express competing conceptions 
of equality. 
Teachers can recognise that these students may be 
moving from the interiorisation to condensation stage 
of concept formation. They can encourage students 
listen to explanations and reasons for correct answers. 
In general, there was no difference in 
achievement between students who expressed 
procedural conceptions of equality at Year 8 and 
structural conceptions of equality at Year 4. 
Teachers can expect some older students to 
demonstrate procedural conceptions of equality even 
though they may have more overall mathematical 
knowledge than younger students. Conversely, 
teachers can also expect some younger students to 
demonstrate structural conceptions of equality even 
though they may have less overall mathematical 
knowledge than older students. 
Year 8 students demonstrated a greater degree 
of acceptance of lack of closure than Year 4 
students. 
Teachers can expect the concept of acceptance of lack 
of closure to take years to develop. 
Restricted notation conceptions of equality were 
associated with relatively higher levels of 
achievement at Year 8 than at Year 4. 
Teachers can expect some older students to have 
established conceptions of equality that will limit their 
ability to develop the concept of equivalence unless 
they are addressed. 
Student can express the concept of not equal as 
a lack of reflexivity. 
Teachers can build on students’ awareness of the 
reflexive property of equality to model and develop 
students’ expression of the reflexive, symmetric, and 
transitive properties of equality using appropriate 
mathematical language. 
Figure 41. Six practical implications linked to the findings of this study. 
This study also developed a set of original procedures that were anchored to 
established methods discussed above. In particular, a summarising procedure was developed 
that used a parsing technique (Grune & Jacobs, 2008) to identify the form and function of the 
mathematical ideas expressed in students’ responses and translate them into visual 
representations using a mapping technique. This type of visualisation technique has been 
used by other mathematics education researchers to explain the mathematical structure of 
problems (e.g., Caspi & Sfard, 2012) but not as an analytic technique. A central issue with 
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the parsing and mapping techniques involved translating mathematical ideas expressed in 
speech and gestures into a visual form of representation. Speech and gestures were sequenced 
linearly in time. Explanation maps were static and holistic visual diagrams. Despite the 
detailed parsing and mapping procedures described in the methods chapter, there is a loss of 
fidelity that occurs when abstracting information from concrete experiences (e.g., McNeill, 
2006; Roth, 2001a). To address this method’s limitation, a general inductive approach 
(Thomas, 2006) was used to establish the independent variables in this study. This approach 
ensured that findings could be judged robustly in relation to the criteria, procedures, and 
reliability measures provided in the methods and results chapters. Likewise, the principles of 
classical test theory (Haertel, 1993; Linn 1989; Nunnally, 1967) and descriptive and 
inferential statistical procedures (IBM, 2013; Smith, Gratz, & Bousquet, 2009) were used to 
establish the dependent variable used in this study. Using these well-established methods is a 
strength of this study, whereas, the novel procedures developed during this study may be 
viewed as a limitation. 
An important limitation of this study relates to the types of missing number sentences 
that were examined. Students’ responses may have been limited by the features of the three 
missing number sentences. The sentences involved the operation of addition only and known 
numbers that constituted all three number sentences were less than 10. Students may have 
found it easier to state a known fact to explain their answer. This explanation has been 
suggested by other researchers (Carpenter, Franke, & Levi, 2003, Stephens & Xu, 2009; Xu, 
Stephens, & Zhang, 2012). To provoke structural explanations, larger number have been 
suggested so students cannot use known facts or rely on counting methods (M. Stephens, 
personal communication, March 2017). For example, if the number sentence was 67 + 39 = □ 
+ 41 then student might be more likely to give structural explanations such as “the missing 
number two less than 67”. Other important explanation words that have been identified in 
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structural explanations previously were “needs to be”, “must be”, “has to be” and they were 
largely missing from this study. Because of this limitation, other concepts such as not equals, 
process-preference, and acceptance of lack of closure were emphasised in this study. 
6.5 Relation of Findings to the Context and Rationale for the Study 
Even though the focus of this study was on how students expressed the concept of 
equality, findings can also be used to address issues that have continued to fascinate 
researchers in the field of mathematics education. These issues include how we conceive of 
mathematical knowledge, how we understand children’s cognitive development of 
mathematical knowledge, and how we use assessment information to understand students’ 
mathematical knowledge.  
When students’ conceptions of equality were compared to achievement, it was 
surprising to find that students with structural conceptions of equality at Year 4 had about the 
same score as students with procedural conceptions of equality at Year 8. This result was 
consistent across all three problems. This finding is perplexing because, typically, we would 
expect students with correct responses to score more highly than students with incorrect 
responses. This finding may be related to the apparent disjuncture between procedural and 
conceptual knowledge demonstrated by students and teachers (Hiebert & Lefevre, 1986; 
Rittle-Johnson & Alibali, 1999; Skemp, 1976). This long standing problem can be found in 
theories of knowledge beyond the discipline of mathematics as well (e.g., Dewey, 1916; 
Bereiter, 2002). Studying this disjuncture has fascinated and frustrated mathematics 
education researchers for decades (Scheiner, 2016; Schoenfeld, 1992) and this study provides 
another example of an effort to understand this phenomenon. 
This study also contributes to our understanding of relational thinking because it 
explored how procedural and conceptual knowledge can be coordinated by students. The 
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skilful coordination of procedural and conceptual knowledge underpins definitions of 
relational thinking (e.g., Carpenter, Levi, Franke, & Zeringue, 2005; Mason, Stephens, & 
Watson, 2009; Mulligan & Mitchelmore, 2009; Siegler, 1994; Warren & Cooper, 2009). If 
procedural knowledge is defined as isolated skills such as being able to execute a sequence of 
actions and conceptual knowledge is defined as understanding that is represented by a rich 
network of related facts, information, or skills (Hiebert & Carpenter, 1992), then young 
students may not be viewed as having sufficiently large accumulations of facts, information, 
or skills to relate them as concepts. If a large amount of coordinated knowledge is the most 
appropriate way to theorise relational thinking, then we would expect Year 4 students with 
correct responses to score more highly than Year 8 students with incorrect responses. The 
finding from this study, however, do not support this conception of knowledge. It appears 
that most young students who do not have as large accumulations of facts, information, or 
skills as older students are not able to use their limited supply as concepts. For a few young 
students, however, they are able to successfully coordinate their limited supply of 
mathematical ideas as concepts. It has been suggested that fluency-with-knowledge rather 
than the amount-of-knowledge a person has might be a more productive metaphor for 
thinking about the nature of mathematical knowledge (Anakin, 2015; Anakin & Linsell, 
2014; Linsell & Anakin, 2012; 2013).  
The idea of fluency-with-knowledge is consonant with the algebraic reasoning shown 
by very young children in familiar arithmetic contexts (Mulligan & Mitchelmore, 2009). This 
key finding may be useful to mathematical education researchers as they look for theoretical 
tools to help them map the relationship between arithmetic and algebraic knowledge and as 
they further define the concept of relational thinking (e.g., Carpenter, Levi, Franke, & 
Zeringue, 2005; Mason, Stephens, & Watson, 2009; Mulligan & Mitchelmore, 2009; Siegler, 
1994; Warren & Cooper, 2009). If relational thinking involves meaningful coordination 
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between procedural and conceptual knowledge and its development involves reorganising 
knowledge to establish productive connections between arithmetic and algebra, then findings 
from this study suggest that some students may able to make appropriate generalisations from 
fewer mathematical experiences than other students. An area for future study could be to 
examine the data relating to the concept of relational thinking and construct a model of 
concept coordination that involves the idea of fluency-with-knowledge.  
Findings can be used by teachers to better understand how students understand the 
concept of equality. Without this understanding, teachers may be frustrated by the illogical 
mathematics knowledge students appear to demonstrate. Findings can be used to enhance 
conversations about learning between teachers and their students during mathematics lessons 
that involve the concept of equality. Specifically, the mathematical knowledge expressed in 
students’ responses to problems can be used by teachers to guide their choice of scaffolding 
for students’ next steps of learning. 
The expanded framework for theorising the relationships among students’ 
conceptions of equality is not unlike developmental frameworks have been constructed for 
children learning geometry (van Hiele, 1959/1985) and measurement (Carpenter, 1976). 
Geometry and measurement frameworks have been translated into teaching and learning 
progressions for those two strands of the mathematics curriculum (Clements & Battista 
1986). The findings related to students’ conceptions of equality may be used to further 
enhance the developmental frameworks for the topics of number and algebra topics that are 
described in the New Zealand Curriculum (Ministry of Education, 2007a) and the Numeracy 
Development Projects (Ministry of Education, 2007b; also see www.nzmaths.co.nz). For 
example, one set key ideas proposed to help students to move successfully from arithmetic to 
algebraic thinking includes the “structure of number sentences,… equivalence,… 
compensation using equivalence according to specific operations,… numbers that can vary,… 
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generalisation,… and are often left implicit... (Xu, Stephens, & Zhang, 2012, p. 801). 
Findings from this study suggest that many students are challenged to make their 
understanding of mathematical ideas explicit. Teachers and students may find that the 
concepts of acceptance of lack of closure and competing conceptions of equality are useful 
for stimulating productive conversations about solving missing number problems. Teachers 
and students may also benefit from listening carefully to how a student who solved a missing 
number problem successfully was able to explicitly coordinate the properties of equality in 
their explanation. If students are unable to explain how they solved a missing number 
problem, then their teacher has an important role to play by modelling explicitly how 
particular mathematical ideas can be used to solve it. In this way, findings from this study can 
contribute to the knowledge teachers can use to help students to move successfully from 
arithmetic to algebraic thinking. 
This study contributes to our understanding of the concept of not equal. The concept 
of not equal is relatively unexplored. This study provides a contribution in a primary 
schooling context that can be used to complement scant literature about inequalities in 
secondary and university settings (Almog & Ilany , 2012; Bagni, 2005; Boero, Bazzini, & 
Garuti, 2001; Halmaghi, 2011). Findings from this study that relate to the concept of not 
equal have not been reported in detail because the concept of equality was the focus of this 
study. An area for future study could be to examine the data that are related to the concept of 
not equal and construct a model of concept formation for students’ conceptions of not equal.  
This study also contributes to our understanding of the concept of acceptance of lack 
of closure. While the concept of acceptance of lack of closure has been theorised to 
contribute to the development of relational thinking (Biggs & Collis, 1982; Lunzer, 1978), 
students’ developing ability to deal with ambiguity when solving missing number problems 
has not been studied using this concept previously. Similar to the concept of not equal, 
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findings from this study that relate to the concept of acceptance of lack of closure not been 
reported in detail. An area for future study could be to examine the data that are related to the 
concept of acceptance of lack of closure and construct a model of concept formation for 
students’ conceptions of acceptance of lack of closure. 
Finally, this study contributes to our understanding of concept formation. If concept 
formation is hierarchical and recursive so that concepts themselves become the building 
blocks of further concept development (Sfard, 1991), then the idea of competing conceptions 
might be useful for thinking about how long it takes for students develop their understanding 
of mathematical ideas. The contribution that these findings can make to inform our ideas 
about concept formation is limited by the fact that two cohorts of different aged students were 
compared rather than one cohort of students studied over time.  
6.6 Concluding Remarks 
The purpose of this study was to better understand the concept of equality. Despite the 
decades of study that this concept has received from researchers (e.g., Behr, Erlwanger, & 
Nichols, 1976; Booker, 1987; Falkner, Levi, & Carpenter, 1999; Jones, Inglis, Gilmore, & 
Dowens, 2012; Kieran, 1981; Knuth, Stephens, McNeil, & Alibali, 2006), what has not been 
well understood is how the concept of equality is related to other key mathematical ideas. The 
primary finding from the study was that the relationships among students’ conceptions of 
equality and achievement appear to be more diverse and complex than previously 
documented and theorised. In particular, there were several novel conceptions of equality 
identified that were associated with correct responses. It appears that the relationships among 
students’ conceptions of equality and achievement vary according to the year level of the 
student, a student’s mathematical achievement level, and the mathematical structure of a 
particular problem. 
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This study contributes to the mathematics education research community’s interest in 
building theoretical frameworks to aid in the teaching and learning of mathematics (e.g. da 
Ponte, 2013). The design and findings from this study complement recent doctoral studies 
involving the teaching of early algebraic thinking (Hunter, 2013; 2014) and the concept of 
equality (Attorps, 2006; Halamaghi, 2011; Jones, 2009). This study also contributes to the 
discussions in the mathematics education research community about the assumptions 
underpinning our methods for studying and representing children’s cognitive development in 
mathematics (Schoenfeld, 2000; 2011).  
Findings from this study also reveal several areas of future research that might 
contribute to our understanding of how children develop relational thinking. These areas 
include how the concepts not equal and acceptance of lack of closure are formed as well as 
exploring the concept of relational thinking and the idea of fluency-with-knowledge. A 
specific research idea could be to examine how students and teachers can make their 
understanding of the properties of equality more explicit to each other when they talk about 
the concept of equality in arithmetic classroom contexts. Because the concept of equality is a 
fundamental concept upon which further mathematics knowledge is built (Doherty, 2010) and 
from the complexity of students’ conceptions of equality revealed by findings of this study, it 
appears that the concept of equality will be a source of interest to mathematics education 
researchers for decades in the future. 
6.7 Chapter Summary 
The final chapter of this thesis was written to provide the reader with evidence of how 
the purpose set for this study was achieved by: (1) summarising the main findings briefly, (2) 
discussing how the findings relate to the theoretical approach, (3) examining how the findings 
relate to the study design and methods employed, (4) relating the findings to the broader 
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literature that provided the context and rationale for the study, and (5) concluding with 
evaluative remarks. 
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Appendix 1: Notation and Conventions Used for Microanalysis 
The inclusion and exclusion criteria used to identify the spoken and non-verbal 
aspects in students’ responses are described along with and the conventions used for notation. 
The notation and conventions were developed from established procedures (Drew & 
Heritage, 1992; Goldin-Meadow, 2000; McNeill, 1992; 2005; Roth, 2001b; 2003; Siegler, 
2007). 
A spoken exchange is defined as the speech sounds made by one participant while the 
other participant makes no speech sounds. The verbatim transcription of each participant’s 
spoken exchange was written as a new line of text, and preceded by a capital letter and an 
asterisk (*). An assessor’s spoken exchange was beings with the notation “A*” and a 
student’s spoken exchange was beings with the notation “S*”.  
Speech sounds that were interpreted as spoken words were written verbatim. If speech 
sounds were not interpreted as words, then they were written as paraverbals. Paraverbals 
were written phonetically using capital letters that are preceded by a number symbol (#) and 
they are written phonetically in capital letters. Examples of paraverbals are #UM, #HM. A 
dash (-) was used to indicate elongated speech sounds. A speech sound was determined to be 
elongated if it was interpreted to endure longer that the other speech sounds in a spoken 
exchange.  
The only prosody noted in the transcripts are changes in tone of voice when a student 
or assessor made an interrogative statement. A question mark (?) was to denote a voice 
inflection at the end of a spoken exchange.  
Motion was included in the transcription if body movements were visible in the 
recording and were interpreted as part of the mathematical meaning conveyed between the 
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student and assessor. Motion was not included in the transcription if it was interpreted to be 
unrelated to the mathematical task. Motions may be nested. Motions may be deictic (pointing 
to a referent). Motions may also be interrupted by pausing or freezing of part of the action for 
a period of time. Example: A hand may be placed on the student card (SC) and then lifted to 
point at elements of the missing number problem and re-placed on the SC. Motion 
annotations were written words. 
Typically motion was written the format of subject-verb-object. A motion was 
described with at least a subject, to indicate who or what is moving, a verb, to indicate how 
that subject or object is moving, and an object, to indicate the intended target or goal of that 
motion. Motion was noted in the transcript in round brackets ( ) or was annotated by hand in 
blue ink on speech transcripts. A motion annotation was placed in the transcript at the point 
in a participant’s spoken exchange where that motion began. If a motion was coincident with 
a spoken sound then the description of that motion was placed in the transcript preceding the 
written word or paraverbal where the motion began and the word or paraverbal was 
underlined. If a motion occurred when a participant was not speaking and while the other 
participant was speaking then the motion is noted as if it was coincident speech (i.e., student 
and assessor speaking at the same time). Coincident communication is shown with strike 
through notation.  
Verbs were used to indicate when contact was made with objects or not. Deictic 
motion was described in detail. Subject terms generally involve hand and fingers. A few 
gestures involve the head (i.e., nodding or shaking), torso (i.e., leaning forward or leaning 
away), and hands and head (i.e., both hands or one hand placed over face or on head). 
Contact with object was denoted with the verbs placed, touched and taps. Placed 
denotes contact motion longer than the duration of one speech sound. Touched denotes 
contact motion for the duration of one speech sound. Tapped denotes contact motion for less 
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than the duration of one speech sound. Slides involved motion with continuous contact 
between subject and object. 
Non-contact indicates proximity to an object and is denoted with the verbs held, 
pointed, and jabbed. Held denotes non-contact motion sustained longer than the duration of 
one speech sound. Touched denotes non-contact motion sustained for the duration of one 
speech sound. Jabbed denotes non-contact motion sustained for less than the duration of one 
speech sound. Travels involved continuous motion with no contact between subject and 
object.  
Circles involved motions that continuously changed direction and kept about the same 
distance from the object. Clockwise (CW) and counter-clockwise (CCW) used to describe 
circular motion. A circling motion could involve contact or non-contact. 
Motion was also described as initiating, pausing and ending. When a motion was 
initiated, its description typically contains at least a subject, verb, and object. When a motion 
ended, its description may only contain subject and verb, if the object was the same as 
described in the initiating descriptor. Raised denoted increased height in gesture space. Lifts 
denoted that contact ended with an object but motion was paused and held in gesture space. 
Lowered described a decrease in height of paused motion in gesture space. Above denoted a 
non-contact motion in gesture space in relation to particular object. 
Detail about three common verbs is shown in Figure A1.1.  
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placed 
Motion of greater duration than a single speech sound where the speaker initiates 
contact with an object. The descriptor is inserted in The beginning of a placement 
motion is indicated in the transcript by inserting the descriptor is inserted 
between speech sounds if the beginning motion occurs. If the beginning of a 
placement motion coincided with a speech sound then that speech sound is 
underlined and follows immediately after the placement motion descriptor.  
removed 
Motion of greater duration than a single speech sound where the speaker 
terminates contact with an object. The ending of a removal motion is indicated in 
the transcript by inserting the descriptor if it occurs between speech sounds. If the 
ending of a removal motion coincided with a speech sound then that speech 
sound is underlined and follows immediately after the removal motion descriptor.  
touched 
Motion of equal duration to a single speech sound where the speaker initiates 
contact with an object. The beginning of a touch motion is indicated in the 
transcript by inserting the descriptor if the motion occurred between speech 
sounds. If the beginning of a touch motion coincided with a speech sound then 
that speech sound is underlined and follows immediately after the touch motion 
descriptor.  
Figure A1.1. Detail about three common verbs used to describe motion. 
Prepositions and adverbs were used with verbs to indicate locations of subject and 
object. Locations were described in relation to each problem and included: before, after, atop, 
and below. Before denoted a subject placed in front a particular missing number problem. 
After denoted a subject placed behind a particular missing number problem. Atop denoted a 
subject placed above a particular missing number problem. Below denoted a subject placed in 
under a particular missing number problem. Locations around a problem are shown in Figure 
A1.2. 
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Figure A1.2. Locations around a problem. 
Locations were also described with motion around a student card placed on the table 
top. Locations of motion with the student card on the table top included: towards, away, left, 
right and above. Towards indicated the motion of an object moving closer to student and/or 
assessor. Away denoted the motion of an object moving farther from student and/or assessor. 
Left described the motion of an object moving to the left from the perspective of the student 
and/or assessor. Right described the motion of an object moving to the right from the 
perspective of the student and/or assessor. Locations of motion with the student card on the 
table top are shown in Figure A1.3. 
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Figure A1.3. Locations of motion with the student card on the table top. 
Finally, a set of abbreviations were used to describe subjects and objects, primarily. 
For the list of abbreviations used to describe motion transcribed during microanalysis see 
Figure 1.4. 
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Abbreviation Words Description 
Left hand and fingers 
LH left hand 
 
LHIF left hand index finger 
LHMF left hand middle finger 
LHRF left hand ring finger 
LHPF left hand pinkie finger 
LHT left hand thumb 
LHHP left hand holds pen 
A pen or pencil is held in the left hand and may be in the 
position described for LHPT. The gesture involves the pen 
or pencil incidentally. The pen or pencil is not a focal 
element of the gesture.  
LHPT left hand pen tip 
A pen or pencil is grasped by the thumb, index, and 
middle fingers of the left hand and used in place of a 
finger in a deictic gesture. Either end of the pen or pencil 
may be pointed towards at the referent.  
LPOU left palm open up left palm open held face up 
LPCU left palm closed up left palm closed in a fist held face up 
LPOD left palm open down left palm open held face down 
LPCD left palm closed down left palm closed in a fist held face down 
Figure A1.4. List of motion descriptors used in the microanalysis process. 
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Abbreviation Words Description 
Right hand and fingers 
RH right hand  
 
RHIF right hand index finger 
RHMF right hand middle finger 
RHRF right hand ring finger 
RHPF right hand pinkie finger 
RHT right hand thumb 
RHHP right hand holds pen 
A pen or pencil is held in the right hand and may be in the 
position described for RHPT. The gesture involves the pen 
or pencil incidentally. The pen or pencil is not a focal 
element of the gesture.  
RHPT right hand pen tip 
A pen or pencil is grasped by the thumb, index, and 
middle fingers of the right hand and used in place of a 
finger in a deictic gesture. Either end of the pen or pencil 
may be pointed towards at the referent.  
RPOU right palm open up right palm open held face up 
RPCU right palm closed up right palm closed in a fist held face up 
RPOD right palm open down right palm open held face down 
RPCD right palm closed down right palm closed in a fist held face down 
Figure A1.4. (Continued). List of motion descriptors used in the microanalysis process. 
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Abbreviation Words Description 
Locations 
SC student card 
The laminated card with the three missing number 
problems written on it as shown in Figure 8. 
TT table top 
The surface of the table on which the laminated card was 
placed. 
RS right side The location in relation to the student card (SC) 
 
LS left side 
BS bottom side 
RB bottom right corner 
LB bottom left corner 
TS top side 
RT top right corner 
LT top left corner 
Other abbreviations 
CCW counter-clockwise 
opposite direction to CW 
 
CW clockwise 
a motion around an object that describes a circular 
pathway  
 
GS gesture space 
The space immediately in front of a person, usually 
between their lap, face, and less than an arms’ length. 
W writing 
Assessor or student is writing in assessor workbook. This 
is only an approximate descriptor because it could not 
always be seen or heard and is located roughly in the 
exchange by the writer when it takes place. It might be 
helpful for interpreting some of the exchanges. 
Figure A1.4. (Continued). List of motion descriptors used in the microanalysis process. 
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Figure A1.5. A completed transcript for Year 8 student 8009.  
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Figure A1.5. (Continued). A completed transcript for Year 8 student 8009.  
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Figure A1.5. (Continued). A completed transcript for Year 8 student 8009. 
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Figure A1.6. A completed transcript for Year 4 student 4065. 
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Figure A1.6. (Continued). A completed transcript for Year 4 student 4065. 
  
Appendix 1: Notation and Conventions Used for Microanalysis 
255 
 
Figure A1.6. (Continued). A completed transcript for Year 4 student 4065. 
  
Appendix 1: Notation and Conventions Used for Microanalysis 
256 
 
Appendix 2: Answer and Explanation Summaries 
257 
Appendix 2: Answer and Explanation Summaries 
Table A2.1 
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Note. For answer types a = ambivalent, x = other number.  
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Table A2.2 


































































































































































































































































































































































































































































































































Note. For answer types a = ambivalent, x = other number.  
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Table A2.3 


















































































































































































































































































































































































































































































































































Note. For answer types 0 = yes, 1 = no, 2 = ambivalent. 
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Table A2.4 












































































































































































































































































































































Explanation map for problem 5 = 3 + □ 
Total 
Score 















S8085 1  
 
- 



































































































































































































Note. For answer types 0 = yes, 1 = no, 2 = ambivalent.  
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Table A2.5 

















that [B2] is like that 
you don’t know what 
the answer is so it could 




nothing else makes ten 












it’s plus the six - 







Explanation Map for problem 2 + □ = □ + 6 Explanation Comments 
Total 
Score 
S4008 yy ,  
these [B1 and B2] two 
numbers you can just 
choose for your liking 
















I dunno - 
S4013 nn 




















a lot of numbers 103 
S4017 yy 



























I don’t know…it really 




there’s only these [2 
and 6] two numbers 



















don’t know - 


















[shakes head] 39 
S4033 nx 
 
any number…we don’t 
know the equal number 
so we don’t know what 




, , ,  
you can make both of 
them [2 + B1 and B2 + 























it doesn’t have what it 
equals here [2 + B1 = 










, ,  
it’d still be balanced 





[no other numbers 
because] I won’t think 




I can’t really explain 




those are the only two 

















you can just change the 











that could be any [B1 
and B2]number but I’m 
not sure there’s some 
sort of special sequence 








S4052 nn , 
,  
 79 











, , ,  






it’s just plus and add 57 
S4056 nn 




it doesn’t really give 
you any idea because 
they don’t have any in 
the middle…any 
random two numbers 




you could swap…it will 
still equal the same 





I dunno 37 
S4060 nn 
,  
it [B1] equals [B2] it 
equals together 
58 
























I don’t really know why 
I can’t I don’t know 









I just said five then I 
counted these [2 + 6] up 
to make [B2] eight… 




don’t know 92 


















there’s a really big 
number and some 
people might like to do 




I don’t know…they’re 
even 
62 





there could be heaps 
and heaps of other 
numbers so it might be 
hard to work out 
because they are both 

















there’s two missing 
















that’s hard I was just 




































S4088 nn ,  
there’s no two numbers 
so you can choose 
anything that you like 
37 
S4089 yy 
, , ,  
as long as you make it 
higher than four for the 
two…if you added [2 +] 
four then it would make 
six and then [B2] you 
can’t do that one so if 
you added five [B1] 
then you have to make 
[B2] that one add one 

















it could be any number 
then [B1] it equals this 
[B2] and six because 




the answer [B2]…I 
really don’t know what 






















I don’t know 53 














, , , ,  
you could do any kind 
of [2 + B1] thing that 
you want as long as it 
begins with two 
78 
S4101 nn 
, , ,  
[explanation of 2 and 2 













not sure 44 
S4106 nn 
, ,  
it says two plus and 
then you could put 
something [B1] else 
and then [B2] make it 
equal…you could do 
what you want really 
60 











, ,  
I might not get the right 
answer and I might and 
I might not but it 







I don’t know 52 
S4110 nn 
,  
I’m getting confused 























Explanation Map for problem 2 + □ = □ + 6 Explanation Comments 
Total 
Score 










S4118 nx ,  
there’s certain number 














I don’t think you could 
change it from that but 
you might be able to 
and I could be wrong 
48 






























I’m suspecting that two 
plus something [B1] 
equals well [B2] #UM I 
don’t get how this [B1] 
could only be one 
number…I see these 
two [problems 1 and 2] 
76 







Explanation Map for problem 2 + □ = □ + 6 Explanation Comments 
Total 
Score 
of course have threes 
S4129 nx 
 
don’t know 48 
S4130 nn , , , 
, ,  
depends [B1] on what 






, ,  
 52 
Note: y = one pair of numerical values given for the missing numbers that were possible for the structure of the problem, n = one pair of numerical values given for the 
missing numbers that were not possible for the structure of the problem, x = no pair of numerical values given for the missing numbers were given or unresponsive. 
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Table A2.6 











you can do different 
ones I guess 
112 
S8002 yy , , 
 
it doesn’t really tell you 









the missing number 
must add up to ten 
82 
S8005 yy 
, , , , 
 105 






















then they’ll both equal 
the same thing 
85 
S8010 nn 
, ,  


















it’s still the same 
thing…two and six are 
kind of far-ish away 
from each other 
- 
S8013 yy 
, ,  
 106 
S8014 nx 
, .  
you could have any 




they [5, 1] are the 
lowest possible ones 
that you could put in 











you just think of a 
number that goes [B1] 
in there [B2] and the 




















it could be any number 
couldn’t it…the first 
number could be 
anything or if you start 
from this end that 
number could be 
anything but the second 
one has to add up to 
these two [2 + B1] or 
these two [6 + B2] so 
that if you are trying to 




it’s #UM two main 
numbers so two 




, , , , ,  
 102 
S8024 nn 



















, ,  
 66 
S8028 yy 
, ,  
 103 
S8029 yy 
, ,  
there’s just got to be a 
difference between 
each one because six is 
more than two 
106 
S8030 nn 
































it’s kind of up to you to 
decide what number 
you put in there so you 







the only numbers…that 




two plus something 
could equal whatever 
you wanted it to be and 







there is two plus 
something equals 
something so we can 
put any numbers in 
there we could put like 
a random number and 
- 







Explanation Map for problem 2 + □ = □ + 6 Explanation Comments 
Total 
Score 
just calculate the two 







it just depends on how 
this one [B1] is to make 








as long as they both 




, ,  
it doesn’t have like 
what it equals or what 
it’s plus-ed by 
95 
S8047 yy 
, ,  
if you want the numbers 
to equal the same it’s 
just gonna have to 




anything under four 
would equal less than 
six and so you couldn’t 
plus anything on to six 
103 







Explanation Map for problem 2 + □ = □ + 6 Explanation Comments 
Total 
Score 






you can add anything 
because you just gotta 
add it [B1]  don’t have 
a equals so what you’re 






, ,  
it doesn’t exactly say 
the equals[B2]…so 




, ,  
you could have 
anything… that’s not 
two it couldn’t be 
anything lower than 
four in this box [B1] 
and it could be 





you could have up to a 
hundred thousand a 
million in there [B1] as 
long as it equals the 
same number because it 
88 







Explanation Map for problem 2 + □ = □ + 6 Explanation Comments 
Total 
Score 
would equal the same if 









, , ,  
as long as it sort of 
equals the same 
105 
S8058 yy 
, , ,  
there’re two free spaces 
there so…it could be 
numbers that add up 
107 
S8059 yy 
, , , ,  
they equal the same 98 
S8060 yx 
,  















, , , , ,  
 92 
S8063 yy 









this [B1] can be really 




can’t tell 99 
S8067 nx 
,  






that’s what makes sense - 














, , ,  
 100 
S8072 yy 




it doesn’t matter 
because it doesn’t give 





you could put almost 








there’s different ways 
to add up numbers 
81 















it’s not showing what it 
meant to equal so it 











so every whole number 
under a hundred would 
work in there 
94 
S8082 nn ,  
they would be the 
















Explanation Map for problem 2 + □ = □ + 6 Explanation Comments 
Total 
Score 









not sure 84 
S8088 nx 
 






























as long as what they’re 
added with equals the 
same then that’s 
alright…if both 
equations equal the 
same number the 
whatever’s put in 
doesn’t matter if the 


























, ,  
it will equal through 81 
S8100 nn 
,  
I dunno - 
S8101 nn ,  
there’s no equal on that 
box [B2] there [B1] you 
could put any number 






, , ,  
there’s not limit and 








there [B2] is no answer 
for it so you just have 
to make up any number 
that goes in there [B1] 
and… plus two on to it 
and then it’ll equal and 
whatever it equals put 
88 







Explanation Map for problem 2 + □ = □ + 6 Explanation Comments 
Total 
Score 




S8107 yy ,  
just add up to #um a 
number from two 
greater than six and 
then from there six will 
be able to add up to 
that number 
108 
S8108 nn ,  




, ,  
 71 
S8110 nn ,  
if there was another 
number [B2] here then 
you could get that one 
[B1] but since there’s 
[B2] no number here 





















can’t explain it 56 
S8114 nx 
 
don’t know 75 
S8115 nx 
 








, , , ,  
this number must be 
bigger than this number 
and…the difference 




, ,  
there’s that number [6] 
and that number [2] 
that will first have to 
add #UM [B1 and B2] 
up to the same number 
86 















a little bit of difficulty 70 
S8122 nx 
 
I have no idea 72 
S8123 nx 
 
the question doesn’t 
have another number 






possibilities say it’s 
king of just you know 
like [B1] so you could 
just put any number in 
83 
S8125 yy 




I don’t know 99 
S8127 nn 
,  
just carry on the 
pattern 
- 












not sure 84 
S8129 nn 
, ,  
there’s two missing 
numbers [B1 and B2] 





you could just make 





that looks like there’s 
no numbers…they’ve 
all got three in them 





it equals the same - 
Note: y = one pair of numerical values given for the missing numbers that were possible for the structure of the problem, n = one pair of numerical values given for the 
missing numbers that were not possible for the structure of the problem, x = no pair of numerical values given for the missing numbers were given or unresponsive. 
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Appendix 3: Component Glossary and Frequency in 
Explanation Summaries 
Table A3.1 
Transcript Excerpt, Component, and Frequency by Year Level for Problem 7 + 3 = □ + 2 
Transcript excerpt 
(Student identity) 
Component for problem 





one needs to go there (S4077)  3 0 
two (S4014)  11 1 
there’s three there (S4015) 
 12 0 
there would be a four there (S4102)  3 0 
five (S4125)  3 2 
it’s six (S4014) 
 
2 0 
that’s a seven (S4014) 
 7 0 







eleven (S4127)  1 0 
twelve (S4004)  9 2 




it’s seven to take away to two (S4040) 
 
1 0 
you could also add (S4090) 
 
2 1 








Component for problem 





so plus one more equals eight plus two 
is ten (S8103) 
 
0 1 
the plus two (S4057) 
 
8 6 
there’s no thing saying equal on the 
end there (motion indicates elements 
and positions) (S8101) 
 
0 1 
two more then it’s ten (S4042) 
 
1 0 
then you add another two more and 
that makes twelve (S4018) 
 
13 10 




why is there a plus two there (motion 
indicates position) (S4130) 
 
1 1 
you add three more (S4113) 
 
3 0 
it’s plus three equals ten (S4042) 
 
1 0 
you add seven (S4113) 
 
1 0 
then plus seven is twelve (S8092) 
 
0 1 
then you have the equals sign after it 
(S4094)  
5 1 
then this number has to equal the same 
but with different numbers (S4008) 
so they’re equal (S8045)  
6 13 
that one needs to make three (S4077) 
 
2 0 
just to equal seven (S8009) 
 
0 1 




it’s equal to eight and two (S8056) 
 
0 1 
it says equals eight plus two which 
equals ten as well (S8104) 
 
0 1 




Component for problem 





equals ten (S4077) 
 
9 3 
I can’t put the ten there (motion 
indicates elements and positions) 
(S4077)  
1 0 
well to equal seven equals (S8009) 
 
0 1 




that would equal twelve (S4046) 
 
5 1 
so it can’t be twelve (S8101) 
 
0 1 
from this (motion indicates element 
and position) (S4114)  
1 0 
it could be something plus something 
equals three (S4049) 
 
1 0 
is that meant to equal anything (motion 
indicates elements and positions) 
(S8078)  
0 1 
something plus two equals ten (S8070) 
 
4 4 
this number has to be bigger than 
seven by one (motion indicates 
elements and positions) (S4010) 
 
1 0 
does it have to equal that (motion 




I use my fingers (S4065) 
 
2 0 
one plus one is two (S4066) 
 
1 0 
then you have to find out what that one 
plus two equals on there (motion 




one plus two is three (S8080) 
 
0 1 




two plus (S8090) 
 
0 1 




Component for problem 





two plus something (S4042) 
 
1 0 
it says two plus something would have 
to equal it (S8102) 
 
0 1 
two plus what equals ten (S8031) 
 
0 5 




if you plus-ed one from this (motion 
indicates elements and positions) 
(S4114)  
1 0 
two plus one equals three (S4016) 
 
7 4 
it would be two plus two (S4048) 
 
1 0 
put it on to the three that equals five 








two plus eight (S8090) 
 
0 1 




two plus eight equals ten #E which 
equals three plus seven as well (S8081) 
 
0 1 
that’s a two it’s smaller than three one 




took one off to the three (S8103) 
 
0 1 
three plus (S4090) 
 
4 0 
three plus two is five (S4067) 
 
1 1 








Component for problem 









three plus seven equal ten (S4120) 
 
1 0 




six plus four equals ten (S4110) 
 
2 0 
seven plus (S8053) 
 
0 1 
you plus one from this (motion 
indicates elements and positions) 
(S4114)  
2 1 
one to the seven which makes eight 
have a add another one equals nine 
and then add more which this the last 
and then it makes ten (motion indicates 
elements and positions) (S8123) 
 
0 1 












do you have to add that in with them 
(motion indicates elements and 
positions) (S4050)  
1 0 
put the that one there and those two 
there and that one at the end (motion 
indicates elements and positions) 
(S8092)  
1 1 
two goes there the plus moves put the 
equals over there and the two over with 
the plus and then two and equals and 
then the box (motion indicates 
elements and positions) (S4083) 
 
1 0 
I added seven plus three plus two and 




I know what that equals (motion 








Component for problem 









there should be another box over here 




seven plus three equals ten (S4001) 
 
77 110 




seven plus three equals ten and plus 
two that’s twelve (S4013) 
 
10 8 




seven plus three equals ten which is 
eight plus two (S8036) 
 
0 1 




seven and three is nine (S4019) 
 
2 1 




seven eight nine (S4044) 
 
2 0 
seven eight nine ten (S4047) 
 
4 1 




take away one from eight is (S4031) 
 
1 0 
you take one away from the eight 
equals seven (S4096) 
 
1 0 
eight plus two (S4130) 
 
1 1 
eight plus two would be ten (S8055) 
 
8 35 




Component for problem 





eight with plus two was eleven (S4031) 
 
1 0 
it would be eight nine ten (S4070) 
 
2 0 
nine ten (S4023) 
 
1 0 
ten take away two makes eight (S8012) 
 
0 4 
ten plus two (S8046) 
 
0 1 
ten plus two equals twelve (S4056) 
 
7 5 
it’s ten plus another three is thirteen 




like ten equals ten (S8094) 
 
0 1 




ten equals #UM eight plus two (S8094) 
 
0 1 








I don’t know if it goes that way or that 




so you forget that (motion indicates 
elements and positions) (S8073) 
 
0 2 
it be won’t be higher (S4002) 
 1 0 
it won’t be lower (S4002) 
 1 0 
not one (S4111)  1 0 
you don’t worry about the two unless 
you’ve got the answer (S4028)  1 0 




Component for problem 





unless it’s supposed to come over there 
but it doesn’t (motion indicates 
elements and positions) (S8035)  
0 1 
Note. n = number of students’ explanation maps containing that type of component. 
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Table A3.2 
Transcript Excerpt, Component, and Frequency by Year Level for Problem 5 = 3 + □ 
Transcript excerpt 
(Student identity) 
Component for problem 





two (S8007)  14 23 




eight (S4013)  14 12 
that’s eleven (S8085)  0 2 
probably trying to get to 
sixteen with this answer 
(S8052) 
 0 1 
it’s a take away (S4040)  3 4 
it doesn’t really add up to 
together to make five 
(S4009)  
1 0 
they’re not in the same 
order… them two [motion 





the equals there not there 
[motion indicates elements 
and positions, distinct 
function] (S8129)  
15 18 
it would have to be three take 
away (S8008)  
0 2 
I don’t know (S4006) or I 
just guessed kind of (S8034)  
7 5 
you’re adding it (S4055)  8 8 
add one is four (S4031) 
 
1 0 
plus two (S8095) 
 
0 1 
you need to add two more to 
get to five (S8111) 
 
0 1 
you count three (S4036) 
 
3 1 




Component for problem 





you add the four (S4130) 
 
1 0 
you can plus five (S8080) 
 
1 1 




plus eight (S8010) 
 
0 1 




then add another one 
(S4031)  
1 0 




the lower the equal number 
(S4012)  
1 0 
it’s obviously gotta be #UM 
a bit smaller than three 
(S8001)  
0 1 
those numbers are lower 
than eight (S4040)  
1 0 
it can’t be (S8058)  4 5 
that equals there (S4026)  8 4 
it’s not showing the equals at 
the end so you don’t know 




it would equal the ten 
(S4058)  
2 0 




it would equal like eleven 
(S8090)  
2 8 
would make sixteen (S8052) 
 
0 1 
it equals eighteen (S4071) 
 
1 0 
the answer is two (S8123) 
 
0 1 




Component for problem 





that needs to equal three 
(S4028)  
2 1 
you have to equal a one from 
the four (S4130) 
 
1 0 
you’re trying to equal five 
(S4004)  
7 10 
the answer wouldn’t be five 
(S4003)  
12 11 
that equals six (S4024) 
 
1 0 
you know that it adds up to 
seven (S4124)  
1 0 
it must equal eight (S4023) 
 
3 1 
that doesn’t equal eight 
(S4024)  
3 4 
not eight plus three (S8085) 
 
0 1 
the equals sign it means the 
same as (S8013)  
0 5 




it would be too high (S4003)  3 3 
it would equal more than five 
(S8046)  
1 1 
you can put the answer in 
here (S4118)  
2 0 
if it’s something plus (S4049) 
 
1 0 
I know what that [motion 
indicates position] equals 
(S4067)  
1 0 
it’s something plus three 
equals five (S8090) 
 
1 1 
does it go missing number 
plus three equals five 
(S4091)  
1 0 
if the missing number is five 
(S8080)  
0 1 
one two three four five six 
seven eight (S4110)  
1 0 




Component for problem 





it’s already at eleven you 
would need to take away six 
to get to five (S4068)  
1 0 
eleven isn’t five (S8057) 
 
0 1 




two plus (S4031) 
 
1 0 








three take away eight 
(S8070)  
0 1 
so it would be negative #UM 
#PH #AH negative three I 
think (S8030) 
 0 1 
three plus (S4022) 
 
4 0 
#OH that plus that [motion 
indicates position] (S8038) 
 
0 3 
three plus #SOME #AH 
(S4081)  
1 0 




putting another one on there 
[motion indicates element 
and position] (S8130)  
0 1 
it’s three plus two (S8084) 
 
0 1 








three and three is six(S4066) 
 
1 1 




Component for problem 









three plus eight (S8063) 
 
0 1 








three plus eight equals five 
#UM no (S8039) 
 
0 1 




three and eight is a lot more 
than five (S8012) 
 
0 1 




it’ll be four and four (S8130) 
 
0 1 
I know the answer to four 
plus four and that’s eight 
(S4130)  
1 1 












five minus three doesn’t 
equal eight (S8103) 
 
0 1 
five plus (S4121) 
 
2 1 
you just count three on from 
five (S4069)  
5 2 




Component for problem 





I thought it was five plus 
three equals here (S8124) 
 
0 1 




five and five is ten (S4066) 
 
1 0 
five plus eight (S8092) 
 
0 1 




five’s lower than eight 
(S4132)  
2 1 
it’s five equals (S8009) 
 
0 3 
I’m not sure what it means 
by five equals there (S8038)  
0 1 
five doesn’t equal eleven 
(S8094)  
0 1 
five equals two plus (S4017) 
 
1 0 
if you five equals three 
(S8025)  
0 1 
doesn’t make sense five 
equals three it just doesn’t 
make sense (S8035)  
0 1 




I don’t think that exactly get 
the fact that of that five #UM 
equals three #H plus (S4128)  
3 1 




I’m just not sure how five 
can equal three plus 
something (S8038)  
2 1 








Component for problem 









five is not the same as three 
plus eight (S8013) 
 
0 5 
that’s just like take #MA 
making that down to four 
equals four and one [motion 




it could be five times three 
which is fifteen (S4052) 
 
1 0 




five six seven eight (S4069)  2 0 
six seven eight (S4036)  1 0 
it adds to six seven eight nine 
or ten (S4124)  
1 0 
six seven eight nine or ten or 












eight plus (S4014) 
 
3 0 
eight plus three (S4014) 
 
3 2 




eight plus three is (S4014) 
 
1 1 








Component for problem 









eight plus three doesn’t 
equal five (S4089) 
 
12 15 
eight plus three equals five it 
can’t be that (S4132) 
 
1 0 
if we put the eight with the 
plus three it would make 
#UM a higher number that 
the five (S4061)  
2 1 
if eight was in the box 
(S8104)  
0 1 
eight is already larger than 
the number that it equals 
(S8055)  
0 2 
eight is more than three 
(S4062)  
1 0 
the eight is bigger than five 
(S4007)  
6 3 
if there’s a eight there then 
you can see there’s five there 
[motion indicates position] 
(S8080)  
0 1 
it’s not take away (S8008)  0 1 
it’s not a plus (S4107)  2 2 
isn’t it like two plus three 
(S8009)  
0 1 
it can’t be eight (S4033)  2 0 
Note. n = number of students’ explanation maps containing that type of component. 
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Table A3.3 
Transcript Excerpt, Component, and Frequency by Year Level for Problem 2 + □ = □ + 6 
Transcript excerpt 
(Student identity) 
Component for problem 





zero (S8077)  1 2 
zero one two three (S8077)  0 1 
zero plus six (S8001) 
 
0 2 
that  must equal six so I done 
a zero [B2] to make that six 
(S8031)  
1 2 
one (S8003)  12 18 
not…one (S8003)  0 1 
one two three four five six  1 0 
one plus three (S4056) 
 
1 0 
a one #PL plus four plus one 
equals six (S4062) 
 
1 0 
one plus six (S8015) 
 
0 1 
one and #SI [6] no (S8060) 
 
0 1 




two (S8003)  27 30 
two plus (S8090) 
 
4 2 
equals two (S4066) 
 
1 0 
equals two #NAH [not] 
(S4053)  
1 0 
you could have zero [B1] 
and a four [B2] (S4052) 
 
1 0 
two plus one (S4108) 
 
1 0 




Component for problem 





one and a one (S4071) 
 
2 0 
you’ve two plus one [B1] and 
that’s why you’ve put three 
in there [B2] (S8007)  
1 3 
one [B1] on this side and two 
[B2] on this side (S8083) 
 
1 1 
you could have a one [B1] 
then [B2] a three (S4052) 
 
2 0 
two plus three equals five 
plus six (S8007) 
 
2 1 
two plus two (S4011) 
 
6 0 




two plus two [B1] plus two 
[B2] equals six (S4052) 
 
3 0 




they are both two (S8026) 
 
9 3 








if you put the two [B1] in 
that one it would equal four 
[B2] in that one (S4084)  
2 0 
and over here you can add 
the four and the six (S8003) 
 
0 1 




Component for problem 





two plus two is four plus two 
is six (S8008) 
 
0 2 
two plus two is four plus 
three is…seven (S4080) 
 
1 0 
two plus two are four and it 
if you add another four it’s 
#S eight  (S4078)  
1 0 




two plus two equals four plus 
six equals ten (S8065) 
 
3 2 




that one [B1] could be two 
and that one [B2] could be 
ten (S8032)  
2 1 




you could have three [B1] 
and one [B2] (S4005) 
 
6 0 
not three and one (S8003) 
 
0 0 




six plus three [B2] …three 
[B1] plus two (S8027) 
 
0 1 












Component for problem 









if you do two plus three is 
five plus one is six (S8075) 
 
2 1 
two plus three equals five 
plus six (S8007) 
 
4 1 
that’s plus three equals five 
and then six equals eleven 
(S8131)  
0 1 
three [B1] six (S4055) 
 
2 0 








two plus four (S8001) 
 
5 5 
[2] plus four (S8007) 
 
0 1 
not two plus four (S8015) 
 
0 1 




two plus four equals (S8078) 
 
0 1 
plus two is four (S8090) 
 
0 1 












Component for problem 





one [B1] could be four and 
one [B2] could be two 
(S8045)  
2 2 
four [B2] three [B2] (S4076) 
 
1 0 
four is the first one and…five 
is the second one (S4043) 
 
2 0 




as long as they [2 + 4 and 4 
+ 2] both equal the same 
number [6] (S8045)  
 
0 1 
you could have a four [B1] 
which would make it six [B2] 
(S8074)  
3 4 




let’s [2] say [B1] that was 
actually four so we’d have 
six plus six  
1 0 
two plus four equals six plus 
six is twelve  (S8105) 
 
0 1 
you can put a four [B1] and 
it equals six [B2]…plus six 
[= 12] (S8074)  
0 1 








two plus five (S8032) 
 
0 2 
that could be five [B1] and 
that could be one [B2] 
(S8009)  
4 9 




Component for problem 





if you added five [B1] then 
you have to make [B2] that 
one add one so it will equal 
through (S4089)  
1 0 
two plus five [B1] and one 
[B2] plus six (S8053) 
 
0 1 
















they [2 + 5 and 1 + 6] would 
both equal…seven (S8009) 
 
1 1 




two plus five is seven, seven 
the answer, seven then plus 
six (S8064)  
1 1 
two plus five is seven plus six 
is eleven (S8092) 
 
0 1 
five might [B1] go in there 
#UM that one [B2] would be 
thirteen (S4046)  
1 0 
two plus five [B1] 
equals…five-hundred-and-
seven [B2] plus six (S8014)  
0 1 
you could put like five in 
there [B1] (S8046) 
 
0 1 
two plus six (S8007) 
 
2 3 




Component for problem 









which is two plus six (S8036) 
 
0 1 








it could be two plus six and 
then it could be on the other 
side it could be two plus six 
as well (S8013)  
0 1 
two plus six [B1] (S8005) 
 
0 1 
two and six [B1] and two 
[B2] and six [motion 
indicates elements and 
positions] (S8043)  
0 1 
that could be six [B1] and 
that could be two [B2] 
(S8009)  
7 17 
it’s just a backwards [2 = B2 








they just could be numbers 
that add up so if that one [2] 
with six [B1] it’s gotta be to 
eight and you know with that 
one [B2] it’s gotta be to six 




I though the same [2 + 6 and 
2 + 6]…to make eight 
(S4122)  
1 0 




Component for problem 





you could put six [B1] and 
the next number could be 
eight (S4124)  
1 0 
two plus six which is 
obviously eight and then plus 
six again would be like 
fourteen (S8092)  
0 1 
two plus that one [6] would 
that equal nine[B2] 
 
1 0 
two plus seven (S8013) 
 
0 5 








two and seven equals nine 
and so does three plus six 
(S8056)  
0 3 
that [2] would be a [B2 = 9] 
and if that was seven [B1] 
 
1 0 
and [2 + B1] and nine [B2] 
is supposed to go [B2] there 
plus six (S4054)  
1 0 
two plus eight (S8001) 
 
2 1 
two plus eight equals four 
plus six (S8020) 
 
0 1 
they could be two plus eight 
[B1] and four [B1] plus six 
(S8053)  
0 2 
that [B1] could be eight and 
that one [B2] could be four 
(S8005)  
6 15 












Component for problem 





added like eight [B1] on to 
that [2] and you you’d have 
it like it equal ten (S8013)  
0 1 




that one [B1] might be eight 
and that one [B2] could be 
four both equal ten (S8002)  
0 1 
those both [2 + 8 and 4 + 6] 
equal ten (S8086) 
 
2 1 
two plus eight equals ten 
plus five plus six (S8064) 
 
0 1 




two plus eight [B1] equals 
ten [B2] then you’re doing 
the same #PL think carrying 
on with the equation then 
plus six (S8024) 
 
1 1 
two plus eight [B1] equals 
ten [B2] plus two [6] equals 
sixteen (S4021)  
3 0 








you could add…nine to there 
[B1] which would make it 
eleven (S8054)  
0 1 




two plus ten (S8083) 
 
1 1 
three [B2] ten [B1] (S4077) 
 
1 0 




Component for problem 

















then those [2 + 10 and 6 + 6] 
both add up to twelve 
 
1 1 
you could make thirteen [B1] 
and fifteen [B2] in there 
 
1 0 
fourteen in there [B2]…and 
eighteen [B1] (S8081) 
 
0 1 
eighteen [B1] which would 
make twenty [B2] (S8081) 
 
0 1 
two plus twenty so that 
would be twenty two (S8062) 
 
0 1 
that [B1] could be twenty 
and that [B2] could be 
twenty-two (S8078)  
0 1 




two plus fifty-eight equals 
whatever it equals (S4100) 
 
1 0 
that’ll [2 + 75] be seventy-
seven [B2] (S8046) 
 
0 1 
you could put like seventy-
five in there [B1] (S8046) 
 
0 1 
that [B1] could be a hundred 
and that [B2] could be 
ninety-six (S8002)  
0 1 




Component for problem 






and one-hundred [B2] 
(S8125)  
0 1 
two plus five-hundred [B1] 
equals five-hundred-and-two 
[B2] (S8014)  
0 1 




two plus something equals 
something plus six (S8114) 
 
0 1 
eight [B2] (S4091) 
 
1 0 
both [2 + B1] of them [B2 + 
6] add up to eight (S8111) 
 
0 1 








[you could put a] any other 
number [B1] (S4130) 
 
1 0 
equals you could have a 
number there [after 6] 
(S4132)  
1 0 
that equals [2 + B1] what 
that equals [B2 = 6] (S8085) 
 
2 4 
as long as you make it [2 + 
B1] higher than six (S8099) 
 
0 1 
the missing number [B1] 
must add up to ten (S8004) 
 
0 1 
the second one [B2] has to 
add up to these two [2 + B1] 
(S8021)  
4 5 
depends [B1] on what you’re 
using there [B2] (S4130) 
 
1 1 




Component for problem 





it’s just two plus anything 
[B1] and then that [B2] 
could be any anything plus 
six…so any number there 
[B1] and then the answer 
there [B2] (S8030) 
 
1 4 
three (S8003)  19 26 
not three (S8003)  0 1 
equals three (S4108) 
 
1 0 




you could go three [+ 6] 
(S8086)  
1 1 
three plus six is nine (S8095) 
 
1 1 
four (S8003)  24 41 
split it [8] in half (S4067)  1 0 
makes four (S4083) 
 
1 0 




four plus two is six (S4052) 
 
2 0 
four [+] two is six (S8069) 
 
0 1 
four plus six (S8001) 
 
1 1 








five (S8003)  17 22 




Component for problem 





and then you do five six 
(S4132)  
1 0 
five six seven eight nine ten 
(S4018)  
1 0 
makes five (S4083) 
 
2 1 




adding five plus two (S8003) 
 
0 1 




five and three makes eight 
and two makes ten and six 
makes sixteen (S4021) 
 
1 0 
you could add five to there 
[6] (S8021)  
0 1 




six (S8019)  11 22 
six plus  (S4077) 
 
1 0 
the you could do like plus six 
if you wanted (S8014)  
3 5 
you can take the six off it  
(S8021)  
2 4 
equals six (S8129) 
 
4 1 
six plus one no (S4068) 
 
1 0 




six plus two (S8028) 
 
0 1 




Component for problem 





six is more than two (S8029) 
 
0 1 








six plus three (S8013) 
 
0 1 




six and four (S4063) 
 
1 0 
six and four is ten (S8016) 
 
0 6 
six and five that would have 
to be eleven (S8021) 
 
0 4 
six plus six (S4042) 
 
1 0 
six plus seven (S80124) 
 
0 1 












these two [6 + B2] so that if 
you are trying to figure out 
[B1] at this end [B2 + 6] 
(S8021)  
0 1 
seven (S8005)  7 14 
so seven eight nine (S8073) 
 
0 1 




Component for problem 





equals seven (S4066) 
 
3 0 
you have to put an answer 
[7] plus six (S8021) 
 
0 1 
eight (S8004)  16 26 
eight nine ten eleven twelve 
thirteen fourteen fifteen 




equals eight (S4011) 
 
2 0 
eight and two is ten (S8059) 
 
1 3 
eight plus five so that would 
be thirteen (S8032) 
 
0 1 
which would make it eight 
plus six (S8074) 
 
0 1 
nine (S8020)  5 7 
if you add nine and two it 






which would equal ten 
(S8005)  
1 4 




ten minus six is four (S4114) 
 
1 0 




eleven (S8019)  1 3 
twelve (S8118)  3 1 




Component for problem 





equal twelve (S4082) 
 
1 0 








thirteen (S4024)  1 0 
fourteen (S8092)  0 1 
fourteen in there [B2] which 
would be twenty (S8081)  
 
0 1 
sixteen (S8118)  0 1 
it’ll be seventeen (S4095) 
 
1 0 
twenty (S8118)  1 1 
which would make twenty 
(S4073)  
1 0 
which would make twenty-six 
(S4073)  
1 0 
any number (S8100)  0 2 
you’d have to add the same 
amount on the other one 
[B2] to reach the same 
number [10] (S8013)  
0 1 
make it [B1] higher than four 
(S8023)  
1 1 
you just gotta make #UM this 
one [B1] have that one four 
more #UM four more 




six couldn’t really be plus-
ing something that equals the 




and [B1] the [B2] two 
numbers if you minus it it has 
to equal four (S4114)  
1 0 




Component for problem 





the one on the side of the two 
[B1] must be four less than 
the other side [B2] (S8068)  
0 1 




you just have to find 
something to six plus what 
equals twenty-two (S8062)  
0 1 
it’s just the same thing 
(S8002)  
2 7 
I’m not sure (S8025)  13 9 
Note. n = number of students’ explanation maps containing that type of component. 
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Appendix 4: Supplementary Results Related 
to the Dependent Variable 
Table A4.1 
Descriptive Statistics for the 16 Tasks Used to Calculate Total Scores for Year 4 and Year 8 
Students by Year Level 
  Year 8   Year 4  
Task N M SD N M SD 
What’s the 
Number 
132 3.23 1.999 128 1.35 1.570 
Measure me 126 6.71 3.387 131 3.44 3.160 
Tim’s problems 128 2.19 .858 130 .94 .971 
Quick way 126 8.53 2.753 123 5.78 2.651 
Factious fractions 131 1.39 .729 127 .69 .761 
Posting parcels 130 5.88 2.148 130 3.60 1.987 
Jars and marbles 128 1.98 .939 130 1.62 .950 
Jelly 130 3.29 2.651 130 3.29 2.651 
Division facts 131 10.63 4.940 130 3.59 4.082 
Write it 129 8.22 1.838 130 5.79 2.467 
Houses 128 8.78 2.845 130 7.11 3.178 
Pasifika patterns 129 2.43 .942 130 1.13 .663 
Addition 131 3.71 .779 131 3.16 1.245 
Missing numbers 131 5.37 1.442 131 3.95 2.079 
Swimming pool 131 5.80 1.652 131 3.63 2.432 
Division 130 4.45 1.233 131 2.09 1.907 
More than 131 8.15 2.021 131 5.85 2.969 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 132 at each year level to the numbers shown for each task due to missing data.  
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Table A4.2 




Total % of Variance Cumulative % 
1 7.170 44.810 44.810 
2 1.169 7.303 52.113 
3 1.049 6.559 58.673 
4 .835 5.220 63.892 
5 .810 5.060 68.952 
6 .724 4.523 73.476 
7 .683 4.268 77.744 
8 .555 3.470 81.214 
9 .501 3.134 84.348 
10 .476 2.973 87.321 
11 .468 2.923 90.244 
12 .409 2.558 92.802 
13 .354 2.212 95.014 
14 .315 1.970 96.983 
15 .285 1.780 98.763 
16 .198 1.237 100.000 
Note. Varimax rotation used.   
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Appendix 5: Results Related to Explanation Subtypes for 
Problem 7 + 3 = □ + 2 
The specific research questions addressed in further detail in this Appendix are: 
 RQ1b. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ explanations for problem 7 + 3 = □ + 2? 
 RQ2b. At Year 4 and Year 8, what are the relationships among students’ 
explanations and total scores for problem 7 + 3 = □ + 2? (See Figure 11 in 
section 2.4 of Chapter 2.) 
The detail is provided to support the interpretation of the results presented in the previous 
section. The detail contained in this section could also be used by teachers to develop specific 
teaching points or researchers to identify further areas of inquiry. 
Subtypes were identified within equivalent 10, equals 10, equals 10 and 12, and 
equals 12 explanations for the problem 7 + 3 = □ + 2. There were no subtypes identified for 
other explanations. Representative examples are presented to define each subtype so that the 
correspondence between a student’s explanation and its categorisation as a particular subtype 
is clearly demonstrated. Descriptive statistics are provided to document the frequencies and 
total scores associated with each subtype.  
A5.1 Mathematical Features of Equivalent 10 Subtypes 
All instances of equivalent 10 explanations were identified with at least an addition 
expression involving 7 and 3, therefore, five mathematical features were identified to 
characterise equivalent 10 subtypes. The features included: (a) an addition expression 
involving 7 and 3, (b) an addition expression involving 8 and 2, (c) number properties of 10 
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are related with at least one equality relation, (d) the sum 10, and (e) equality relations (i.e., 
the sameness of two equality statements such as 7 + 3 = 10 and 8 + 2 = 10) were related 
explicitly or implicitly. 
Explicit meant that students expressed a direct relation between two sets of number 
properties of 10 by stating more mathematical features than known facts  
[e.g., 7 + 3 = 10 = 8 + 2 (S8036)]. These additional features were interpreted as an attempt to 
explain how the properties of equality were coordinated for the problem 7 + 3 = □ + 2 when 
the missing number was 8. 
Implicit meant that students expressed two sets of number properties of 10 by stating 
known facts, however, the relation between the two sets of number properties of 10 had to be 
inferred by the listener/viewer [e.g., 7 + 3 = 10 and 8 + 2 = 10 (S4063)]. The explanation of 
two known facts were interpreted as a tacit understanding of the properties of equality for the 
problem 7 + 3 = □ + 2 when the missing number was 8. 
There were eight equivalent 10 subtypes identified: (1) equivalent-expressions,  
(2) equivalent-statements (3) equivalent-statements-fragmented, (4) equivalent-statements-
implied, (5) equal-statements-unknown-first, (6) equal-statements-addend-first, (7) equal-
statements-fragmented, and (8) equal-statements-implied. 
The (1) equivalent-expressions subtype represented explanations that expressed the 
five features as one complicated statement where the addition expressions 7 + 3 and 8 + 2 
were related to the sum 10 explicitly [e.g., 7 + 3 = 10 = 8 + 2 (S8036)]. The (1) equivalent-
expressions subtype was the only equivalent 10 subtype where the addition expressions were 
expressed with the same syntactical structure as the problem (i.e., 7 + 3 and □ + 2). 
The (2) equivalent-statements subtype represented explanations that expressed the 
five features of equivalent 10 explanations as two complete statements where the relation 
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between two sets of number properties of 10 was expressed by students directly [e.g., 7 + 3 = 
10, 8 + 2 = 10, and “also” (S8054)].  
(5) Equal-statements-unknown-first subtypes and (6) equal-statements-addend-first 
subtypes were arithmetically equivalent.  
(5) Equal-statements-unknown-first subtypes represented explanations that expressed 
the five features of equivalent 10 explanations as two complete statements and where a 
relation between the two statements had to be inferred by the listener/viewer [e.g., 7 + 3 = 10 
and 8 + 2 = 10 (S4063)]. In this case, the addition expression involving the unknown number 
was expressed as 8 + 2. 
(6) Equal-statements-addend-first subtypes represented explanations that expressed 
the five features of equivalent 10 explanations as two complete statements and where a 
relation between the two statements had to be inferred by the listener/viewer [e.g., 7 + 3 = 10 
and 2 + 8 = 10 (S4020)]. In this case, the addition expression involving the unknown number 
was expressed as 2 + 8. 
The four equivalent 10 subtypes (1, 2, 5, and 6) described immediately above were 
also interpreted to express process/object duality and process-preference. Earlier in this 
chapter, ambivalent answers were presented as an example of how students may 
communicate mathematical ideas that are mismatched (Perry, Church, & Goldin-Meadow, 
1988). Equivalent 10 subtypes may also be interpreted to express competing ideas about the 
concept of equality and signal that students are well into the condensation stage of concept 
formation for equality. 
Process/object duality demonstrated for problem 7 + 3 = □ + 2 involved students 
expressing the known facts 7 + 3 = 10 and 8 + 2 = 10, and in some cases, also stating that 
they share the sum 10 even though the addition expressions differ. Students used their 
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knowledge of numbers and operations to make logical inferences about the value of the 
missing number. The four equivalent 10 subtypes (1, 2, 5, and 6) were not interpreted to 
express concept of equality as an object with known properties that could be used to solve the 
problem 7 + 3 = □ + 2 (i.e., if 3 = (2 + 1) and 7 = (8 – 1) then 
7 + 3 = (8 – 1) + (2 + 1) = 8 + 2). Instead, the four equivalent 10 subtypes (1, 2, 5, and 6) 
were interpreted to emphasise known facts associated with a tacit understanding of the 
properties of equality. 
Process-preference may relate to experiences with counting and adding numbers 
during the formation of the concept of addition that reinforce the notion that two addends 
must add up to a sum (Behr, Erlwanger & Nichols, 1976; Sfard, 1991). Students expressed 
the equality relation involving the addition expression 8 + 2 as 8 + 2 = 10 or 2 + 8 = 10 only. 
For the (6) equal-statements-addend-first subtype, expressing addition expression 2 + 8 might 
reflect recognition of a known fact related to the structure of the addition expression 2 + □ 
(i.e. 2 + 8) or a left to right reading of the addition expression as seen when student 4020 
explained “because two plus eight equals #UM #T ten”. For the other three subtypes, 
expressing the larger number first may relate to the strategy of counting on from larger 
number (i.e., 8 + 2) (Carpenter, Hiebert, & Moser, 1981) as seen when student 4063 
explained “because seven plus three equals ten and eight plus two equals ten”. 
The (3) equivalent-statements-fragmented subtype represented an explanation where 
the five mathematical features expressed by the student had to be assembled by the 
listener/viewer from the mathematical features scattered in the student’s explanation and 
those features were related explicitly [e.g., 7 + 3 = 10, “and it has to be would equals”,  
□ + 2 = 10, and 8 (S4119)].  
The (4) equivalent-statements-implied subtype represented an explanation where the 
five mathematical features had to be inferred by the listener/viewer because they were not 
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directly expressed by the student and only suggested by the answer and/or partial explanation 
given by the student, however, those features were related explicitly [e.g., 7 + 3 = 10, “and I 
learnt that the equals sign in the middle of a sum means the same as and so you need to make 
a sum”, and □ + 2 = 10 (S8031)]. 
The (7) equal-statements-fragmented and (8) equal-statements-implied subtypes were 
the same as equivalent-statements-fragmented and equivalent-statements-implied subtypes, 
respectively, except the features were related implicitly (e.g., 7 + 3 = 10, □ + 2 = 10, and 8 
[S4020] and 7 + 3 = 10 and 2 + □ = 10 [S8031], respectively).  
Figure A5.1 shows a representative student example of each equivalent 10 subtype for 
problem 7 + 3 = □ + 2. 




Transcript extract Mathematical features Representative component(s) 
(1) Equivalent-
expressions 




eight plus two (S8036) 
 addition expression 7 + 3 
 equality relation 
 the sum 10  
 equality relation 
 addition expression 8 + 2  
(2) Equivalent-
statements 
[1] #UM seven times [plus] three 
equals 
ten 
 addition expression 7 + 3 
 equality relation 
 the sum 10 
[1]  [2]  [3]  
[2] and I know that eight plus two  
[3] #EQU also  
[2] equals  
ten (S8054) 
 addition expression 8 + 2 
 relating equality relations 
 equality relation 




seven plus three 
equals 
ten 
 addition expression 7 + 3 
 equality relation 
 the sum 10 
 
and it has to be would equals   relating equality relations 
has to be a number plus two 
that equals 
ten 
 addition expression □ + 2 
 equality relation 
 the sum 10 




seven plus three is ten 
 addition expression 7 + 3 
 equality relation 
 the sum 10 
 
and I learnt that the equals sign in the middle of a sum 
means the same as and so you need to make a sum 
 relating equality relations 
I need to add a number to the #UM to the two plus 
to make 
ten(S4122) 
 addition expression □ + 2 
 equality relation 
 the sum 10 
Figure A5.1. Representative student examples of each equivalent 10 subtype for problem 7 + 3 = □ + 2. 









seven plus three 
equals 
ten 
 addition expression 7 + 3 
 equality relation 
 the sum 10 
 
and eight plus two 
equals 
ten (S4063) 
 addition expression 8 + 2 
 equality relation 




two plus eight 
equals 
#UM #T ten 
 addition expression 2 + 8 
 equality relation 
 the sum 10 
 
seven plus three 
equals  
ten (S4020) 
 addition expression 7 + 3 
 equality relation 




seven plus three 
is 
ten 
 addition expression 7 + 3 
 equality relation 
 the sum 10 
 
so obviously what plus two 
equals 
ten 
 addition expression □ + 2 
 equality relation 
 the sum 10 




seven plus three 
is 
ten 
 addition expression 7 + 3 
 equality relation 
 the sum 10 
 
so you need to know what makes 
ten 
 equality relation 
 the sum 10 
#UM what two plus what equals ten (S8031) 
 addition expression 2 + □ 
 equality relation 
 the sum 10 
Figure A5.1 (Continued). Representative student examples of each equivalent 10 subtype for problem 7 + 3 = □ + 2. 
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A5.2 Frequencies of Equivalent 10 Subtypes 
There were seven equivalent 10 subtypes identified at each year level as shown in 
Table 8. At both year levels, about two-thirds of equivalent 10 subtypes were implicit 
subtypes (5, 6, 7, and 8). 
Table A5.1 
Frequencies of Equivalent 10 Subtypes for Problem 7 + 3 = □ + 2 by Year Level 
Equivalent 10 subtype 
 
Year 8 
(N = 57) 
  
Year 4 
(N = 19) 
 
n % n % 
Equal- 
(Year 8, N = 38) 




23 35 6 32 
statements-
fragmented (7) 
10 18 3 16 
statements-
implied (8) 
3 5 3 16 
statements-
addend-first (6) 
2 4 1 5 
Equivalent- 
(Year 8, N = 19) 
(Year 4, N = 6) 
statements (2) 14 25 1 5 
expressions (1) 4 7 0 0 
statements-
implied (4) 
1 2 4 21 
statements-
fragmented (3) 
0 0 1 5 
Note. Percentages were rounded to the nearest whole number. For this analysis, the sample of equivalent 10 
explanations was N = 76 (see Table 7 in section 3.8 of Chapter 3). 
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A5.3 Equivalent 10 Subtypes and Total Scores 
For equivalent 10 explanations, Year 8 students scored significantly higher than Year 
4 students (see Table 7 in section 3.9.1 of Chapter 3). The mean total scores of equivalent 10 
subtypes were calculated to document the subtypes at each year level. The descriptive 
statistics for equivalent 10 subtypes and total scores for problem 7 + 3 = □ + 2 are shown in 
Table 9. 
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Table A5.2 
Descriptive Statistics for Equivalent 10 Subtypes and Total Score for Problem 
7 + 3 = □ + 2 by Year Level 
Equivalent 10 subtype 
 
Year 8 
(N = 46) 
  
Year 4 
(N = 18) 
 
n M SD n M SD 
Equal 
(Year 8, N = 30) 
(Year 4, N = 12) 








7 97.71 8.58 3 63.00 16.09 
statements-
implied (8) 




2 102.50 6.36 1 56.00 - 
Equivalent 
(Year 8, N = 16) 
(Year 4, N = 6) 
       
statements 
(2) 
12 94.50 10.85 1 62.00 - 
expressions 
(1) 
3 102.00 7.55 0 - - 
statements-
implied (4) 




0 - - 1 72.00 - 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 76 to N = 64 due to missing data. 
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A5.4 Interpretation of Equivalent 10 Subtypes as Conceptions of Equality 
Equivalent 10 subtypes were interpreted as structural conceptions of equality, and 
because of the detailed analysis, they were further identified to be known fact or properties in 
nature. 
For the four equivalent 10 subtypes that were implicit (5, 6, 7, and 8), students 
expressed mathematical features that were interpreted to reference the known facts 7 + 3 = 10 
and 8 + 2 = 10. Known fact conceptions of equality represent students’ tacit understandings 
of the properties of equality for the problem 7 + 3 = □ + 2 when the missing number was 8.  
For the four equivalent 10 subtypes that were explicit (1, 2, 3, and 4), students 
expressed additional mathematical features than for the implicit subtypes. Properties 
conceptions of equality represent students’ attempts to explain how they were coordinating 
the properties of equality for the problem 7 + 3 = □ + 2 when the missing number was 8.  
Because about two-thirds of equivalent 10 explanations were implicit subtypes(5, 6, 7, 
and 8), they were reported as known fact conceptions of equality earlier in this chapter (see 
Figure 22). 
A5.5 Mathematical Features of Equals 10 Subtypes 
Three mathematical features characterised equals 10 subtypes. The features included: 
(a) an addition expression involving 7 and 3, (b) number properties of 10 are related with an 
equality relation, and (c) the sum 10.  
There were two equals 10 subtypes identified: unknown-as-sum and unknown-as-
sum-implied. 
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The unknown-as-sum subtype represented explanations that expressed the three 
mathematical features of equals 10 explanations explicitly as complete statements  
[e.g., 7 + 3 = 10 (S4036)]. 
The unknown-as-sum-implied subtype represented an explanation where the three 
mathematical features had to be inferred by the listener/viewer because they were not directly 
expressed by the student and only suggested by the answer and/or partial explanation given 
by the student [e.g., the sum of the addition expression 7 + 3 was expressed as a counting 
sequence verbalised as “eight, nine, ten” (S4132)]. 
The two equals 10 subtypes were interpreted to demonstrate process-preference rather 
than process-object duality. Process-preference may still be predominant due to experiences 
with counting and adding numbers during the formation of the concept of addition that 
reinforce the notion that two addends must add up to a sum (Behr, Erlwanger & Nichols, 
1976; Sfard, 1991). 
Figure A5.2 shows a representative student example of each equals 10 subtype for 
problem 7 + 3 = □ + 2. 
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Equals 10 subtype Transcript extract Mathematical features Representative component(s) 
Unknown-as-sum 
seven plus three   the addition expression 7 + 3 
 
is   an equality relation 
ten (S4036)  the sum 10 
Unknown-as-sum-implied 
#UM seven plus three #EEKQU  the addition expression 7 + 3 
 
eight   the number 8 
nine  the number 9 
ten (S4132)  the sum 10 
Figure A5.2. Representative student examples of each equals 10 subtype for problem 7 + 3 = □ + 2. 
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A5.6 Frequencies of Equals 10 Subtypes 
There were two equals 10 subtypes identified at both year levels as shown in Table 
10. The majority of equals 10 explanations were unknown-as-sum  subtypes at both year 
levels. 
Table A5.3 
Frequencies of Equals 10 Subtypes for Problem 7 + 3 = □ + 2 by Year Level 
Equals 10 subtype 
 
Year 8 
(N = 38) 
  
Year 4 
(N = 54) 
 
n % n % 
Unknown-as-sum 37 97 44 81 
Unknown-as-sum-implied 1 3 10 19 
Note. Percentages were rounded to the nearest whole number. For this analysis, the sample of equal 10 
explanations was N = 92 (see Table 7 in section 3.8 of Chapter 3). 
A5.7 Equals 10 Subtypes and Total Scores 
For equals 10 explanations, Year 8 students scored significantly higher than Year 4 
students (see Table 7 in section 3.9.1 of Chapter 3). The mean total scores of equals 10 
subtypes were calculated to document the subtypes at each year level. The descriptive 
statistics for equals 10 subtypes and total scores for problem 7 + 3 = □ + 2 are shown in 
Table A5.4. 
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Table A5.4 
Descriptive Statistics for Equals 10 Subtypes and Total Score for Problem 
7 + 3 = □ + 2 by Year Level 
Equals 10 subtype 
 
Year 8 





n M SD n M SD 
Unknown-as-sum 32 88.66 12.71 37 54.97 18.61 
Unknown-as-sum-
implied 
0 - - 9 42.67 14.49 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 92 to N = 78 due to missing data. 
A5.8 Interpretation of Equal 10 Subtypes as Conceptions of Equality 
Equals 10 subtypes were interpreted as procedural conceptions of equality and 
because of the detailed analysis, those procedural conceptions of equality were further 
identified to be restricted notation in nature. Restricted notation conceptions of equality 
represented explanations that emphasised a particular problem structure, specifically, the 
expected sequence of two addends followed by a sum where the sum must follow the equals 
sign (Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003). Most often, the structure of 
the problem 7 + 3 = □ + 2 was expressed as 7 + 3 = □ because the addition fact 7 + 3 = 10 
was stated. 
A5.9 Mathematical Features of Equals 10 and 12 Subtypes 
Six mathematical features characterised equals 10 and 12 subtypes. The features 
included: (a) an addition expression involving 7 and 3, (b) number properties of 10 are related 
with one equality relation, (c) the sum 10, (4d) an addition expression involving 10 and 2 
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may be explicit or inferred, (e) number properties of 12 may be explicitly or implicitly related 
with one equality relation, and (f) the sum 12 may be explicit or inferred. 
There were four equals 10 and 12 subtypes identified: (1) unknown-as-sum/addend-
statement, (2) unknown-as-sum/addend-statements, (3) unknown-as-sum/addend-fragmented, 
and (4) unknown-as-sum/addend-implied. 
The (1) unknown-as-sum/addend-statement and (2) unknown-as-sum/addend-
statements represented explanations that expressed the six mathematical features of the 
equals 10 and 12 explanations explicitly as one complete statement [e.g., 7 + 3 = 10 + 2 = 12 
(S4051)] and two complete statements [e.g., 7 + 3 = 10, 10 + 2 = 12 (S4024)], respectively. 
The (3) unknown-as-sum/addend-fragmented and (4) unknown-as-sum/addend-
implied subtypes represented explanations where more than one of the six mathematical 
features expressed had to be inferred by the listener/viewer. More features were specified in 
the unknown-as-sum/addend-fragmented subtype [e.g., 7 + 3 = 10, + 2 = 12 (S4035)] than the 
unknown-as-sum/addend-implied subtype [e.g., 7 + 3 = 10, + 2 (S8083)]. 
Figure A5.3 shows a representative student example of each equals 10 and 12 subtype 
for problem 7 + 3 = □ + 2. 
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Equals 10 and 12 subtype Transcript extract Mathematical features Representative component(s) 
(1) unknown-as-sum/addend-
statement 






 the addition expression 7 + 3 
 an equality realtion 
 the sum/addend ten 
 addition of 2 
 an equality realtion 
 the sum twelve  
(2) unknown-as-sum/addend-
statements 
seven plus three 
is 
ten and 
 the addition expression 7 + 3 
 an equality relation 
 the sum 10 
 
and ten plus two 
is 
twelve (S4024) 
 the addition expression 10 + 2 
 an equality relation 
 the sum 12 
(3) unknown-as-sum/addend-
fragmented 
seven plus three 
equal 
ten 
 the addition expression 7 + 3 
 an equality relation 
 the sum 10 
 
and then if it’s adding two more 
equals 
twelve (S4035) 
 addition of 2 
 an equality realtion 
 the sum twelve 
(4) unknown-as-sum/addend-
implied 
seven plus three 
is 
ten 
 the addition expression 7 + 3 
 an equality relation 
 the sum 10 
 
don’t know where the plus two comes from but it 
just must be there (S8083) 
 addition of 2 
Figure A5.3. Representative student examples of each equals 10 and 12 subtype for problem 7 + 3 = □ + 2. 
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A5.10 Frequencies of Equals 10 and 12 Subtypes 
There were four equals 10 and 12 subtypes identified at each year level as shown in 
Table A5.5 Roughly the same proportions of each subtype were given by students at both 
year levels. 
Table A5.5 
Frequencies of Equals 10 and 12 Subtypes for the Problem 7 + 3 = □ + 2 by Year Level 
Equals 10 and 12 subtype 
 
Year 8 
(N = 25) 
  
Year 4 
(N = 34) 
 
n % n % 
(3) Unknown-as-
sum/addend-fragmented 
10 40 13 38 
(1) Unknown-as-
sum/addend-statement 
7 28 10 29 
(4) Unknown-as-
sum/addend-implied 
5 20 6 18 
(2) Unknown-as-
sum/addend-statements 
3 12 5 15 
Note. Percentages were rounded to the nearest whole number. For this analysis, the sample of equals 10 and 12 
explanations was N = 59 (see Table 7 in section 3.8 of Chapter 3). 
A5.11 Equals 10 and 12 Subtypes and Total Scores 
For equals 10 and 12 explanations, Year 8 students scored significantly higher than 
Year 4 students (see Table 7 in section 3.9.1 of Chapter 3). The mean total scores of equals 
10 and 12 subtypes were calculated to document the subtypes at each year level. The 
descriptive statistics for equals 10 and 12 subtypes and total scores for problem 7 + 3 = □ + 2 
are shown in Table A5.6. 
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Table A5.6 
Descriptive Statistics for Equals 10 and 12 Subtypes and Total Score for Problem 
7 + 3 = □ + 2 by Year Level 




(N = 19) 
  
Year 4 
(N = 32) 
 




7 71.29 22.58 13 58.00 16.56 
(1) Unknown-as-
sum/addend-statement 
6 88.17 12.09 9 54.33 18.96 
(4) Unknown-as-
sum/addend-implied 
4 86.75 8.88 6 45.83 15.07 
(2) Unknown-as-
sum/addend-statements 
2 75.50 30.41 4 57.75 23.82 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 59 to N = 41 due to missing data. 
A5.12 Interpretation of Equals 10 and 12 Subtypes as Conceptions of Equality 
Equals 10 and 12 subtypes were interpreted as procedural conceptions of equality and 
because of the detailed analysis, those procedural conceptions of equality were further 
identified to be operator-separator in nature. Operator-separator conceptions of equality 
represented explanations that expressed the equals sign as an addition symbol, as a place 
holder, and as a signifier that the solution to the problem follows the equals sign (Baroody & 
Ginsburg, 1983). Most often, the structure of the problem 7 + 3 = □ + 2 was expressed with 
the equals sign acting as a place holder for the sum 10 in the continuing addition procedure 
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involving the number 2. For example, a student explained “seven plus three is ten and then if 
it’s adding two more equals twelve” (S4035). 
A5.13 Mathematical Features of Other Explanations 
There were no subtypes of other explanations identified at either year level. If a 
student’s explanation map was not matched to an archetype it was categorised as an other 
type of explanation; therefore, there was no characteristic set of mathematical features for 
other explanations. It was noted that the majority of other explanations were process-oriented 
at both year levels (n = 6 at Year 8 and n = 18 at Year 4). 
A representative example of an other explanation is shown in Figure A5.4.  
Transcript extract Mathematical features Representative component(s) 
two plus one  the addition expression 2 + 1 
 
equals  an equality realtion 
three (S4016)  the sum three 
Figure A5.4. Representative student example of other explanations for problem 7 + 3 = □ + 2. 
Please note that the frequency and total score results for other explanations were 
discussed previously and presented in Tables 6 and 7, in sections 3.8 and 3.9, respectively, of 
Chapter 3.  
A5.14 Interpretation of Other Subtypes as Conceptions of Equality 
Other explanations were interpreted as procedural conceptions of equality because 
they represented a diverse set of explanations with no common mathematical features. The 
majority of other explanations were process-oriented [e.g., 2 + 1 = 3 (S4016)]. Even though 
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they were labelled as unspecified earlier, they could also be though of as procedural-other 
conceptions. 
A5.15 Mathematical Features of Equals 12 Subtypes 
Three mathematical features characterised equals 12 subtypes. The features included: 
(a) an addition expression involving three addends (i.e., 7, 3, and 2) or two addends  
(i.e., 10 and 2), (b) number properties of 12 related with an equality relation, and (c) a sum 
12. 
There were two equals 12 subtypes identified: (1) unknown-as-sum-of-three-addends 
and (2) unknown-as-sum-of-two-addends. 
The (1) unknown-as-sum-of-three-addends subtype represented explanations that 
expressed the three mathematical features of equals 12 explanations where the addition 
expression involved three addends [e.g., 7 + 3 + 2 = 12 (S4039)]. 
The (2) unknown-as-sum-of-two-addends subtype represented explanations that 
expressed the three mathematical features of equals 12 explanations where the addition 
expression involved two addends [e.g., 10 + 2 = 12 (S8019)]. 
Figure A5.5 shows a representative student example of each equals 12 subtype for 
problem 7 + 3 = □ + 2. 
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Equals 12 subtype Transcript extract Mathematical features Representative component(s) 
(1) Unknown-as-sum-of-three-
addends 
seven plus three plus two  the addition expression 7 + 3 + 2 
 
is  an equality realtion  
twelve (S4039)  the sum 12 
(2) Unknown-as-sum-of-two-
addends 
ten plus two  the addition expression 10 + 2 
 
is  an equality realtion 
twelve (S8019)  the sum 12 
Figure A5.5. Representative student examples of each equals 12 subtype for problem 7 + 3 = □ + 2. 
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A5.16 Frequencies of Equals 12 Subtypes 
There were two equals 12 subtypes identified at Year 8 and one of them identified at 
Year 4 as shown in Table A5.7. There were very few equals 12 explanations identified at 
both year levels. Only (1) unknown-as-sum-of-three-addends subtypes were given by 
students at both year levels. 
Table A5.7 
Frequencies of Equals 12 Subtypes for Problem 7 + 3 = □ + 2 by Year Level 
Equals 12 subtype 
 
Year 8 
(N = 5) 
  
Year 4 
(N = 4) 
 
n % n % 
(1) Unknown-as-sum-of-
three-addends 
4 75 4 100 
(2) Unknown-as-sum-of-
two-addends 
1 25 0 0 
Note. Percentages were rounded to the nearest whole number. For this analysis, the sample of equals 12 
explanations was N = 9 (see Table 7 in section 3.8 of Chapter 3). 
A5.17 Equals 12 Subtypes and Total Scores 
For equals 12 explanations, Year 8 students scored significantly higher than Year 4 
students (see Table 7in section 3.9.1 of Chapter 3). The mean total scores of equals 12 
subtypes were calculated to document the subtypes at each year level. The descriptive 
statistics for equals 12 subtypes and total scores for problem 7 + 3 = □ + 2 are shown in 
Table A5.8. 
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Table A5.8 
Descriptive Statistics for Equals 12 Subtypes and Total Score for Problem 7 + 3 = □ + 2 by 
Year Level 
Equals 12 subtype 
 
Year 8 
(N = 3) 
  
Year 4 
(N = 4) 
 
n M SD n M SD 
(1) Unknown-as-sum-
of-three-addends 
3 72.33 3.51 4 51.50 16.86 
(2) Unknown-as-sum-
of-two-addends 
0 - - 0 - - 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 9 to N = 7 due to missing data. 
A5.18 Interpretation of Equals 12 Subtypes as Conceptions of Equality 
Equals 12 subtypes were interpreted as procedural conceptions of equality and 
because of the detailed analysis, those procedural conceptions of equality were further 
identified to be action in nature. Action conceptions of equality represented explanations 
where the numbers on either side the equals sign are added to calculate a sum (Behr, 
Erlwanger, & Nichols, 1976; Kieran, 1981). In this case, the structure of the problem was not 
emphasised. Instead, process of adding of numbers in the problem was emphasised by 
explaining that the numbers 7, 3, and 2 should be added to sum 12. For example, the 
statement “seven plus three plus two is twelve” (S4039) was expressed. A student may have 
recognised 7 + 3 as a familiar number fact of 10, and therefore, only expressed the addition 
statement “ten plus two is twelve” (S8019).  
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Appendix 6: Results Related to Explanation Subtypes for 
Problem 5 = 3 + □ 
The specific research questions addressed in further detail in this Appendix are: 
 RQ1b. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ explanations for problem 5 = 3 + □? 
 RQ2b. At Year 4 and Year 8, what are the relationships among students’ 
explanations and total scores for problem 5 = 3 + □? (See Figure 11 in section 
2.8 of Chapter 2.) 
The detail is provided to support the interpretation of the explanation results presented in the 
previous section. In particular, the concepts of process/object duality and process-preference 
are relevant to the interpretation of explanation subtypes. The detail contained in this section 
could be used by teachers to develop specific teaching points or researchers to identify further 
areas of inquiry. 
Subtypes were identified within not equal, equals 5, equals 11, syntax, and equals 8 
explanations for the problem 5 = 3 + □. There were no subtypes identified for uncertain and 
other explanations. Representative examples are presented to define each subtype so that the 
correspondence between a student’s explanation and its categorisation as a particular subtype 
is clearly demonstrated. Descriptive statistics are provided to document the frequencies and 
total scores associated with each subtype.  
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A6.1 Mathematical Features of Not Equal Subtypes 
Three mathematical features characterised not equal subtypes. The features included: 
(a) an addition expression involving 3 and 8, (b) number properties of 5 and 11 are related 
with a not equal relation, and (c) the sum 5. 
There were five not equals subtypes identified: (1) addend-first, (2) unknown-first, (3) 
sum-first, (4) fragmented, and (5) implied. 
(1) Addend-first [e.g., 3 + 8 ≠ 5 (S8068)], (2) unknown-first [e.g., 8 + 3 ≠ 5 (S4060)], 
and (3) sum-first [e.g., 5 ≠ 3 + 8 (S8013)] subtypes represented explanations that expressed 
the three features of the not equal explanations explicitly as complete statements. There were 
subtle but important differences between the three subtypes. 
The (3) sum-first subtype was interpreted to demonstrate process/object duality rather 
than process preference. The mathematical features expressed in students’ explanations for 
sum-first subtypes were expressed as 5 ≠ 3 + 8 and not 5 ≠ 8 + 3. The (3) sum-first subtype 
represented an explanation with same structure as the problem except that the reflexive 
property was violated if the missing number was 8 (i.e., 5 ≠ 3 + 8). 
The (1) addend-first and (2) unknown-first subtypes were interpreted to demonstrate 
process-preference. The two subtypes may relate to experiences with counting and adding 
numbers during the formation of the concept of addition that reinforce the notion that two 
addends must add up to a sum (Behr, Erlwanger & Nichols, 1976; Sfard, 1991). The (1) 
addend-first and (2) unknown-first subtypes represented not equal explanations that were 
arithmetically equivalent but not algebraically equivalent to the (3) sum-first subtype. The (2) 
unknown-first subtype was identical to the (1) addend-first subtype except the addition 
expression was 8 + 3 in the former and 3 + 8 in the latter. For the (2) unknown-first subtype, 
expressing the larger number first may relate to the strategy of counting on from larger 
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number (i.e., 8 + 3) (Carpenter, Hiebert, & Moser, 1981) as seen in the right to left reading of 
the elements in the problem when student 4085 explained “because eight [right index finger 
placed on the missing number box] plus [right index finger placed on the addition symbol] 
three [right index finger placed on the number 3] wouldn’t really equal [right index finger 
placed on the number 5] five”. For the (1) addend-first subtype, expressing addition 
expression 3 + 8 might reflect recognition of a known fact related to the structure of the 
addition expression 3 + □ (i.e. 3 + 8). 
The (4) fragmented subtype represented an explanation where the three mathematical 
features expressed by the student had to be assembled by the listener/viewer from the 
mathematical features scattered in the student’s explanation [e.g., 8 + 3 and ≠ 5 (S8061)]. 
The (5) implied subtype represented an explanation where the three mathematical 
features had to be inferred by the listener/viewer because they were not directly expressed by 
the student and only suggested by the answer and/or partial explanation given by the student 
[e.g., ≠ 5 and > (S4003)]. 
Figure A6.1 shows representative student examples of each not equal subtype for 
problem 5 = 3 + □. 
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Not equal subtype Transcript extract Mathematical features Representative component(s) 
(1) Addend-first 
three plus eight  the addition expression 3 + 8 
 
isn’t  a not equal relation 
five (S8068)  the sum 5 
(2) Unknown-first 
eight plus three  the addition expression 8 + 3 
 
#EK (student shakes head) doesn’t equal to  a not equal relation 
five (S4060)  the sum 5 
(3) Sum-first 
five  the sum 5 
 
is not the same as  a not equal relation 
three plus eight (S8013)  the addition expression 3 + 8 
(4) Fragmented 
if you add eight and three #UM  the addition expression 8 + 3 
 
it wouldn’t equal five (S8061)  a not equal realtion with the sum 5 
(5) Implied 
the answer wouldn’t be five  a not equal realtion with the sum 5 
 
it would be too high that number 
would be too high (S4003) 
 a greater than relation 
Figure A6.1. Representative student examples of each not equal subtype for problem 5 = 3 + □. 
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A6.2 Frequencies of Not Equal Subtypes 
There were five not equal subtypes identified at Year 8 and four of them identified at 
Year 4 as shown in Table A6.1. At both year levels, the majority of not equal subtypes were 
(1) addend-first, (4) fragmented, or (2) unknown-first subtypes. 
Table A6.1 
Frequencies of Not Equal Subtypes for Problem 5 = 3 + □ by Year Level 
Not equal subtype 
 
Year 8 
(N = 63) 
  
Year 4 
(N = 35) 
 
n % n % 
(1) Addend-first 23 37 6 17 
(4) Fragmented 15 24 9 26 
(2) Unknown-first 14 22 12 34 
(5) Implied 6 10 6 17 
(3) Sum-first 5 8 0 0 
Note. Percentages were rounded to the nearest whole number. For this analysis, the sample of not equal 
explanations was N = 98 (see Table 13 in section 4.10 of Chapter 4). 
A6.3 Not Equal Subtypes and Total Scores 
As presented previously in this chapter, Year 8 students scored significantly higher 
than Year 4 students for not equal explanations (see Table 14 in section 4.10.1 of Chapter 4). 
The mean total scores of not equal subtypes were calculated to document the subtypes at each 
year level. The descriptive statistics for not equal subtypes and total scores for problem 5 = 3 
+ □ are shown in Table A6.2. 
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Table A6.2 
Descriptive Statistics for Not Equal Subtypes and Total Scores for Problem 5 = 3 + □ by 
Year Level 
Not equal subtype 
 
Year 8 
(N = 47) 
  
Year 4 
(N = 31) 
 
n M SD n M SD 
(1) Addend-first 15 90.00 20.17 5 54.00 6.21 
(4) Fragmented 13 92.62 14.10 7 66.00 21.91 
(2) Unknown-first 10 86.60 11.74 12 59.75 12.91 
(5) Implied 5 91.60 3.36 7 47.00 22.42 
(3) Sum-first 4 99.75 8.62 0 - - 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 98 to N = 78 due to missing data. 
A6.4 Interpretation of Not Equal Subtypes as Conceptions of Equality 
Not equal subtypes were interpreted as structural conceptions of equality and because 
of the detailed analysis, they were further identified to express a lack of reflexivity. Lack of 
reflexivity conceptions of equality represent students’ familiarly with known facts with the 
sums 5 and 11 and at least a tacit understanding of the properties of equality for the problem 
5 = 3 + □ if the missing number was 8. 
Appendix 6: Results Related to Explanation Subtypes for Problem 5 = 3 + □ 
427 
A6.5 Mathematical Features of Equals 5 Subtypes 
Three mathematical features characterised equals 5 subtypes. The features included: 
(a) an addition expression involving 3 and 2, (b) number properties of 5 are related with an 
equality relation, and (c3) a sum 5. 
There were five equals 5 subtypes identified: (1) addend-first, (2) unknown-first, (3) 
sum-first, (4) fragmented, and (5) implied. 
(1) Addend-first [e.g., 3 + 2 = 5 (S8040)], (2) unknown-first [e.g., 2 + 3 = 5 (S8067)], 
and (3) sum-first [e.g., 5 = 3 + 2 (S8014)] subtypes represented explanations that expressed 
the three features of equals 5 explanations explicitly as complete statements. Similar to the 
not equal subtypes discussed previously, there were subtle but important differences between 
these three subtypes. 
The (3) sum-first subtype was interpreted to demonstrate process/object duality. The 
mathematical features expressed in students’ explanations for (3) sum-first subtypes were in 
the sequence 5 = 3 + 2 and not 5 = 2 + 3. The (3) sum-first subtype represented an 
explanation with same structure as the problem 5 = 3 + □. 
The (1) addend-first and (2) unknown-first subtypes were interpreted to demonstrate 
process-preference and emphasise a known fact (i.e., 2 + 3 = 5 or 3 + 2 = 5). The two 
subtypes may relate to experiences with counting and adding numbers during the formation 
of the concept of addition that reinforce the notion that two addends must add up to a sum 
(Behr, Erlwanger & Nichols, 1976; Sfard, 1991). The (1) addend-first and (2) unknown-first 
subtypes represented equals 5 explanations that were arithmetically equivalent but not 
algebraically equivalent to the sum-first subtype. The (2) unknown-first subtype was identical 
to the (1) addend-first subtype except the addition expression was 3 + 2 in the former and 2 + 
3 in the latter. For the (1) addend-first subtype, expressing the larger number first may relate 
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to the strategy of counting on from larger number (i.e., 3 + 2) (Carpenter, Hiebert, & Moser, 
1981) or expressing addition expression 3 + 2 might reflect recognition of a known addition 
fact related to the structure of the addition expression 3 + □ (i.e. 3 + 2). For the (2) unknown-
first subtype, expressing the addition expression 2 + 3 might reflect recognising a known 
addition fact related to the sum 5 (i.e. 2 + 3 = 5) as seen in the right to left reading of the 
elements in the problem when student 8035 explained “working [left index finger points to 
the missing number then travels left to the number 5] that way…it’d be two plus three equals 
five’. 
The (4) fragmented subtype represented an explanation where the three mathematical 
features expressed by the student had to be assembled by the listener/viewer from the 
mathematical features scattered in the student’s explanation [e.g., 3 + □ = 5 and 2 (S8071)]. 
The (5) implied subtype represented an explanation where the three mathematical 
features had to be inferred by the listener/viewer because they were not directly expressed by 
the student and only suggested by the answer and/or partial explanation given by the student 
[e.g., □ =, □ ≠ 8, and 2 (S4067)]. 
Figure A6.2 shows representative student examples of each equals 5 subtype for 
problem 5 = 3 + □. 
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Equals 5 subtype Transcript extract Mathematical features Representative component(s) 
(1) Addend-first 
three plus two   the addition expression 3 + 2 
 
equals   an equal relation 
five (S8040)  the sum 5 
(2) Unknown-first 
two plus three  the addition expression 2 + 3 
 
equals  an equal relation 
five (S8067)  the sum 5 
(3) Sum-first 
five   the sum 5 
 
equals like  an equal relation 
three plus two (S8014)  the addition expression 3 + 2 
(4) Fragmented 
it’s got the equation that makes five 
 the features of the problem are 
reiterated with emphasis on the sum 5 
 
so it[right index finger placed below the missing 
number box in the problem] should be two (S8071) 
 the numerical value of the missing 
number was 2 
(5) Implied 
I know what [right index finger and right middle 
finger touches the missing number box] that equals 
 the numerical value of the missing 
number was known to the student 
 
and it’s [shakes head and right hand removed from 
the problem] not [shakes head]eight  
 the numerical value of the missing 
number was not 8 
two (S4067) 
 the numerical value of the missing 
number was 2 
Figure A6.2. Representative student examples of each equals 5 subtype for problem 5 = 3 + □. 
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A6.6 Frequencies of Equals 5 Subtypes 
There were five equals 5 subtypes identified at Year 8 and four of them identified at 
Year 4 as shown in Table A6.3. At Year 8, over one-half of equals 5 subtypes were (1) 
addend-first or (2) unknown-first, whereas, at Year 4, over one-half them were (5) implied or 
(2) unknown-first. 
Table A6.3 
Frequencies of Equals 5 Subtypes for Problem 5 = 3 + □ by Year Level 
Equals 5 subtype 
 
Year 8 
(N = 30) 
  
Year 4 
(N = 13) 
 
n % n % 
(1) Addend-first 11 37 2 15 
(2) Unknown-first  8 27 4 31 
(4) Fragmented 6 20 2 15 
(5) Implied 3 10 5 38 
(3) Sum-first 2 7 0 0 
Note. Percentages were rounded to the nearest whole number. For this analysis, the sample of equals 5 
explanations types was N = 43 (see Table 13 in section 4.10 of Chapter 4). 
A6.7 Equals 5 Subtypes and Total Scores 
For equals 5 explanations, Year 8 students scored significantly higher than Year 4 
students (see Table 14 in section 4.10.1 of Chapter 4). The mean total scores of equals 5 
subtypes were calculated to document the subtypes at each year level. The descriptive 
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statistics for equals 5 subtypes and total scores for problem 5 = 3 + □ are shown in Table 
A6.4. 
Table A6.4 
Descriptive Statistics for Equals 5 Subtypes and Total Scores for Problem 5 = 3 + □ by Year 
Level 
Equals 5 subtype 
 
Year 8 
(N = 26) 
  
Year 4 
(N = 11) 
 
n M SD n M SD 
(1) Addend-first 10 87.40 13.71 2 48.00 12.73 
(2) Unknown-first  6 92.17 15.20 3 48.67 8.74 
(4) Fragmented 6 96.33 9.50 2 75.50 4.95 
(5) Implied 3 93.67 2.52 4 73.75 21.61 
(3) Sum-first 1 111.00 - 0 - - 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 43 to N = 37 due to missing data. 
A6.8 Interpretation of Equals 5 Subtypes as Conceptions of Equality 
Equals 5 subtypes were interpreted as structural conceptions of equality and because 
of the detailed analysis, those structural conceptions of equality were further identified to be 
known fact (sum) in nature. Known fact (sum) conceptions of equality represent implicit 
expression that the addition expression 3 + 8 does not have the same value as the sum 5. They 
also represent familiarly with known facts with the sums 5 and 11 and at least a tacit 
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understanding of the properties of equality. In particular, the known fact with the sum 5 was 
expressed (i.e, 5 = 3 + 2, 2 + 3 = 5, or 3 + 2 = 5). 
A6.9 Mathematical Features of Equals 11 Subtypes 
Three mathematical features characterised equals 11 subtypes. The features included: 
(a) an addition expression involving 3 and 8, (b) number properties of 11 are related with an 
equality relation, and (c) a sum 11. 
There were four equals 11 subtypes identified: (1) unknown-first, (2) addend-first, (3) 
fragmented, and (4) implied. Notably, there was no subtype that represented an explanation 
with same syntactical structure as the problem (i.e., 11 = 3 + 8) similar to the sum-first 
subtypes of not equal (i.e., 5 ≠ 3 + 8) and equals 5 (i.e., 5 = 3 + 2) explanations discussed 
previously.  
Similar to the not equal and equals 5 subtypes however, there were subtle but 
important differences between the (2) addend-first and (1) unknown-first subtypes. (2) 
Addend-first [e.g., 3 + 8 = 11 (S8064)] and (1) unknown-first [e.g., 8 + 3 = 11 (S4104)] 
subtypes represented explanations that expressed the three features of the equals 11 
explanations explicitly as complete statements. Both subtypes were interpreted to 
demonstrate process-preference and process/object duality. The two subtypes may relate to 
experiences with counting and adding numbers during the formation of the concept of 
addition that reinforce the notion that two addends must add up to a sum (Behr, Erlwanger & 
Nichols, 1976; Sfard, 1991). The (2) addend-first and (1) unknown-first subtypes represented 
equals 11 explanations that were arithmetically equivalent but not algebraically equivalent to 
the structure of the problem 5 = 3 + □ when the missing number is 8 and the sum is 11. The 
(2) addend-first subtype was identical to the (1) unknown-first subtype except the addition 
expression was 3 + 8 in the former and 8 + 3 in the latter. For the (1) unknown-first subtype, 
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expressing the larger number first may relate to the strategy of counting on from larger 
number (i.e., 8 + 3) (Carpenter, Hiebert, & Moser, 1981) as seen by the right to left reading 
of the elements in the problem when student 4010 explained “[left index finger points to the 
missing number then travels left to before number 5] why is it the wrong way because eight 
plus three is eleven”. For the (2) addend-first subtype, expressing the addition expression 3 + 
8 might reflect recognition of a known addition fact related to the addition expression 3 + □ 
when the missing number is 8 (i.e. 3 + 8 = 11). 
The (3) fragmented subtype represented an explanation where the three mathematical 
features expressed by the student had to be assembled by the listener/viewer from the 
mathematical features scattered in the student’s explanation [e.g., 5 = 3 + and + 8 = 11 
(S8053)].  
The (4) implied subtype represented an explanation where the three mathematical 
features had to be inferred by the listener/viewer because they were not directly expressed by 
the student and only suggested by the answer and/or partial explanation given by the student 
[e.g., 8 and = 11 (S8116)]. 
Figure A6.3 shows representative student examples of each equals 11 subtype for 
problem 5 = 3 + □. 
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Equals 11 subtype Transcript extract Mathematical features  Representative component(s) 
(1) Addend-first 
three plus eight   the addition expression 3 + 8 
 
will equal  an equality relation 
eleven (S8064)  the sum 11 
(2) Unknown-first 
eight and three  the addition expression 8 + 3 
 
would equal  an equality relation 
eleven (S4104)  the sum 11 
(3) Fragmented 
it says five   the sum 5 
 
equals   an equality relation 
three plus  partial addition expression 3 + 
if you put plus eight   partial addition expression  + 8 
it will equal   an equality relation 
eleven (S8053)  the sum 11 
(4) Implied 
if it was eight  the numerical value of the missing number is 8 
 
it would be eleven (S8116)  an equality relation with the sum 11 
Figure A6.3. Representative student examples of each equals 11 subtype for problem 5 = 3 + □. 
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A6.10 Frequencies of Equals 11 Subtypes 
There were four equals 11 subtypes identified at Year 8 and three of them identified 
at Year 4 as shown in Table A6.5. The majority of equals 11 subtypes were (2) addend-first 
at both year levels. 
Table A6.5 
Frequencies of Equals 11 Subtypes for Problem 5 = 3 + □ by Year Level 
Equals 11 subtype 
 
Year 8 
(N = 13) 
  
Year 4 
(N = 8) 
 
n % n % 
(2) Addend-first  8 62 6 75 
(4) Implied 3 23 0 0 
(1) Unknown-first 1 8 1 13 
(3) Fragmented 1 8 1 13 
Note. Percentages were rounded to the nearest whole number. For this analysis, the sample of equals 11 
explanations was N = 21 (see Table 13 in section 4.9 of Chapter 4). 
A6.11 Equals 11 Subtypes and Total Scores 
For equals 11 explanations, Year 8 students scored significantly higher than Year 4 
students (see Table 14 in section 4.10.1 of Chapter 4). The mean total scores of equals 11 
subtypes were calculated to document the subtypes at each year level. The descriptive 
statistics for equals 11 subtypes and total scores for problem 5 = 3 + □ are shown in Table 
A6.6. 
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Table A6.6 
Descriptive Statistics for Equals 11 Subtypes and Total Scores for Problem 5 = 3 + □ by 
Year Level 
Equals 11 subtype 
 
Year 8 
(N = 11) 
  
Year 4 
(N = 8) 
 
n M SD n M SD 
(2) Addend-first  7 83.86 18.95 6 74.33 22.33 
(4) Implied 2 100.00 9.90 0 - - 
(1) Unknown-first 1 104.00 - 1 61.67 - 
(3) Fragmented 1 109.00 - 1 54.00 - 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 21 to N = 19 due to missing data. 
A6.12 Interpretation of Equals 11 Subtypes as Conceptions of Equality 
Equals 11 subtypes were interpreted as structural conceptions of equality and because 
of the detailed analysis, those structural conceptions of equality were further identified to be 
known fact (addends) in nature. Known fact (addends) conceptions of equality represent 
implicit expression that the addition expression 3 + 8 does not have the same value as the 
sum 5. They also represent familiarly with known facts with the sums 5 and 11 and at least a 
tacit understanding of the properties of equality. In particular, the known fact with the sum 11 
was expressed (i.e, 8 + 3 = 11, or 3 + 8 = 11) 
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A6.13 Mathematical Features of Other Explanations 
There were no subtypes of other explanations identified at either year level. If a 
student’s explanation map was not matched to an archetype it was categorised as an other 
type of explanation; therefore, there was no characteristic set of mathematical features for 
other explanations. An example of an other explanation is shown in Figure A6.4.  
Transcript extract Mathematical features 
Representative 
component(s) 
if you go four plus three  the addition expression 4 + 3 
 
it’s  an equality relation 
seven  the sum seven 
‘cause four plus four  the addition expression 4 + 4 
 
equals  an equality relation 
eight (S8130)  the sum eight 
Figure A6.4. Example of an other explanation for problem 5 = 3 + □. 
Please note that frequency and total score results for other explanations were 
discussed previously and presented in Tables 13 and 14 in sections 4.9 and 4.10.1, 
respectively, of Chapter 4. 
A6.14 Interpretation of Other Explanations as Conceptions of Equality 
Other explanations were not interpreted as a structural or procedural conceptions of 
equality because they represented a diverse set of explanations with no common 
mathematical features; therefore, they were labelled as unspecified conceptions. 
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A6.15 Mathematical Features of Syntax Subtypes 
The mathematical features that characterised syntax subtypes involved the position 
and function of the equals sign and additional symbol. Number properties were not 
necessarily emphasised (see Figure A6.5).  
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they’re not in the same order…[right middle finger 
placed on + and right index finger placed on =] them 
two [fight fingers removed] they should swap 
(S4076) 
 the function of the equals sign and addition 
symbol were distinct in the number sentence 
and only if they exchanged positions could 
the missing number be 8  
Interchangeable 
they’ve [right index finger points to =] just [right 
index finger taps once on + then =] switched [right 
index finger jabs once to + then to =] #AH [right index 
finger removed] them around so it doesn’t change 
much (S4100) 
 the function of the equals sign and addition 
symbol were interchangeable in the number 
sentence 
 
Figure A6.5. Representative student examples of each syntax subtype for problem 5 = 3 + □. 
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Despite the ambiguity expressed in students’ syntax explanations, there were two 
syntax subtypes identified: distinct and interchangeable. 
The two subtypes may relate to experiences with counting and adding numbers during 
the formation of the concept of addition that reinforce the notion that two addends must add 
up to a sum (Behr, Erlwanger & Nichols, 1976; Sfard, 1991). 
The distinct subtype represented an explanation where the mathematical features 
expressed by the student suggested that the problem could only be read as 5 = 3 + □ (see the 
transcript extract of student 4076 in Figure A6.5). The distinct subtype was interpreted to 
demonstrate an awareness of process-preference and process/object duality. The student 
expressed that a sum could precede two addends. For distinct subtypes, 5 was the sum and 
not an addend. In this case, students may be attempting to express the importance of the 
symmetric property in order to solve the problem (i.e., if 5 = 3 + □ then □ + 3 = 5) or they 
could be attempting to express that if the missing number is 8 then the structure of the 
problem is incorrect (i.e., 5 = 3 + □ must be 5 + 3 = □). 
The interchangeable subtype represented an explanation where the mathematical 
features expressed by the student suggested that the problem could be read as 5 + 3 = □ (see 
the transcript extract of student 4100 in Figure A6.5). The interchangeable subtype was 
interpreted to demonstrate process-preference, predominantly. The student expressed that a 
two addends must precede a sum. For interchangeable subtypes, 5 was an addend and not the 
sum. In this case, students may be attempting to express awareness of structure of the 
problem in relation to the expected sequence of two addends followed by a sum where the 
sum must follow the equals sign (Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003). 
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A6.16 Frequencies of Syntax Subtypes 
There were two syntax subtypes identified at both year levels as shown in Table A6.7. 
There were more distinct subtypes identified at Year 8 than at Year 4.  
Table A6.7 




(N = 5) 
  
Year 4 
(N = 11) 
 
n % n % 
Distinct 4 80 3 27 
Interchangeable 1 20 8 73 
Note. Percentages were rounded to the nearest whole number. For this analysis, the sample of syntax 
explanations was N = 16 (see Table 13 in section 4.9 of Chapter 4). 
A6.17 Syntax Subtypes and Total Scores 
For syntax explanations, Year 8 students scored significantly higher than Year 4 
students (see Table 14 in section 4.10.1 of Chapter 4). The mean total scores of syntax 
subtypes were calculated to document the subtypes at each year level. The descriptive 
statistics for syntax subtypes and total scores for problem 5 = 3 + □ are shown in Table A6.8. 
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Table A6.8 





(N = 3) 
  
Year 4 
(N = 10) 
 
n M SD n M SD 
Distinct 2 89.00 11.31 3 40.67 14.30 
Interchangeable 1 83.00 - 7 48.57 24.39 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 16 to N = 13 due to missing data. 
A6.18 Interpretation of Syntax Subtypes as Conceptions of Equality 
Syntax subtypes were interpreted to express features of completing conceptions of 
equality, and, because of the detailed analysis, they were further identified as awareness of 
restricted notation. Fundamentally, awareness of restricted notation conceptions represent an 
explicit awareness of structure of the problem even though students expressed ambiguous 
comments about the position and function of the equals sign and addition symbol. In 
particular, students may have attempted to express their awareness of structure of the problem 
in relation to the expected sequence of two addends followed by a sum where the sum must 
follow the equals sign (Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003). 
Distinct subtypes were interpreted as an explicit challenge to restricted notation 
conceptions of equality. For example, the student expressed that the structure of the problem 
(i.e., □ = □ + □) did not allow the problem to read 5 + 3 = 8; therefore the equals sign and 
addition symbol “should swap” (S4076) if the structure □ + □ = □ was desired. 
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Interchangeable subtypes were interpreted as an explicit statement about restricted 
notation conceptions of equality. For example, the student expressed that the equals sign and 
addition symbol were out of place because “they’ve just switched” (S4100) are and in need of 
fixing by revising the syntax of problem from □ = □ + □ to □ + □ = □. 
A6.19 Mathematical Features of Uncertain Explanations 
There were no subtypes of uncertain explanations identified at either year level. 
Overall, no mathematical features were specified for uncertain explanations. A representative 
example of an uncertain explanation as shown in Figure A6.6.  
Transcript extract Mathematical features Representative component(s) 
I don’t know (S4006)  uncertain 
 
Figure A6.6. Representative student example of an uncertain explanation type for problem 5 = 3 + □. 
Please note that frequency and total score results for uncertain explanations were 
discussed previously and presented in Tables 13 and 14 in sections 4.9 and 4.10.1, 
respectively, of Chapter 4. 
A6.20 Interpretation of Uncertain Explanations as Conceptions of Equality 
Uncertain explanations were not interpreted as a specific conception of equality 
because they represented a set of explanations with no mathematical features specified; 
therefore, they were labelled as unrevealed conceptions.  
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A6.21 Mathematical Features of Equals 8 Subtypes 
Three mathematical features characterised equals 8 subtypes. The features included: 
(a) an addition expression involving 5 and 3, (b) number properties of 8 are related with an 
equality relation, and (c) a sum 8.  
There were three equals 8 subtypes identified: (1) sum-as-addend-first, (2) sum-as-
addend-second, and (3) implied.  
(1) Sum-as-addend-first [e.g., 5 + 3 = 8 (S4005)] and (2) sum-as-addend-second [e.g., 
3 + 5 = 8 (S4026)] subtypes represented explanations that expressed the three features of the 
equals 8 explanations explicitly as complete statements. Both subtypes were interpreted to 
demonstrate process-preference, predominantly. The two subtypes may relate to experiences 
with counting and adding numbers during the formation of the concept of addition that 
reinforce the notion that two addends must add up to a sum (Behr, Erlwanger & Nichols, 
1976; Sfard, 1991). In particular, both subtypes correspond to a known fact (i.e., 5 + 3 = 8 or 
3 + 5 = 8) and a problem structure where two addends followed by a sum and where the sum 
must follow the equals sign (Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003). 
There were also subtle but important differences between the two subtypes. The (1) 
sum-as-addend-first and (2) sum-as-addend-second subtypes represented explanations that 
were arithmetically equivalent addition statements. The (1) sum-as-addend-first subtype was 
identical to the (2) sum-as-addend-second subtype except the addition expression was 5 + 3 
in the former and 3 + 5 in the latter. 
The (1) sum-as-addend-first subtype may be related to the strategy of counting on 
from larger number (i.e., 5 + 3) (Carpenter, Hiebert, & Moser, 1981). There were examples, 
particularly at Year 4, where the sum of the addition expression 5 + 3 was expressed as a 
counting sequence verbalised as “six, seven, eight” (S4036). The (1) sum-as-addend-first 
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subtype may also be related to recognising a known addition fact related to the sequence of 
the numerical elements in the problem 5 = 3 + □ (i.e., recognising 5 and 3 as the number fact 
5 + 3 = 8). The (1) sum-as-addend-first subtype could be interpreted to correspond to the 
known fact 5 + 3 = 8 if the position and function of the equals sign and addition symbol in 
the problem 5 = 3 + □ are viewed as interchangeable (i.e., 5 = 3 + □ is the same as 5 + 3 = □). 
It is important to note that the known fact 5 + 3 = 8 can be viewed as an expression of the 
reflexive property of equality, albeit inappropriate for the structure of problem 5 = 3 + □. 
The (2) sum-as-addend-second may be related to recognising a known addition fact 
related to the numerical elements in the problem (i.e. 3 + 5 = 8) as seen in the left to right 
reading of particular elements in the problem (i.e. 3, +, and □) as student 4025 explained 
“three [left index finger points to the number 3] plus [left index finger points to the addition 
symbol] five [left index finger points to below the missing number box] is #UM eight”. The 
(2) sum-as-addend-second subtype could also be interpreted to correspond to the known fact 
3 + 5 = 8 if addends are viewed as interchangeable as well as the position and function of the 
equals sign and addition symbol in the problem 5 = 3 + □ (i.e., 5 = 3 + □ is the same as 3 + 5 
= □). As with the (1) sum-as-addend-first subtype, the known fact 3 + 5 = 8 can also be 
viewed as an expression of the reflexive property of equality that was inappropriate for the 
structure of problem 5 = 3 + □. 
The (3) implied subtype represented an explanation where the three mathematical 
features had to be inferred by the listener/viewer because they were not directly expressed by 
the student and only suggested by the answer and/or partial explanation given by the student 
[e.g., the sum of the addition expression 5 + 3 was expressed as a counting sequence 
verbalised as “six, seven, eight” (S4036)]. 
Figure A6.7 shows representative student examples of each equals 8 subtype for 
problem 5 = 3 + □. 
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Equals 8 subtype Transcript extract Mathematical features Representative component(s) 
(1) sum-as-addend-first 
five plus three   the addition expression 5 + 3 
 
is   an equality relation 
eight (S4005)  the sum 8 
(2) sum-as-addend-second 
three [left index finger points to +] plus [left index 
finger points to below the missing number box] five  
 the addition expression 3 + 5 
 
is #UM   an equality relation 
eight (S4026)  the sum 8 
(3) Implied 
I added these two [right index finger points to the 
number 5 then travels right to across the problem 
to the missing number box] (S8113) 
 the addition expression 5 + 3 
 
Figure A6.7. Representative student examples of each equals 8 subtype for problem 5 = 3 + □. 
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A6.22 Frequencies of Equals 8 Subtypes 
There were two equals 8 subtypes identified at Year 8 and three of them identified at 
Year 4 as shown in Table A6.9. The majority of equals 8 subtypes were (1) sum-as-addend-
first at both year levels. 
Table A6.9 
Frequencies of Equals 8 Subtypes for Problem 5 = 3 + □ by Year Level 
Equals 8 subtypes 
 
Year 8 
(N = 7) 
  
Year 4 
(N = 47) 
 
n % n % 
(1) Sum-as-addend-first 6 86 39 83 
(3) Implied 1 14 4 9 
(2) Sum-as-addend-second 0 0 4 9 
Note. Percentages are rounded to the nearest whole number. For this analysis, the sample of equals 8 
explanations was N = 54 (see Table 13 in section 4.9 of Chapter 4). 
A6.23 Equal 8 Subtypes and Total Scores 
For equals 8 explanations, Year 8 students scored significantly higher than Year 4 
students (see Table 14 in section 4.10.1 of Chapter 4). The mean total scores of equals 8 
subtypes were calculated to document the subtypes at each year level. The descriptive 
statistics for equals 8 subtypes and total scores for problem 5 = 3 + □ are shown in Table 
A6.10. 
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Table A6.10 
Descriptive Statistics for Equals 8 Subtypes and Total Scores for Problem 5 = 3 + □ by Year 
Level 
Equals 8 subtypes 
 
Year 8 
(N = 6) 
  
Year 4 
(N = 42) 
 
n M SD n M SD 
(1) Sum-as-addend-first 5 66.20 23.53 35 54.54 20.68 
(3) Implied 1 56.00 - 4 54.75 14.22 
(2) Sum-as-addend-
second 
0 - - 3 59.67 19.66 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 54 to N = 48 due to missing data. 
A6.24 Interpretation of Equal 8 Subtypes as Conceptions of Equality 
Equals 8 subtypes were interpreted as procedural conceptions of equality and because 
of the detailed analysis, those procedural conceptions of equality were further identified to be 
imposed restricted notation in nature. Imposed restricted notation conceptions of equality 
represent explanations that imposed a particular problem structure, specifically the expected 
sequence of two addends followed by a sum where the sum must follow the equals sign 
(Denmark, Barko, & Voran, 1976; Seo & Ginsberg, 2003). Most often, the structure of the 
problem 5 = 3 + □ was expressed as 5 + 3 = □ because the addition fact 5 + 3 = 8 was stated. 
In this case, the structure of the known fact 5 + 3 = 8 was imposed on the problem 5 = 3 + □ 
rather than expressing known facts related to the sum 5 or addition expression 3 + □ that 
could be interpreted as expressing a tacit understanding of the properties of equality. 
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Appendix 7: Results Related to Explanation Subtypes for 
Problem 2 + □ = □ + 6 
The specific research questions addressed in further detail in this section are: 
 RQ1b. At Year 4 and Year 8, what are the mathematical features expressed in 
students’ explanations for problem 2 + □ = □ + 6? 
 RQ2b. At Year 4 and Year 8, what are the relationships among students’ 
explanations and total scores for problem 2 + □ = □ + 6? (See Figure 11 in 
section 2.8 of Chapter 2.) 
The detail is provided to support the interpretation of the results presented in the previous 
section. In particular, the concepts of process/object duality, process-preference, and 
acceptance of lack of closure are relevant to the interpretation of explanation subtypes. The 
detail contained in this section could also be used by teachers to develop specific teaching 
points or researchers to identify further areas of inquiry. 
Subtypes were identified for explicit-equality, implicit-equality, addition-statement, 
and other explanations for the problem 2 + □ = □ + 6. There were no subtypes identified for 
uncertain explanations. Representative examples are presented to define each subtype so that 
the correspondence between a student’s explanation and its categorisation as a particular 
subtype is clearly demonstrated. Descriptive statistics are provided to document the 
frequencies and total scores associated with each subtype.  
Note that [B1] is used to indicate a gesture to the first missing number box and [B2] is 
used to indicate a gesture to the second missing number box throughout the sections reporting 
the results of the subtype analysis. 
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A7.1 Mathematical Features of Explicit-Equality Subtypes. 
Two general mathematical features characterised most explicit-equality subtypes. The 
two general features included: (a) at least one pair of numerical values specified for the 
missing numbers that were appropriate for the problem, and (b) at least one pair of equality 
statements were given to explain that the numerical value of both addition expressions in the 
problem is the same. 
There were five explicit-equality subtypes identified: (1) generalised relation, (2), 
equal-addition-statements, (3) same-expressions, (4) same-expressions-and-equal-addition-
statements, (5) addition-statements. 
The (1) generalised relation subtype represented explanations that expressed by a 
general statement about the arithmetic structure of the problem to explain the relation 
between the numerical values the missing numbers [i.e., 2 + (𝑥 + 4) = 𝑥 + 6, where the first 
missing number is always 4 more than the second missing number]. For example, student 
8023 explained “you just gotta make #UM this one [B1] have that one [B2] four more ... then 
they’ll equal the same”. The (1) generalised relation subtype was interpreted to demonstrate 
the process/object duality. The mathematical features expressed in students’ explanations for 
(1) generalised relation subtypes were expressed as a rule about the pairs of numerical values 
possible for the problem 2 + □ = □ + 6 (Stephens & Xu, 2009; Xu, Stephens, & Zhang, 
2012). The generalised relation subtype was interpreted to express concept of equality as an 
object with known properties that could be used to solve the problem 2 + □ = □ + 6 [i.e., if  
6 = (2 + 4) and 6 = (0 + 6) then 2 + □ = (2 + 4) = 0 + (2 + 4) = 0 + 6 = □ + 6 and likewise if 
10 = (2 + 8), 10 = (4 + 6), and 10 = (2 + 2 + 6), then  
2 + □ = 2 + 8 = 2 + (2 + 6) = (2 + 2) + 6 = 4 + 6 = □ + 6]. 
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The (1) generalised relation subtype was also interpreted to demonstrate the greatest 
degree of acceptance of lack of closure. Students not only recognised a known fact related to 
the structure of the problem 2 + □ = □ + 6 (i.e., 2 + 4 = 6) but they used that known fact to 
describe many possible values for the missing numbers. For example, the number fact  
2 + 4 = 6 can represent the difference between 2 and 6. In the problem 2 + □ = □ + 6, the 
difference of 4 was related to the missing numbers (i.e., [B1] + 4 = [B2]). 
The (2) equal-addition-statements subtype represented explanations that expressed the 
two mathematical features of explicit-equality explanations with at least one pair of addition 
statements, stated as number facts with the same sum [e.g., 8 + 2 = 10, 6 + 4 = 10 (S8059)] 
and emphasised the quantitative sameness of the pair of addition statements [e.g., “so they’re 
the same they equal the same and all the others they equal the same as well” (S8059)]. 
The (2) equal-addition-statements subtype was interpreted to demonstrate 
process/object duality and process-preference. In the previous two chapters and earlier in this 
chapter, ambivalent answers were presented as an example of how students may 
communicate mathematical ideas that are mismatched (Perry, Church, & Goldin-Meadow, 
1988). (2) Equal-addition-statements subtypes may also be interpreted to express competing 
ideas about the concept of equality and signal that students are well into the condensation 
stage of concept formation for equality. Students may be challenged to appreciate the duality 
of mathematical ideas as processes as well as objects, therefore, these two ideas may be 
competing. The process-preference demonstrated for equal-addition-statements subtypes may 
relate to students’ experiences with counting and adding numbers during the formation of the 
concept of addition that reinforce the notion that two addends must add up to a sum (Behr, 
Erlwanger & Nichols, 1976; Sfard, 1991). Students expressed equality statements involving 
the addition expression 2 + □ as 2 + □ = (2 + □) or as □ + 2 = (□ + 2) [e.g., 2 + 8 = 10 
(S8065) or 8 + 2 = 10 (S8059)] and the addition expression □ + 6 as □ + 6 = (□ + 6) or as 
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6 + □ = (6 + □) [e.g., 4 + 6 = 10 (S8059) or 6 + 4 = 10 (S8089)] only. Process/object duality 
demonstrated for (2) equal-addition-statements subtypes involved students expressing known 
facts and stating that they share the same sum even though the addition expressions differ. 
Students used their knowledge of numbers and operations to make logical inferences about 
the value of the missing number. The (2) equal-addition-statements subtype was interpreted 
to emphasise known facts with the same sum with a tacit understanding of the properties of 
equality. 
The (3) same-expressions subtype represented explanations that expressed the two 
mathematical features of explicit-equality explanations with one pair of identical addition 
expressions [e.g. “it looks like they’re in mirror reflection [2 + B1] which means they’re  
[B2 + 6] both the same [2 + B1]” (S8042)]. The (3) same-expressions subtype was 
interpreted to demonstrate a greater emphasis on the reflexive property of equality (i.e., 2 + 6 
= 2 + 6) and a lesser degree of acceptance of lack of closure than the (2) equal-addition-
statements subtype (i.e., only 6 and 2 are the possible pair of missing numbers). The 
mathematical features expressed in students’ explanations for (3) same-expressions subtypes 
were expressed as the repetition of the addition expression 2 + 6. The (3) same-expressions 
subtype was interpreted to emphasise reflexive property of equality. 
The (4) same-expressions-and-equal-addition-statements subtype represented 
explanations that included one (3) same-expression subtype [e.g., when 6 and 2 were the 
numerical values for the missing numbers the student said, “it’s just like [B2 + 6] the other 
way around [2 + B1]” (S 8009)] and at least one (2) equal-addition-statements subtype [e.g., 
when 5 and 1 were the numerical values for the missing numbers the student said “then 
they’ll both equal the same thing seven” (S8009)]. Similar to the (2) equal-addition-
statements subtype, the (4) same-expressions-and-equal-addition-statements subtype may 
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also be interpreted to express competing ideas about the concept of equality and signal that 
students are well into the condensation stage of concept formation for equality.  
The (5) addition-statements subtype represented explanations with at least one pair of 
addition statements to explain that the sum of both addition expressions in the problem is the 
same [e.g., 2 + 5 = 7 and 6 + 1 = 7 (S8037)]. The relation between the two statements was not 
explicitly stated by the student but had to be inferred by the listener/viewer. (5) Addition-
statements subtypes were also interpreted to express process-preference as explained for the 
(2) equal-addition-statements subtype previously. 
Figure A7.1 shows a representative student example of each explicit-equality subtype 
for problem 2 + □ = □ + 6. 









#UM six   the numerical value of the first missing number is 6 
 
and two  the numerical value of the second missing number is 2 
you just gotta make #UM this one [B1] 
 the sum is the numerical value of the first missing 
number 
 
have that one [B2] four more … 
 an addition expression involving the numerical value of 
the second missing number and 4 
then they’ll equal the same (S8023)  an equality relation 
(2) Equal-addition-
statements 
#UM … eight   the numerical value of the first missing number is 8 
 and four  the numerical value of the second missing number is 4 
five  the numerical value of the first missing number is 5 
 and one  the numerical value of the second missing number is 1 
eight and two   addition expression 8 + 2 
 
is   equality relation 
ten   the sum 10 
and six plus four   addition expression 6 + 4 
 
is   equality relation 
ten   the sum 10 
so they’re the same they equal the same and all 
the others they equal the same as well (S8059)  relating equality relations  
Figure A7.1. Representative student examples of each explicit-equality subtype for problem 2 + □ = □ + 6. 









six   the numerical value of the first missing number is 6 
 
and two  the numerical value of the second missing number is 2 
it looks like they’re in mirror reflection [2 + B1] which 
means they’re [B2 + 6] both the same (S8042) 
 the first addition expression 2 + 6 is equal to the 






that could be six  the numerical value of the first missing number is 6 
 and that could be two  the numerical value of the second missing number is 2 
it’s just like [B2 + 6] the other way around [2 + B1] 
 the second addition expression 2 + 6 is equal to the 
first addition expression 2 + 6 
 
that could be five  the numerical value of the first missing number is 5 
 
and that could be one  the numerical value of the second missing number is 1 
then they’ll both equal the same thing  relating inferred equality relations 
 
seven (S8009)  the sum 7 
Figure A7.1 (Continued). Representative student examples of each explicit-equality subtype for problem 2 + □ = □ + 6. 
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Explicit-equality subtype Transcript extract Mathematical features Representative component(s) 
(5) Addition-statements 
#UM the first one could be five   the first missing number is 5 
 
and … the second one could … be one …  the second missing number is 1 
#UM two plus five   addition expression 2 + 5 
 
equals   equality relation 
seven   the number 7 
and six plus one   addition expression 6 + 1 
 
equals   equality relation 
seven (S8037)  the number 7 
Figure A7.1 (Continued). Representative student examples of each explicit-equality subtype for problem 2 + □ = □ + 6. 
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A7.2 Frequencies of Explicit-Equality Subtypes 
There were five explicit-equality subtypes identified at both year levels as shown in 
Table A7.1. At Year 8, over two-thirds of explicit-equality subtypes were (5) addition-
statements; whereas they were just over one-half of explicit-equality subtypes at Year 4. 
Table A7.1 




(N = 42) 
  
Year 4 
(N = 13) 
 
n % n % 
(5) Addition-statements 28 67 8 54 
(2) Equal-addition-
statements 
7 17 2 15 
(4) Same-expressions-and-
equal- addition-statements 
3 7 0 0 
(1) Generalised relation 2 5 2 15 
(3) Same-expressions 2 5 1 8 
Note. Percentages were rounded to the nearest whole number. For this analysis, the sample of explicit-equality 
explanations was N = 55 (see Table 23 in section 5.9 of Chapter 5). 
A7.3 Explicit-Equality Subtypes and Total Scores 
For explicit-equality explanations, Year 8 students scored significantly higher than 
Year 4 students (see Table 24 in section 5.10.1 of Chapter 5). The mean total scores of 
explicit-equality subtypes were calculated to document the subtypes at each year level. The 
descriptive statistics for explicit-equality subtypes and total scores for problem 2 + □ = □ + 6 
are shown in Table A7.2. 
Appendix 7: Results Related to Explanation Subtypes for Problem 2 + □ = □ + 6 
458 
Table A7.2 
Descriptive Statistics for Explicit-Equality Subtypes and Total Scores for Problem 





(N = 35) 
  
Year 4 
(N = 12) 
 
n M SD n M SD 
(5) Addition-statements 23 91.74 18.09 8 69.63 14.76 
(2) Equal-addition-
statements 




3 100.33 13.61 0 - - 
(1) Generalised relation 2 109.00 9.90 2 83.00 29.70 
(3) Same-expressions 1 82.00 - 0 - - 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 55 to N = 47 due to missing data 
A7.3 Interpretation of Explicit-Equality Subtypes as Conceptions of Equality 
Explicit-equality subtypes were interpreted as structural conceptions of equality, and 
because of the detailed analysis, the majority of them were further identified to be known fact 
in nature. A minority of explicit-equality subtypes were identified to be awareness of 
reflexivity or properties in nature. 
For the (2) equal-addition-statements and (5) addition-statements subtypes, students 
expressed mathematical features that were interpreted to reference two known facts with the 
addends 2 and 6 [i.e., 2 + □ = (2 + □) and □ + 6 = (□ + 6)] and the same sum  
[i.e., (2 + □) = (□ + 6)]. Known fact conceptions of equality represent students’ tacit 
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understandings of the properties of equality for the problem 2 + □ = □ + 6 when at least one 
pair of numerical values were specified for the problem and were correct.  
(3) Same-expressions subtypes were interpreted to emphasise the reflexive property of 
equality (i.e., a = a). Awareness of reflexivity conceptions of equality represent explicit 
reference to the addends 2 and 6 in the problem 2 + □ = □ + 6. Students may have tacitly 
recognised the reflexive property in the structure of the problem where the numbers given in 
the problem could also be values for the missing numbers (i.e., 2 + □ = 2 + 6 = □ + 6). 
(4) Same-expressions-and-equal-addition-statements subtypes were interpreted as 
known fact and awareness of reflexivity conceptions of equality because they represented two 
different explanations and conceptions of equality as described in the two previous 
paragraphs. 
The (1) generalised relation subtype was interpreted as a properties conception of 
equality because it represented explanations where students demonstrated that they were 
operating on the problem as an object with the concept of equality. Properties conceptions of 
equality represent students’ attempts to explain how they were coordinating the properties of 
equality for the problem 2 + □ = □ + 6 to explain that the missing numbers had a difference 
of 4 (i.e., [B1] + 4 = [B2]). 
A7.5 Mathematical Features of Implicit-Equality Subtypes 
Only one general mathematical feature characterised all implicit-equality subtypes. 
The mathematical feature was at least one pair of numerical values for the missing numbers 
in the problem were specified and were correct. Students may have expressed that the sum 
was the same for the two expressions produced by the pair of numerical values specified for 
the missing numbers. No other mathematical features could be identified in students’ 
implicit-equality explanations. 
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There were three implicit-equality subtypes identified: (1) correct-unknowns, (2) 
correct-unknowns-and-sameness, and (3) correct/incorrect-unknowns. 
All three implicit-equality subtypes required at least a tacit understanding of the 
properties of equality because at least one pair of numerical values specified for the missing 
numbers in the problem were correct. 
For the (1) correct-unknowns subtype, no mathematical features were specified other 
than one pair of numerical values for the missing numbers in the problem [e.g., 8 and 4 
(S4008)]. For the (2) correct-unknowns-and-sameness subtype, students also made a 
comment about the sameness of unspecified mathematical features in the problem [e.g., “they 
just have to equal the same” (S8093)]. The comment about sameness was interpreted to 
express process/object duality. Students expressed that even though the addition expressions 
differed, they could share the same sum. Students used their knowledge of numbers and 
operations to make logical inferences about the values of the missing numbers. 
For the (1) correct-unknowns and the (2) correct-unknowns-and-sameness subtypes, 
and in a minority of cases, students demonstrated acceptance of lack of closure. For example, 
student 8103 gave numerical values for the two missing numbers as 6 and 2, 5 and 1, 8 and 4, 
and 10 and 6; and explained “there’s no limit”. 
For the (3) correct/incorrect-unknowns subtype, students expressed more than one 
pair of numerical values for the missing numbers, however only one pair were correct for the 
problem [e.g., 4 and 6, and 6 and 2 (S4053)]. Earlier in this chapter, ambivalent answers were 
presented as an example of how students may communicate mathematical ideas that are 
mismatched (Perry, Church, & Goldin-Meadow, 1988). In this case, (3) correct/incorrect-
unknowns subtype may also be interpreted to express competing ideas about the concept of 
equality and signal that students are entering into the condensation stage of concept formation 
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for equality where their tacit understanding of the properties of equality is fragile. Process-
preference may still be predominant due to experiences with counting and adding numbers 
during the formation of the concept of addition that reinforce the notion that two addends 
must add up to a sum (Behr, Erlwanger & Nichols, 1976; Sfard, 1991). 
Figure A7.2 shows a representative student example of each implicit-equality subtype 
for problem 2 + □ = □ + 6. 
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Implicit-equality subtype Transcript extract Mathematical features Representative component(s) 
(1) Correct-unknowns  
#UM they could be eight  
 the numerical value of the first missing 
number is 8 
 
and four (S4008)  the numerical value of the second 




 the numerical value of the first missing 
number is 4 
 and zero [B2] 
 the numerical value of the second 
missing number is 0 
they just have to equal the same 
(S8093) 
 sameness of unspecified mathematical 




four goes there [B1] 
 the numerical value of the first missing 
number is 4 
 and six goes there [B2] 
 the numerical value of the second 
missing number is 6 
a two and six [B1] 
 the numerical value of the first missing 
number is 6 
 
and then another two [B2] and six 
(S4053) 
 the numerical value of the second 
missing number is 2 
Figure A7.2. Representative student examples of implicit-equality subtype for problem 2 + □ = □ + 6. 
Appendix 7: Results Related to Explanation Subtypes for Problem 2 + □ = □ + 6 
463 
A7.6 Frequencies of Implicit-Equality Subtypes 
There were three implicit-equality subtypes identified at both year levels as shown in 
Table A7.3. The all three implicit-equality subtypes were identified at Year 8, whereas, only 
(2) correct-unknowns-and-sameness, and (3) correct/incorrect-unknowns subtypes were 
identifed at Year 4. 
Table A7.3 




(N = 22) 
  
Year 4 
(N = 7) 
 
n % n % 
(2) Correct-unknowns-and-
sameness 
9 41 6 86 
(1) Correct-unknowns 7 32 0 0 
(3) Correct/incorrect-
unknowns 
6 27 1 14 
Note. Percentages were rounded to the nearest whole number. For this analysis, the sample of implicit-equality 
explanations was N = 29 (see Table 23 in section 5.9 of Chapter 55). 
A7.7 Implicit-Equality Subtypes and Total Scores 
For implicit-equality explanations, Year 8 students scored significantly higher than 
Year 4 students (see Table 24 in section 5.10.1 of Chapter 5). The mean total scores of 
implicit-equality subtypes were calculated to document the subtypes at each year level. The 
descriptive statistics for implicit-equality subtypes and total scores for problem 2 + □ = □ + 6 
are shown in Table A7.4. 
Appendix 7: Results Related to Explanation Subtypes for Problem 2 + □ = □ + 6 
464 
Table A7.4 
Descriptive Statistics for Implicit-Equality Subtypes and Total Score for Problem 





(N = 20) 
  
Year 4 
(N = 6) 
 
n M SD n M SD 
(2) Correct-unknowns-
and-sameness 
8 98.13 13.23 5 71.60 11.46 
(1) Correct-unknowns 7 95.00 10.82 0 - - 
(3) Correct/incorrect-
unknowns 
5 87.20 13.57 1 47.00 - 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 29 to N = 26 due to missing data 
A7.8 Interpretation of Implicit-Equality Subtypes as Conceptions of Equality 
Implicit-equality subtypes were interpreted as structural conceptions of equality, and 
because of the detailed analysis, they were further identified to be implied properties in 
nature. Implied properties conceptions of equality represent students’ tacit understandings of 
the properties of equality for the problem 2 + □ = □ + 6 when the missing numbers are 
specified only and at least one pair are correct. 
A7.9 Mathematical Features of Addition-Statement Subtypes 
At least two general mathematical features characterised all addition-statement 
subtypes. The two features included: (a) at least one pair of numerical values specified for the 
missing numbers that were inappropriate for the problem, and (b) the numerical value of the 
second missing number was the sum of the number 2 and the first missing number was 
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explained with at least one equality statement or implied by the numerical values specified 
for the missing numbers only [i.e., 2 + □ = (2 + □)]. 
There were four addition-statement subtypes identified: (1) unknowns-as-addend-and-
sum, (2) unknowns-as-addend-and-sum/addend, (3) unknowns-as-addend-and-sum/addend-
add-all, and (4) unknowns-as-addend-and-sum-implied. 
The (1) unknowns-as-addend-and-sum subtype represented explanations that 
expressed the minimum two features where: (a) at least one pair of numerical values specified 
for the missing numbers that were inappropriate for the problem [e.g., 2 and 4 (S8034)] and 
(b) at least one equality statement was given to explain that the numerical value of the second 
missing number was the sum of the number 2 and the first missing number [e.g., “two plus 
something [B1] equals something [B2] … two plus two equals four” (S8034)”]. 
The (2) unknowns-as-addend-and-sum/addend subtype represented explanations that 
expressed the minimum two features where: (a) at least one pair of numerical values specified 
for the missing numbers that were inappropriate for the problem [e.g., 5 and 7 (S4013)] and 
(b) at least one equality statement was given to explain that the numerical value of the second 
missing number was the sum of the number 2 and the first missing number [e.g., 2 + 5 = 7 + 
6 (S4013)], however, “plus six” (S4013) was also included with the equality statement. 
The (3) unknowns-as-addend-and-sum/addend-add-all subtype represented 
explanations that expressed the minimum two features where: (a) at least one pair of 
numerical values specified for the missing numbers that were inappropriate for the problem 
[e.g., 8 and 10 (S4028)] and (b) at least one equality statement was given to explain that the 
numerical value of the second missing number was the sum of the number 2 and the first 
missing number (i.e., 2 + 8 = 10), however, “and then you just add the six which is sixteen” 
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(S4028) was included in the explanation. The explanation was interpreted to express that 2 + 
8 = 10 + 6 = 16. 
The (4) unknowns-as-addend-and-sum-implied subtype represented explanations that 
expressed the minimum two features where: (a) at least one pair of numerical values specified 
for the missing numbers that were inappropriate for the problem [e.g., 8 and 10 (S4025)] and 
(b) the numerical value of the second missing number was the sum of the number 2 and the 
first missing number was implied by numerical values specified for the missing numbers (i.e., 
2 + 8 = 10). 
Figure A7.3 shows representative student examples of each addition-statement 
subtype for problem 2 + □ = □ + 6. 




Transcript extract Mathematical features Representative component(s) 
(1) Unknowns-as-addend-
and-sum 
two  the numerical value of the first missing number is 8 
 
and four  the numerical value of the second missing number is 4 
two plus something [B1] 
 addition expression 2 + the numerical value of the first 
missing number 
 
equals  equality relation 
something [B2]  the numerical value of the second missing number 
two plus two  addition expression 2 + 2 
 
equals  equality relation 
four (S8034)  the sum 4 
(2) Unknowns-as-addend-
and-sum/addend 
this one [B1] is five  the numerical value of the first missing number is 5 
 and this one [B2] is seven  the numerical value of the second missing number is 7 
two plus five [B1]  addition expression 2 + 5 
 
equals  equality relation 
seven [B2]  the sum 7 
plus six (S4013)  the addition of 6 
Figure A7.3. Representative student examples of each addition-statement subtype for problem 2 + □ = □ + 6. 




Transcript extract Mathematical features Representative component(s) 
(3) Unknowns-as-addend-
and-sum/addend-add-all 
eight in that box [B1]  the first missing number is 8 
 
and then ten in that box [B2]  the second missing number is 10 
two plus eight   addition expression 2 + 8 
 
equal  equality relation 
ten  the sum 10 
and then you just add the six  the addition of 6 
which is  equality relation 
sixteen (S4028)  the sum 16 
(4) Unknowns-as-addend-
and-sum-implied 
that one [B1] is two …  the first missing number is 2 
 four (S4025)  the second missing number is 4 
Figure A7.3 (Continued). Representative student examples of each addition-statement subtype for problem 2 + □ = □ + 6. 
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A7.10 Frequencies of Addition-Statement Subtypes 
There were four addition-statement subtypes identified at both year levels as shown in 
Table A7.5. The (1) unknowns-as-addend-and-sum subtype accounted for over one-half of 
addition-statement explanations at Year 8 and less than one-third at Year 4. 
Table A7.5 





(N = 34) 
  
Year 4 
(N = 54) 
 
n % n % 
(1) Unknowns-as-addend-
and-sum 
20 59 16 30 
(2) Unknowns-as-addend-
and-sum/addend 
7 21 11 20 
(3) Unknowns-as-addend-
and-sum/addend-add-all 
5 15 13 24 
(4) Unknowns-as-addend-
and-sum-implied 
2 6 14 26 
Note. Percentages were rounded to the nearest whole number. For this analysis, the sample of addition-equality 
explanations was N = 88 (see Table 23 in section 5.9 of Chapter 5). 
A7.11 Addition-Statement Subtypes and Total Scores 
For addition-statement explanations, Year 8 students scored significantly higher than 
Year 4 students (see Table 24 in section 5.10.1 of Chapter 5). The mean total scores of 
addition-statement subtypes were calculated to document the subtypes at each year level. The 
descriptive statistics for addition-statement subtypes and total scores for problem 2 + □ = □ + 
6 are shown in Table A7.6. 
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Table A7.6 
Descriptive Statistics for Addition-Statement Subtypes and Total Score for Problem 





(N = 28) 
  
Year 4 
(N = 48) 
 
n M SD n M SD 
(1) Unknowns-as-
addend-and-sum 












5 74.60 14.10 11 49.45 17.87 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 88 to N = 76 due to missing data. 
A7.12 Interpretation of Addition-Statement Subtypes as Conceptions of Equality 
Addition-statement subtypes were interpreted as procedural conceptions of equality, 
and because of the detailed analysis, they were further identified to be restricted notation, 
operator-separator, or implied procedural in nature. 
(1) Unknowns-as-addend-and-sum subtypes were interpreted as restricted notation 
conceptions of equality. Restricted notation conceptions of equality represented explanations 
that emphasised a particular problem structure, specifically, the expected sequence of two 
addends followed by a sum where the sum must follow the equals sign (Denmard, Barko, & 
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Voran, 1976; Seo & Ginsberg, 2003). The structure of the problem 2 + □ = □ + 6 was 
expressed as 2 + □ = (2 + □).  
(2) Unknowns-as-addend-and-sum/addend and (3) unknowns-as-addend-and-
sum/addend-add-all subtypes were interpreted as operator-separator conceptions of equality. 
Operator-separator conceptions of equality represented explanations that expressed the 
equals sign as an addition symbol, as a place holder, and as a signifier that the solution to the 
problem follows the equals sign (Baroody & Ginsburg, 1983). The structure of the problem  
2 + □ = □ + 6 was expressed with the equals sign acting as a place holder for the sum of 2 and 
the first missing number in the continuing addition procedure involving the number 6  
[i.e., 2 + □ = (2 + □) + 6]. For (3) unknowns-as-addend-and-sum/addend-add-all subtypes, 
another equals sign and sum was added to the statement and the structure of the problem was 
expressed as 2 + □ = (2 + □) + 6 = [(2 + □) + 6]. 
(4) Unknowns-as-addend-and-sum-implied were interpreted as implied procedural 
conceptions of equality. Implied procedural conceptions of equality represented a set of 
explanations with no mathematical features specified other than the numerical values for the 
missing numbers that were correct and the value of the second missing number was the sum 
of 2 and the first missing number [i.e. 2 + □ = (2 + □)]. 
A7.13 Mathematical Features of Other Subtypes 
If a student’s explanation map was not matched to an archetype, it was categorised as 
an other type of explanation. It was expected that there would be no characteristic set of 
mathematical features for other explanations for problem 2 + □ = □ + 6. When the 
mathematical features other types of explanations were examined, however, it was noted that 
the majority of other explanations were process-oriented at both year levels (n = 12 at Year 8 
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and n = 29 at Year 4) and one general set of mathematical features was identified with a 
frequency ≥ 5 and they were labelled addends-for-a-sum.  
The addends-for-a-sum subtype represented an explanation with three addends and a 
sum of 6 (i.e., 2 + □ + □ = 6). Specifically, the numbers 2 and 6 given in the problem were 
represented in students’ explanations as an addend and a sum, respectively, and the numerical 
values of two missing numbers were the other two addends [e.g., 2 + 2 + 2 = 6 (S4069)]. 
The remaining other explanations were labelled various for convenience [e.g., 4 and 3 
(S4076)]. 
Figure A7.4 shows representative student examples of each other subtype for problem 
2 + □ = □ + 6. 
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Other subtype Transcript extract Mathematical features Representative component(s) 
Various 
four [B1]  the numerical value of the first missing 
number is 4 
 three [B2] (S4076) 
 the numerical value of the second missing 
number is 3 
Addends-for-a-sum 
they’re both two 
 the numerical value of the first and second 
missing numbers are two and two, 
respectively  
two plus two plus two  addition expression 2 + 2 + 2 
 
equals  equality relation 
six (S4069)  the sum 6 
Figure A7.4. Representative student examples of each other subtype for problem 2 + □ = □ + 6. 
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A7.14 Frequencies of Other Subtypes 
There were two other subtypes identified at both year levels as shown in Table A7.7. 
One-quarter of other subtypes were addends-for-a sum at Year 8, whereas, at Year 4, they 
were one-third of other subtypes. 
Table A7.7 




(N = 24) 
  
Year 4 
(N = 46) 
 
n % n % 
Various 18 75 31 67 
Addends-for-a-sum 6 25 15 33 
Note. Percentages were rounded to the nearest whole number. For this analysis, the sample of other explanations 
was N = 70 (see Table 23 in section 5.9 of Chapter 5). 
A7.15 Other Subtypes and Total Scores 
For other explanations, Year 8 students scored significantly higher than Year 4 
students (see Table 24 in section 5.10.1 of Chapter 5). The mean total scores of other 
subtypes were calculated to document the subtypes at each year level. The descriptive 
statistics for other subtypes and total scores for problem 2 + □ = □ + 6 are shown in Table 
A7.8. 
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Table A7.8 





(N = 19) 
  
Year 4 
(N = 42) 
 
n M SD n M SD 
Various 14 81.93 12.82 29 46.03 20.79 
Addends-for-a-sum 5 74.60 14.10 13 55.85 17.96 
Note. Means and standard deviations were rounded to the nearest hundredth. For this analysis, the sample size 
was reduced from N = 70 to N = 61 due to missing data. 
A7.16 Interpretation of Other Subtypes as Conceptions of Equality 
Other subtypes were interpreted as two different types of conceptions of equality. The 
various subtype was not interpreted as a specific conception of equality because it 
represented a diverse set of explanations with no common mathematical features; therefore, 
various subtypes were labelled as unspecified conceptions.  
Addends-for-a-sum subtypes were interpreted as procedural conceptions of equality, 
and because of the detailed analysis, they were further identified to be action-oriented in 
nature. Action conceptions of equality represented explanations where the numbers on either 
side the equals sign are added to calculate a sum (Behr, Erlwanger, & Nichols, 1976; Kieran, 
1981). Action conceptions of equality represented explanations where the numbers on either 
side the equals sign are added to calculate a sum. In this case, the structure of the problem 
was not emphasised. Instead, process of adding of numbers in the problem was emphasised 
by explaining that the number 2, and the values for the first and second missing number 
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should be added to sum 6 [e.g., “two plus two plus two equals six” (S4069)]; students 
addends-for-a-sum subtypes were labelled action-oriented conceptions.  
A7.17 Mathematical Features of Uncertain Explanations 
There were no subtypes of uncertain explanations identified at either year level. 
Overall, no mathematical features were specified for uncertain explanations. A representative 
example of an uncertain explanation is shown in Figure A7.5.  
Transcript extract Mathematical features Representative component 
#UM #UM I’m not sure (S8044)  unspecified 
 
Figure A7.5. Representative student example that defines the uncertain explanation type for problem  
2 + □ = □ + 6. 
Please note that frequency and total score results for uncertain explanations were 
discussed previously and presented in Tables 23 and 24 in sections 5.9 and 5.10.1, 
respectively, of Chapter 5. 
A7.18 Interpretation of Uncertain Explanations as Conceptions of Equality 
Uncertain explanations could not interpreted as structural, procedural, or competing 
conceptions of equality because no mathematical features were specified; therefore, they 
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